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PULLBACK EXPONENTIAL ATTRACTORS
FOR THE VISCOUS CAHN-HILLIARD
EQUATION IN BOUNDED DOMAINS

Batoul Saoud

Abstract This work is devoted to the construction of a pullback exponential
attractor for a viscous Cahn-Hilliard system in bounded domains. Our con-
struction is based on the results obtained by Langa, Miranville and Real in
(7).
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1. Introduction

Attractor’s theory is very important to describe the long time behavior of dissi-
pative dynamical systems generated by evolution equations which model physical
phenomena. Moreover, there are several kinds of attractors, each one depending on
the type of problem studied.

In this article, we will focus on the pullback exponential attractors which are
time dependent compact sets, with finite fractal dimension, which are positively
invariant and exponentially attract in the pullback sense every bounded set of the
phase space.

We will study these attractors for the non-autonomous viscous Cahn-Hilliard
equation in R™, n = 1,2,3. In this case (non-autonomous case), the solutions
strongly depend on two time variables: the final time ¢ and the initial time 7. The
(viscous) Cahn-Hilliard equation is very important in materials science: it models
the transport of atoms between units cells. It has been proposed and studied in,
e.g., [1], [5], [6], [9] and [10].

This equation is written in the following form:

o - K@),
ou
ot
where 0 < ¢ < 1. For € = 0, this equation reduces to the non-autonomous Cahn-
Hilliard model introduced in [2]. Thus, the viscous Cahn-Hilliard equation includes
certain viscous effects neglected in [2].

K(u) =e— — Au+ f(u) + (A)"'m,
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In this article, we construct, in Section 5, pullback exponential attractors for the
viscous Cahn-Hilliard system, which necessitates several technical estimates that are
obtained in Section 3 and 4.

Indeed, based on the construction of [7], we consider hypotheses similar to those
in this reference and then, we construct these attractors for the viscous Cahn-
Hilliard problem (see also [4] where a first example of a pullback exponential at-
tractor is given). Under these hypotheses we lose any kind of forward attraction,
i.e., we obtain a pullback (and not necessarily forwards) exponential attractor which
contains the pullback attractor which is a compact set, is invariant and satisfies a
pullback attraction property.

2. Setting of the problem

We consider the following viscous Cahn-Hilliard system:

g(u + 5(—A)u) + A%u— Af(u) =m(t), z€Q,

ot

Ou 0Au (2.1)
Salr= 5. r =0

ult:’r = Uo,

where 2 C R? is a bounded domain, u is an unknown function, f is a given function,
m(t) is a given external force field, ¢ > 0 is a small parameter, 7 € R is a given
initial time and wg is the initial velocity field.

We assume in this paper that the average value of m is null, i.e., / mdz = 0.
Q

Thus, integrating (2.1) over €2, we have

1
where (u) = 9] / udx denotes the spatial average. Thus, we deduce that
Q

(u(t)) = (up), Vt >0 (conservation of mass).

We rewrite equation (2.1) in the following equivalent form:

0

a((—A)—1 +e)u— Au+ f(u) = (f(u) + (—=A) 'm, (2.2)
ou
%’F =0, u(r)=uog,

1 is associated with Neumann boundary conditions and

where the operator (—A)~
u=u—(u).
Furthermore, we assume that the nonlinear term f(u) is a polynomial of arbi-

trary odd degree with strictly positive leading coefficient:

2p—1
flu) = Z ajuj, p € N, p>2, where asp_1 = 2pba, > 0.
j=1
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Thus, this fuction satisfies the following conditions (for more details see [12]):

f/(u) > —c,
Je1 > 0: f(u)u > pbopu® — 1, Vu € R,
Va >0, Jeg = ca() @ | f(u)] < abopu?? + co(a), Vu € R.

We consider the following usual spaces:
H = L?(Q), with inner product (-,-) and associated norm | - |,

V = H'(Q), with scalar product ((-,-)) and associated norm || - ||,

ov
_ 200)) -
Vl—{UEH (Q) %‘F
Finally, ||- | -1 stands for the norm in V' = H~1(Q). Note that ||-||g-1 = ||-||-1 :=
|(=A)~z - | for the fuctions with null average.
It follows that V1 C V € H C V’, with dense and compact embeddings. Finally,

we introduce the space E(g) defined by the norm

= O} with norm || - |2.

