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EXISTENCE OF A POSITIVE SOLUTION FOR
A FIRST-ORDER P-LAPLACIAN BVP WITH
IMPULSIVE ON TIME SCALES*

Lijian Yin® and Zhiyu Zhang®!

Abstract In this paper, we consider the existence of a positive solution for
a first-order p-Laplacian BVP with impulsive on time scales:

$o(y™ (1) = h(t) f(y() € [0, Tx\{r}, Imp(y(r)) =1Iy(t), y(0)= Bo(T).

Using the fixed-point theory, we have established the problem in a Banach
space with an appropriate operator. Our main contribution is to the combi-
nation of the first-order p-Laplacian BVP and the impulsive dynamic equation.
We obtained some new results which have advanced recent developments on
this type of problem.
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1. Introduction

Recently years, there is much attention to the BVP with p-Laplacian operator on
the time scales, some authors have obtained many important results, see [1, 4, 6,
7, 8,9, 10, 11] and references therein. The theory of BVP on time scales provides
powerful new tools for exploring connections between some traditionally separated
fields. We refer to the books by M. Bohner and A.C.Perterson [2], M. Bohner and
A.C.Perterson (Eds) [3] and references therein.

Moreover, impulsive differential equation on time scales has been attracted a
large number of authors’ interests. Specially, dealing with the problems in the
mathematical models of real processes, impulse has led to several important ap-
plications, e.g., in the study of population dynamics, financial, optimal control,
industrial robots, physical, and so on, refer to [5, 9, 11] and references therein.

In 2006, C.C.Tisdell [10] researched the existence of solutions to first-order pe-
riodic BVP:

{ ' +b(t)r =g(t, ), t €10,1],
(1.1)
z(0) = z(1).
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In 2007, Zhen, Wang, Zhang and Zhou [4] discussed the double positive solutions
of BVP for p-Laplacian impulsive functional dynamic questions on time scales:

[0 (v (E)]Y + a(t) f(y(t), y(u(t)) = 0, t € [0,1]r \ {7},

Imp(y(T)) :Iy( ), (12)
Yo(t) = (t €[~ '

() Y2 (

op(y2 (1) = h(t) f(y7 (1)) (a,b)
y(a) = y(b), (1.3)
y(a) = (y>(b)™,

. Go(y (D) = h(B)F (7 (1)), t € (a,D),
y(a) = y(b), (1.4)

Motivated by above articles, in this paper, we are concerned with the existence
of a first-order p-Laplacian BVP with impulsive on time scales:

Pp(y2 (1)) = MO f(y(t)), t € [0, TIx\{7},
Imp(y(7)) = Iy(t), (1.5)

Throughout this paper, it is assumed that:

(S1). h : [0,T] — [0,+0c] is continuous, and does not vanish identically on any
closed subinterval of [0, T|r;

(S2). h : [0,T] — RT is left dense continuous(which is short for ld-continuous),
where R* denotes the nonnegative real numbers;

(83). Imp(y(t)) = y(v7) —y(r7) 20, [ : RT = RF;

(S4). By : R — R is continuous;

(S5). T is a closed nonempty subset of R and have the subspace topology inherited
the Euclidean topology on R.

Appearing in above equations, the operator ¢,(-) is one-dimensional p-Laplacian
operator, which is defined by ¢,(z) = |2|P~2z, p > 1. It has two properties:

(1)- dp(z122) = dp(21)dp(22);
(2). ¢, (2) = dq(2);

where p and ¢ are Hdlder conjugate: 1% + é = 1. We should note that we adopt
the standard notation:[a, b]r = [a,b] N T. The open and the half-open intervals are
defined in an similar way. On the other hand, [a,b] will be used to denote intervals
on the real line, i.e. [a,b]={t € R;a < ¢ < b}. This notational convention should
help the reader to distinguish between ordinary and time scale intervals.

To place the problem (1.5) in the appropriate content, it often arises in abundant
applied mathematical models and real processes. For example, it occurs in turbu-
lence theory, some reaction-diffusion problems, plasma problem, non-Newtonian,
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astrophysics, nonlinear elasticity and flow through porous media; refer to [1, 6, 7,
8, 9, 11] and references therein. From a more mathematical perspective, BVP with
p-Laplacian operator have been extensively studied over the past couple of decades,
particularly in terms of the existence of one or more positive solutions; refer to
[1, 4, 6, 7, 8, 9] and references therein.