1

el := (Jfullfy—s +elul®)*, if u) =0,

and

[N

1
2

e := (Jlalls + (1 + ) w)?)” = (a2, + (w)? + (laf? + w?)",

if (u) = const.

3. Uniform a priori estimates

We have the following existence and uniqueness result:

Theorem 3.1. Ifm € L2 (R; V'), then, for any 7 € R and all ug € V, there exists

loc
a unique weak solution u(t) = u(t, 7;ug) of (2.1). Moreover, this solution satisfies

w€ L®(r,T; V)N L*(7,T; Vi) N L* (1, T; L**())  for all T > 7.

Furthermore, if ug € Vi then, u € L¥(r,T;Vy) N L3(1,T; H3(Q)) and du €
L?(1,T;V) for all T > T, where p = 2 when n = 3.

Finally, if ug € H3(Q) then, u € L>®(r,T; H3(Q)) N L*(r, T; H*(Y)) for all
T > 7, where p =2 when n = 3.

Using standard techniques we can prove global existence and uniqueness of the
solution (see e.g., [11]); we will not develop this classical aspect here and we will
just derive the a priori estimates for the solution.

We set, in what follows,
Un(t,T)ug :=u(t;m,up), 7<t, up € E(e).

It is clear that U,, is a process on E(g) from Theorem 3.1.
From now on, we assume that m and m’, m’ denoting the derivative of m with
respect to t, satisfie the three following assumptions:
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loc

t+1 t+1
(A1). The functions m,m’ € L? (R;E(g)), / |m|?dz = 0, / |m/|?dz = 0
¢ t

and the average value of m’ is null, / m'dz = 0.
Q

(A2). Mp(t) = sup/ [m(s)||%ds < oo for all t € R.
r<t -1

(A3). There exist typ € R and ¢ > 2 such that

My, 4(to) = Sup/ lm(s)||%ds < oc.

r<to Jr—1
Lemma 3.1. Let D C E(e) be a bounded subset. Then,
HUm(th)uO”E < Om(to), (3.1)

for any t < to, T < t — 2log(C1||D||g), where ug € D and Cy,(to) is a positive
constant that only depends on m,ty, Q) and is independent of € > 0.

Proof. Let u(t) = u(t; 7, ug). Multiplying equation (2.2) by @ and integrating over
Q,

1d, 5 _

5 7 1@llE + [Vul® + (f(u),w) < [(u) Qf(lt)d$| + [lml[—allal] -1
Using the inequalities

f(u)u > pbopu® — ¢y, )2, < ¢|Vul? and |af* < co|Vul?,

we find
1d,_ i 1 1 c, 1
gl + cllally + 5oba, [ de < Sh+ el + gl
1 [ 1
< Skt sllalE + o ImlE-
In particular,
d o I L
Sl + el < b+ llm3
d{u)? . .
We have .= 0. We deduce from the last inequality
d (i 12 2 ) 2 p 1 2
=l + a+w?) +e(lal} + 1 +e)@?) <k +ZlmlE 32

for some strictly positive constants ¢, k], which are independent of £ > 0.
Applying now Gronwall’s inequality to estimate (3.2), we obtain, for all ¢ > 7,

—c(t—T1 1 —c ! cs
Ju®l < e fuol + b+ e [ e ms) s (33)
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We deduce from (3.3) that
lu()lI% < e uollf + ¢ 1+ ™) Min(t) + ke (3-4)

forallt > 7.
We set, for any bounded subset D C E(e),

ID|| g := max (1, sup ||v||E)
veD

By (3.4), we deduce that
[u(t; 7, u0)ll < 1+ e (1 +¢™h) Min(to) (3-5)

for all t < to, 7 <t— 2log(C1||D||E), uo € D.
In the last inequality, 7 is obtained by

e DDIE + ke <1,

thus, 7 <t — %log(CHHDHE), where C1 = ko, and Lemma, 3.1 is proved. O

4. Estimates for the difference of solutions

In this section, we derive several estimates for the difference of solutions of (2.1) that
will be essential in Section 4 for the construction of pullback exponential attractors
for the proplem (2.1). We start with the following estimate.

Lemma 4.1. There exists a positive function L = L(t,7) which is independent of
m and € > 0, and satisfies

|Um (t, T)uor — U (t, T)uo2||E < L||luor — uoz|| & (4.1)

for all T < t, ug1,ugs € E().
Proof. We set u(t) = uy(t) —ua(t) = Up, (¢, T)uor — U, (t, T)ug2, m(t) = mq(t) —
ma(t) and (u1) = (ug). The function u(t) satisfies the problem, noting that (u) = 0,
0
O ()t ew) — Aut f(w) — flus) = (~A)m,
(4.2)

u(T) = uo1 — Uo2.
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Multiplying equation (4.2) by wu(t), integrating over 2, using the interpolation
inequality |u|? < ¢|Vu|||ul|-1 and the assumption f’ > —¢, we find

d
%HUHQE < cllullf + erl|ml|-
Thus, integrating with respect to ¢, we obtain

t
lu(®)|[% < elluol|Fe ™ +01/ =) |lm(s) | Bds. (4.3)

T

Finally, for m; = my, we obtain (4.1), where L(t,7) = e3*~7) and Lemma 4.1 is
proved. O

In order to construct the pullback exponential attractors we need the following
lemma.

Lemma 4.2. Let u(t) = Uy (t, T)up be a solution of problem (2.1), where ug € V.

Then, the following estimate is valid:

U (t, 7)o — uol| % S(ki (t = 1)+ ca(lluoll® + fluoll*) (¢ = 7)
+ (4.4)
#fuf (=) 4t [ m(s) s e,
for all T < t, where the constants are independent of .

Proof. We set w(t) := u(t) — up. This function satisfies the equation, noting that
<w> =0,

0 _ _

a((—A) "w+ew) — Au+ f(u) = (—A)'m+ (f(u)).
Multiplying this equation by w(t) and integrating over 2, we have

Dl + 205w + 207 (), u) < 26{Tuo? + 21(7 (u) )| — 21(/ (o), w0)|

+2|((=A) " m, w)] + 2|(f (uo), wo)l- (4.5)
The term |(f(u), uo)| — |(f(uo), uo)| in the right-hand side of (4.5) can be estimated
as follows:

|(f (w), wo)| = |(f (uo), uo)| < |(f(u) = f(uo), uo)|

IA

[ 72 s o2 1)l
Q
In three dimension we have p = 2 and we obtain

|(f (), wo)| = |(f (uo), uo)| < /Q (Jul? + Juol* + 1) lwl[uo|dz. (4.6)

First, we estimate the term / |u|?|wl||ug|dz in the right-hand side of the last
Q

inequality, by using Holder inequality and the embedding H' C L%, and we obtain

A

/Q\UIQIwIIUOIdI < ullislwl luolls

cflull*|w]* + Juo||*.

IN
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Similarly, we have
/Q o 2l fuoldz < elfuol|*uo]? + o]

From the theorem of existence and uniqueness, we have |lu|| < const. (||lug]] <
const.) and estimate (4.6) yields

|(f (), wo)| = |(f (uo), wo)]

IA

clw]? + [luo|?

1
< SVl +ellwllZy + [luol*

We find, in particular, from (4.5) and by the inequality |(f(uo), uo)| < c|u0|2L’;p +c
(in three dimension, we have |(f(uo),uo)| < cluplfs + '),

d _
ol <k +erlluoll® + ¢ luol® + Jluol|* + e 7HimlE + el

Here, we have used the embedding H' C L*. Now, applying Gronwall’s inequality
to the last relation, we obtain estimate (4.4) and Lemma 4.2 is proved. O

The next theorem gives the E(g) — H?(Q)-smoothing for the difference of two
solutions.

Theorem 4.1. Let ui(t) and us(t) be two solutions of (2.1) such that ||u;(7)]2 <
R, i =1,2. Then, the following estimate is valid:

C
la () = w23 < ST e D7) ~wa(D)[E foralir<t,  (@47)

where the constants cg and ar depend on R and are independent of €.
We divide the proof of this theorem into several lemmata.