In this paper, the main contribution is to combine the first-order p-Laplacian
BVP with impulsive dynamic equation. Although some people have considered p-
Laplacian BVP and impulsive dynamic equation; to the authors’ best knowledge,
the question of a positive solution for a first-order p-Laplacian BVP with impulsive
on time scales has not been studied.

2. Preliminaries

For convenience, in this section of the first, we list the following well-known defini-
tions.

Definition 2.1. For ¢ < supT and ¢ > infT, define the forward jump operator and
the backward jump operator, respectively;

ot)=inf{reT|7 >t} €T, p(s) =sup{reT |7 <s}eT.

If o(t) > t, t is said to be right scattered, and if p(s) < s, s is said to be left
scattered. If o(t) = t, ¢ is said to be right dense, and if p(s) < s, s is said to be left
dense. If T has a right scattered minimum m, define Ty, = T — {m}; otherwise set
Ty = T. If T has a left scattered maximum M, define T* = T — {M}; otherwise
set Ty, = T. The forward graininess is u(t) = o(t) — ¢; the backward graininess is

v(t) =t — p(t).

Definition 2.2. For f : T — R and ¢t € T*, the delta derivative of f at t, denoted
by f2(t), is the number (provided it exists) with the property that given any & > 0,
there is a neighborhood U C T of ¢ such that

[f(a(t) = f(s) = FA@)[o(t) = s]| < elo(t) — 5|, Vs € U.

For f : T — R and t € Ty, the nable derivative of f at t, denoted by fV(t), is
the number (provided it exist) with the property that given any € > 0, there is a
neighborhood U C T of ¢ such that

F(pt) = £(s) = FY (B)lp(t) — s]| < elo(t) — 5], Vs € U.

In this case T = R, f2(t) = fV(¢t) = f'(t); when T = Z, f2(t) = f(t+1) — f(t)
and fY(t) = f(t) - f(t —1).

Definition 2.3. A function f : T — R is ld-continuous provided it is continuous
at left dense point in T and its left-sided limit exist (finite) at left point T.

Definition 2.4. If F2 = f(t), then we define the delta integral by f; fls)As =

F(t) — F(a). If ®V(t) = f(t), then we define the nable integra by f; f(s)Vs =
O(t) — ®(a).

In the next section, we will select an appropriate Banach space and a cone in
the space, and provide argument conditions for the solution of problem (1.5). We
first introduce two hypotheses that we shall make about h(t), f(y),lmp(f(y)):
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(F0). The continuous function h(t) is not zero on [+, 2L|r and the continuous func-

tion f(y) satisfies: 0 < K7 < f(y) < Ks, where K; and K, are positive
numbers;

(F1). Impulsive dynamic equation Imp(f(y)) satisfies: 0 < f(y) < Ro, Where
Ry > 0.
We introduce a parameter -y, which is defined by

_ Jo 9a(h() (K As
Jy dalh(s)(K2)As

We have

_ Jo 0B EDAs [y dg(h(s))(y(T)As

0<~=
T T s (Kn)As [T ba(h(s)(w(T))As

<1 (2.1)

Then we give an appropriate Banach spaces £ and a cone P in E:
E={y:[0,Tlr = Rly € C[0,7]r,y € C[r, T|r.y(r") € R},
equipped with the norm:

[yl = max{sup;e/, 71, [y(7)], subser 1), [y ()]}
The cone P is defined as following:

P={yeE|y=0, min (Ay)(t) > 7| Ay|,
te[+,*

Exal
/S [O’T]Tvy € [7—7 T]T7Imp(y(7_)) > 0}

Then we establish an operator as following;:

(A9)(t) = I(y(r))x(rrmye + / ba(h(3)f(y(5)))As. (2.2)

We note that y(t) is a solution of (1.5) if and only if

y(t) = T(y(r)X(rezye + / ba(h(5)f(y(5)))As,

where (7 1), is the characteristic function.