Lemma 4.3. Let the above assumptions hold. Then, the following estimate is valid:
t
lu@®)lIF-2 +elu(t)]? +/ [u(s)[|*ds < ce® = |Jur (r) = ua(7)|I%, (4.8)

for all T < t, where the constants ¢ and a are independent of €.

Proof. The function u(t) = u;(t) — uz(t) satisfies the equation

0

S ((=2) Mt eu) — Aut £ty = (b)), (4.9)

1
where £(t) := / f'(sur(t) + (1 = s)ua(t))ds. Multiplying equation (4.9) par @, we
0

have

(1l + ela) + VP

— (F(un) — Fluz),w) + |(u) / (Flur) — f(un))de] (4.10)
clul® + |(u) / (Flur) — fluz))da)-

N =

IA

IA
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Noting that (see e.g., [8])

ul? <2(17f + (%) < e[l 1|V + {w07) (411)
<Vl +c(l|af?, + (w)?), vy > 0.

We recall that p is finite arbitrary if n = 1 or 2 and p = 2 if n = 3. We have for
n=12

IN

10 / () = fl)dal < Jl | [ ( / F(ur + (1 s)uz)ds)uda

IN

u>|/ (Jua 272 + [us[272 + 1) u]dr
Q

< el (lhall 2 + Jual3? + 1) lul

< oful® + (a7 + flua 774 + 1) w)?)
We obtain from the last inequality and estimate (4.11)

1 _
|<“>/Q (f(ur) = f(ug))da| < ZIVUI2 + O([Julls l[uzlD (@)1 + (w)?).

For n =3,

() /Q (f(ur) — fluz))dal

IA

u>|/ (jua]? + [uaf? + 1) fulda
Q

IN

e(fuf? + (lurls + fual[fe + 1) ()?)

1 _
< SIVul’ + Clllull, D (112, + ()?).

Observe that from the theorem of existence and uniqueness one has
|lui|| < comst., Vi = 1,2. Hence, we obtain from (4.10)

L2, +lal?) + 1P < (a2, + w?),

L (Ml + elal + (142 )?) + ¢ (Vul? + {u)?) < clully

Integrating with respect to ¢t € [7,t] we obtain estimate (4.8). O

Lemma 4.4. Let the above assumptions hold. Then, the following estimate is valid:

C —T
Ju(I? + / |5 @lads < e D)y for allr <, (112)
where the constants ¢ and a depend de R and are independent of €.

ou
noting that (— >= 0, we obtain

0
Proof. Multiplying (4.9) by (¢t — 7')—u7 Y

ot

ou

3u
¢ =) (|5 + el ) + 5T v < <f<t>u,<t—7>5)

<(t — )| Ve(tyul| 22 =

il
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In order to estimate the right-hand side of the last inequality we will prove the
following estimate (see [3]):

IVe(t)u| < crlull, Yue H'(Q). (4.13)

Indeed,
e(tyel < el Vo] + 1900 ol ).

We have H! C L*, then
vyl < (el + el (41
We prove, for ||u;(7)]|2 < R, the estimate ||u;(t)||2 < ¢g. Then, we obtain
L < e(|luill2) < e(R), forn=1,2, and for p=2 when n = 3.
Next, we estiamte |V{||+. We have
1
VY| = | /0 S (sur + (1 = s)uz) (sVug + (1 — 5)Vug)ds|
< e(1+ Jua |73 + us| %) | /01 (sVuy + (1 — s)Vuz)ds|.
Vel < [ (1l 4 PP ) (Tl + [Vaalt)do

< o1+ a3 + ual 322 (190 14 + [V eallf).

For n = 1,2 and for n = 3, we have the inequality

1Velze < € ((ma uillz ) (ma [ Vuillis ) < ¢(R),
1=1,2 i=1,2

where r =8p—12ifn =1,2and r = 4if n = 3. (Here, we have used the embeddings
H!' C L* et H?> Cc W) Estimate (4.13) follows from the above results.

Hence, we have

ou

L (=) (Vu + ) + ¢t =] o2

<c(t — 7')(|Vu|2 + <u>2) + | Vul? + (u)?

Applying Gronwall’s inequality and taking into account estimate (4.8) we have the
result. O

Lemma 4.5. Under the above assumptions we have the following estimate
ou |2 t ou 2 c ot
15 e +/ Vo () ds < —e*u(n)E, > (4.15)

where the constants ¢ and o depend de R and are independent of €.
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3}
Proof. We differentiate equation (4.9) with respect to t and set 6(t) := a—? This

function satisfies the equation, noting that (8) = 0,

0 1 _ / 9
5 (=2)710420) = A0 = —£()0 — £ (t)u + (7 (£(t)u)).

Multiplying this equation by (¢ — 7)6, we have

2 dt(HHHH L el0P) + (= T)VO? <c(t =)0+ (t—7)|0] [€(t)ul. (4.16)

We estimate the last term in the right-hand side of this inequality as follows:

! 6U1 8UQ

/ _ " _ - -

O = | [ e (0= ) (Tt + (1= ) G2)as
< C(1+|u1|2p73+|u2|2p73)(|8'u1| |5u2 )
Forn=1,2
/ 2 4p—6 4p—6 8U1 (911,2 2
COu? < e | (Ul el 0) (|52 + 157 e
0 o
< e(mag lu12°) (I e+ 1557 1) Il
Ou ou
< c@®(| G+ 15217

Similarly, if n = 3 and p = 2

Cwul < e [l +ual?) (|52 + 27
Q
0 0
< e(mas Jus®l3=) (| Gl + 150 15 ) el
ou ou
< o (IGH + 152 017) hul®

In order to complete the proof of the lemma, we need the following result.

Lemma 4.6. Let the assumptions of Theorem 4.1 hold. Then, the following esti-
mate is valid:

/ ‘V(‘)uz (s)|ds < C(R), i=1,2, (4.17)
t

where the constant C(R) is independent of e.

Proof. The function u;, for i = 1, 2, satisfies the equation

%((—A)_lﬂi +ett;) — Aui + f(us) = (f(w)) + (=A)"tm 4. (4.18)
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Multiplying this equation by u; and integrating over €2, we obtain the inequality
d,_ o 2, 2p . 2
gpltlle + 2Vl +c Ui dx < cl|a;l| + [m]|%-
Applying Gronwall’s inequality and using assumption (Al), we have, in particular,
t
la: (611 + 2/ Vui(s)[Pds < e jag(r) |3 + e < O, 7<E<T,
T

where Cr is independent of .
We recall that ||u;]|% < || (2)||% + (u;)?, so that we find

t
s +2 [ [Vus(s)Pds < O, (4.19)

Ou,;
We have also, by multiplying (4.18) by — 5 , integrating over € and applying Gron-

wall’s inequality (after simple transformations), the inequality

Vs (t |2+2/ (HamH ot |5U1| )der/Qg(ui(t))dx

(4.20)
< V()2 +/ g(u;(7))dz + C,, < const.
Q
(Here we have used assumption (Al)).
Now, we multiply the equation
TG A Af(w) = m (121)

by (¢t — 7)u; and we have

(|u2|2+6|Vuz| )+ (t—7)|Aw?

2 dt
< = (t=7)(f"(ui) Vg, Vug) + (= 1) Im]| -1 [ V|
< ot —7)| V> + ¢ (t = 7)[Iml %

Then,

%((t — )l + e Vuul?)) + 20t 7l Auf?

< (Jwl? + |V ?) + et — 1) (|w]® + e[V [*) + (¢t — 1) |Im]||%.