Theorem 2.1. Let (2.2) be defined as above and assume that (2.1) hold. Then
A:P— P.

Theorem 2.2. Let B be a Banach space and let K C B that 1 and Q are
bounded open sets contained in B, such that 0 € Q1 C Q1 C Qo . Assume that L :
s a completely continuous operator. If either

(1). ||Lu|| < ||u|| for uwe KN, and ||Lul|| < ||jul| for ue€ K NoQy; or
(2). ||Lu|| < |lul| for we KNoQ, and ||Lul| < |lul| for ue KNo,.

Then L has at least one fized point in K (1 \ Q) .
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3. Main results

Lemma 3.1. Assume that the function satisfies condition (F0), then condition
(F2), which is defined by

)
lim = 400 3.1
y—0+ ¢p(y) (3.1)
holds.
Proof. The proof can refer to C.S.Goodrich’s proof. O

Theorem 3.1. Suppose that conditions (F0)-(F1) and (S1)-(S5) hold, then (1.5)
has at least one positive solution.

Proof. Let h and f be given and satisfied condition (F0). Lemma 2.1 shows that
A : P — P, then, we show that it is a completely continuous operator. By the
continuous of f, ¢, and I, one can easily derive that there is a constant C' > 0 such
that

Ay(®)] < () + sup | / ba(h()F(u(s)))As] < C,

te[0,T]r
where y € {y € P||lyll < R1}. We show that A maps bounded sets into bounded
sets in P. Let ¢1,t2 € [0, T]r, y € {y € P||lyl| < R1}, then

[Ay(tr) — Ay(t2)| < dg(h(s)f(y(s)))[tr — ta| < dg(h(s))f(Ra)ltr — L2l

Obviously, the right-hand side tends uniformly to zero when |t; — 3| — 0. By the
arguments above and the Areola-Ascorem, we get that A : P — P is completely.
Pick a number ¢ > 0 such that

c/[T ) Yoq(h(s))As > 1. (3.2)

a4

From lemma 3.1, there is a number R; > 0 such that 0 < y < Ry, we obtained that

F(y) = dp()n(y(5)) = dp(cy)- (3.3)
Put Q1 ={y € P: |ly|| < Pi} for y € P08, we find that
[ Ay[l =(Ay)(#)

T
—Imp(y(7))xprz)e + / ba(h(3)F(y(5)))As
0
T
> / ba(h(5) F(y(5))) As
(3.4)
/ 60 (h(5)8p () (1)) A

— / 64 (h(s))y(s)As

>[lylle / ba(h(s))As > [yl

27
54T

e
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where to get the first inequality we have used the fact that Imp(y(7))x(r, 1}, (t) > 0;
the second inequality we have used (3.3); the last inequality we use the cone P.
Thus, (3.4) implies that ||Ay| > |ly|| for y € P 09;.

From the hypothesis (F0), we know that 0 < K; < f(y) < Ko, and f(y) is
bounded for y > 0, therefore, there is R5 > 0 sufficiently large such that f(y) <
¢q(R3) for y > 0; from the hypothesis (F1), put 0 < e < 1, we get

Imp(y(T))X(T,T]T S (1 - 5)R27
* T
Ry = max{éRl, %/0 ¢q(h(s))As},

Define the set Qo by Q2 = {y € P : |ly|]| < Rz}, and Ry > Ry, whenever y € PN o,
we find that

| Ayl =(Ay)(T)

T
—Imp(y(r))X(ro1ye + / 6a(h(3) [ (u(5)))As
<(1- )Ry + / ba(h(5)6p(R3)) As (3.5)

T
<= R+ B [ 6u(h(s) s
0
<(1—&)Ra+eRa =Ry = [y

From (3.4) and (3.5), we conclude from lemma 2.2 that A has a fixed point in
PN (Q2\ Q1). And this completes the proof. O

In this paper, we study the existence of a positive solution for a first-order p-
Laplacian BVP with impulsive on time scales. Because we combine the first-order
p-Lapulacian BVP with impulsive dynamic equation. Some assumptions are given,
which are different from others, for example [1, 7, 8|. Significantly, our new results
have advanced recent developments on this type of problem.
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