Applying Gronwall’s inequality and using estimate (4.19) and the interpolation
inequality |;]? < c||@;||—1|Vu;|, we obtain

t
i (O + | Vs (t) +c// |Aug(s)[2ds < Cr, (4.22)

where Cr is independent of €.
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u; Ou,;
Let us now multiply equation (4.21) by (¢ — T)%, note that ( (,;;z

Yy =0, and

integrate over {2 to obtain

du; |2 du; |2 t—7d 9
(t_T)(‘ ot E‘V ot )+ 5 Al
8ui
< oft =TI + (¢ = 7)lm| ||

One can easily obtain, from the definition of the function f, the estimate |A f(u;)|? <
c(R)|Au;|? + ¢ (R). We thus find
)

d Au; |2
(= lawf) + - 1) (|
Applying Gronwall’s inequality and using estimate (4.22) and assumption (A1),
we have the following estimate:

di ot
b Ouy
. 2 ¢
| Ay (t)] +/T ( -

< et — 7)|Aui? + |Aul? + erlm|? + ¢ (R).
where the constant C7p is independent of €.

aui
ot

s’V

2 8ui

ot

2
)ds <Cpr, 7<t<T, (4.23)

e)v

8ui
ot

Finally, we differentiate equation (4.18) with respect de ¢t and set §; := , for

i=1,2, to find
100; 00;

o o

Multiplying this equation by (¢ — 7)0;, noting that (6;) = 0, and using the interpo-
lation inequality [0;]? < c[|6;]|—1|V6;|, we have

(=A)” — A0 = — [ (ug)0; + (f (u:);) + (—A) "'

t—rT1

4
2 dt

(101121 +€l6:]?) + (£ = )| VO

= —(t=7)(f"(u)0;,0;) + (t —7)((=A)"'m’, 6;)

< et =T+ (=) 2y et =)0
t—T
< et =7)(|6: 1171 +€l0:]?) + T|V9i|2 +d(t—7)|m'|2,.
Therefore,
d 2 2 2
(=) (10021 + l6:f2)) + (¢ = )IV6]

<t = T) (10121 + €10]?) + 100121 + €6 + ¢/ (¢ = )| [|2,.

Applying Gronwall’s inequality, and using assumption (A1) and estimate (4.20), we
obtain

t
10: ()%, + <]6:(t)|? +/ IVO0;(s)|?ds < Cp, T <t<T, (4.24)
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where the constant Cp is independent of €. Lemma 4.6 is proved. O
Now, we obtain from (4.16)

25100+ <10) + (¢~ 7)| V6P
ou ou
< et =IO+ CR)E =) (|G + 152 1) hull?
ou Ju
< et =)Vl 6]l + ORI =) (|G + 1552 1) el
Therefore,
d
(=) (10131 +21012)) + (¢ = )| V6P
< et = 1) (0l F-2 +€l0]?) + [0l F-1 + €l6]
Ju ou
+ @ =) (15 17+ ISE I )l
Applying Gronwall’s inequality and using estimates (4.12) and (4.17) we find (4.15).
This finishes the proof of Lemma 4.5. O
Now, having estimate (4.15) and interpreting equation (4.9) as an elliptic equation
Au— Lt u+ (L(t)u) = %((fA)*lﬁ + ) == h(t), (4.25)
we obtain from the above estimates
_,0u au 2 U ou 2
rP =07 5 e o< 2l gl +elHl)

c a(t—T) 2 t
—_— s >T.
D)y, e

IA

Multiplying now equation (4.25) by Aw (¢ is fixed), we obtain, from estimate (4.13),

[Au(t)* <[h(®)] |Au(t)] + [VE(t)u| [Vul
<c(lh(®)F + [Vu®)]? + [[ut)]).

Hence

lu(®)]I3 < (IO + u@®)]*)

S%eau*ﬂﬂu(ﬂHQE, for all t > 7.
-7

Thus, we have estimate (4.7) and we finish the proof of Theorem 4.1.

5. Construction of pullback exponential attractors
We consider the family of mappings

Uity == {Un(t,7): 7 <t < 1o},
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and, for any 6 > 0, K > 0 and B C E(e), we denote by Ss x (B) the set of mappings
S : E(e) = E(e) such that
5(05(3)> CcB

and
||SU1 — SU2||2 < K||u1 — UQHE for all U, Ug € 05(3),

where O5(B) := {u € E(e) : Jg}fg lu—v|g <6}

In order to obtain a family of pullback exponential attractors we need to prove
the following conditions, which are similar to those of (H1), (H2), (H3) and (H4) in
[7):

(HO) Let 79 > 0 be fixed. Then, for all B C E(e) bounded and closed in E(¢),
Un(t,t —70) € S5 x(B)  forall t <tg.

(H1) There exist Cp > 0, 0 < g9 < 79 and 7 > 0 such that, for all ¢ < t,
70 <7 < 270,0 < s <¢gpand v € Os(B),

|Unm(t,t — 7)o — Up(t — s,t — 1 — s)v||lg < Cols|”.
(H2) There exists a constant Cp > 0 such that
U (t, t — s)v — Un(t,t — s)w||g < Cpllv—w| g,
for all v,w € B, for any t < tg, 0 < s < 27.
(H3) There exist C) > 0 and 4’ > 0 such that
U (t,t =)0 = Ui (t = 5, — )|l < Cgls]”,

forall t <tp, 70 <r <279,0<s<¢gyand v € B.

(H4) For any t > to and D;, Dy bounded subsets of E(e), there exists a constant
L(t, D1, Dy) > 0 such that

||Um(t,t0)’0 — Um(t,to)wHE S L(t,Dl,DQ)H’U—’wHE,
for all v € Dy, w € Ds.

U, satisfies (HO):
We consider the ball

B:={u€E): |ulp < Cunlt)}

and set
To =1+ 20_110g<01 max{l,1+ Om(tO)}).

From Lemma 3.1, we have

|Um (t,t — T0)uol|e < Cp(to)

for all t < to, t — 19 <t — cfllog(ol||ol(B)HE), uo € O1(B).
By Theorem 4.1, we have

U (t,t = 70) 01 — Unn (£, — T0)u02]13 < K|juor — uoz|| 5
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where K = ££¢*R70, Thus,
Um(t,t —170) € S1,x(B) forall t <t.
We have also, from estimate (4.1), that the mapping U,,(t,s) : E(e) — E(e) is

continous for any s <.

Thus, U,, satisfies (HO).

U, satisfies (H2) and (H4):
We have by Lemma 4.1

U (t,t — 8)ugr — Up(t,t — 8)ug2||lm < e2°||luor — uoz|ms

for all t < tg, s € [0,279], wo1, w2 € B.

Thus, U, satisfies (H2), with Cp = e°™.

Also, from estimate (4.1), we deduce that U, satisfies (H4) with L(¢,, D1, D2) =
5(t—to)

ez

U, satisfies (H1) and (H3):
Set u(t) = Up, (¢, T)ug. For any s > 0, t — s > 7, we have

u(t) —u(t—s) =

b ou
Ut 7)o = Ut = s, 7)ol < [ 157 ©)]edt
t—s

<ot ([ 1%tema)’ 61

We now estimate the right-hand side of (5.1).
Multiplying the equation

0 T _ _

O (o) 2m) - At f() = (F) + (-4)
ou . ou

by 5 and noting that <E> =0, we have

1 Ou
c|lm|2; + +35ll5; ||2

IN

- 2
1515+ 5 (7u +2 [ gtw)aa)

1 8u
cllml% + 315 1%,

IN

where g denotes an antiderivative of f. Integrating the last inequality over [t — s, ]
(and over [0,t — s]) we have

| 1550+ vuor +2 [ gutt)da

IN

c/ lm(0))|%d0 + |Vuo|? + 2/ g(ug)dx
0 Q

< const.,
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We deduce from (5.1) that
|Unn (£, 7)1 — U (t — 8, T)ug|| 5 < é152, for all ¢ < to,

0<s<1,7<t—2c"1og(Ch||O1(B)||Eg), uo € O1(B).
Let r > 79. Then,

t—r<t—1-2c"1og(C1]|O1(B)||E).
By (5.2) and (5.3)
U (t,t — g — Upn(t — s, — m)ugllp < 615%, for all t < tg,

0<s<1, 7>, ug € O1(B).
Thus, U, satisfies (H3) with o/ = 1.
Furthermore,

WU (t,t — )ug — U (t — 8,6 — s — 1)ug|| &
< U (t t — r)ug — U (t — s, t — r)ug|| e
H U (t — s, —r)ug — Upy (t — 8,8 — s — 7)uo|| 5-
By (4.3), we have
U (t — s,t —1)ug — Up(t — 8,8 — s — 7)ugllE
= || Un(t —s,t —r)ug — Un(t — s,t — r)Up(t — 1t — r — S)ug||E
e lug — Upn(t — 7t — 7 — 8)uol|
e |ug — U (t — )t — 1 — S)ugllg, 70 <7 < 279,0<s< 1.

IA A

From estimate (4.4), we deduce that

t—r 1
2

luo — U (t — 1yt — 1 — $)ug||p < Cys% + ¢ % (/ Im(6)%d6) ",

t—r—s

N 1
where C1 = (k] + c1(]Juol|® + [Juol|*) + ¢'|uo]?) .
Observe that, as 0 < s <1 and t < tg,

t—r q—2

/ Im(®)lzd8 <( / Im(@)]5a8) " [ )T

—r—s5 —r—s —r—s

q—2

2

S(Mm,q(t0)> quv

and then, by (5.5) and the fact that 53 < 5%2 for all 0 < s < 1, we obtain
q—2

o = Un(t =7, t—r = s)ullp < (Cr+¢73 (Mmyq(to))%) s

forall t <tp, 0 < s <1, 79 <71 <27, u € E(e).
From estimates (5.2), (5.4) and (5.6), we have

|Um(t,t — r)ug — U (t — 8,8 — s — r)ugllg < Cs 8%2,

forallt <tg, 0<s<1, 19<r <21, ug € 01(5).
Thus, U,, satisfies (H1) with § =1, e =1, Cy = Ch.

Now, we can apply the results obtained in [7] and we find the following

(5.5)

(5.6)

result.
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Theorem 5.1. We assume that m appearing in (2.1) satisfies (A1), (A2) and (A3).
Then, there exists a family My, = {Muy,, (t) : t € R} of nonempty subsets of
E(g) which satisfies:

1. Up(t,7)My,, (1) C My, (t), for all T < t,

2. ./K/lvTJUm (t) = MVUW (t—7), for all 7> 0 and any t <ty and

Mr__y, (t) C My, (t —7), for all 7> 0 and any t > to,
where T_ Uy (t,8) := Uy (t — 7,8 — 7),

3. For any D C E(g) bounded,

dist(ey(Un(t,t — 7)D, My, (1)) < Cre®*re=aT,

forallT>sp and anyt <ty
and

distg(ey(Un(t,t — 7)D, My, (1))
S Lm(t7 D, MUm (to))éled(sD_H_to)e_dT,

for allt >ty and any 7 > sp +t — tg, where C'l and & are positive constants
only depending on Q and M, (to),

4. forallt € R, My, (t) is a compact subset of E(¢), with finite fractal dimension
and, more precisely,

N C, if t < to,
dimp(My,, (t), E(e)) < Ch
Lin(t, Mu,, (to), Mu,, (t0))
where Cy > 0 is a positive constant depending on Q and M, (to),
5. there exists the pullback attractor for U,,, {A(t)}ier, which satisfies

A(t) C MUm (t), forallteR.

R ift>t0,

Furthermore
Ci, if t < to,
dimp(A(t), E(e)) < C
Lun(t, Mu,, (t0), Mu,, (t0))
6. for all 0 <r <1 and any t < ty,

distii" (Mo, (8, Mo, (£ = 1)) < Calr|D7,

) ift>t07

where v = and Cy and k are positive constants only depending on

q
Q,q, My, (to) and My, (o).
All the constants in this theorem are independent of the parameter .

Remark 5.1. It would be interesting to study the limit ¢ — 0 to obtain the
continuity of exponential attractors under perturbations and this will be done in a
forthcoming. More precisely, we will study the continuity of exponential attractors
for a viscous Cahn-Hilliard system to an exponential attractor for the limit Cahn-
Hilliard system and will obtain an estimate for the symmetric distance between the
perturbed and non-perturbed exponential attractors.
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6.

Conclusion

We have constructed a pullback exponential attractor for the non-autonomous vis-
cous Cahn-Hilliard system in a bounded domain of R, n = 1,2, 3. This construction
gives a set containing the associated pullback attractor, so that it yields, by this
construction, that the pullback attractors have finite fractal dimension.
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