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LONG TIME BEHAVIOR OF AN ALLEN-CAHN
TYPE EQUATION WITH A SINGULAR
POTENTIAL AND DYNAMIC BOUNDARY
CONDITIONS

Haydi Israel

Abstract The aim of this paper is to study the well-posedness and the long
time behavior of solutions for an equation of Allen-Cahn type owing to proper
approximations of the singular potential and a suitable definition of solutions.
We also prove the existence of the finite dimensional global attractor as well
as exponential attractors.
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1. Introduction

In this article we are interested in the study of the following initial and boundary
value problem, considered in a smooth and bounded domain  C R? with boundary
oN=TI:

o =Ap—p=—(=A+1Dp=—Ap, Onpasa =0,

n= _A¢ + f(¢) - A(b? ¢|t:0 = ¢07 (1 1)
3t¢ = Arw - 9(¢) - a’n¢7 T e 697 1/%:0 = wOa ’
Pl =,

where A € R, Ar is the Laplace-Beltrami operator on the boundary 92, f and g
are given nonlinear interaction functions and X is some given positive constant. In
particular, f is the derivative of a double-well potential whose wells correspond to
the phases of the material. A thermodynamically relevant function f is the following
logarithmic (singular) function:

1
f(5)2—2H05+/€11n71+8, s€(—1,1), ko > k1 > 0.
—s

The boundary condition will be interpreted as an additional second-order parabolic
equation on the boundary 0f.
Equation (1.1) may be viewed as a combination of the well-known Cahn-Hilliard
equation
Ou = —A(Au+ f(u)), u(0,z) = up(x),
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and of the Allen-Cahn equation
Ou = Au+f(u)7 U(O,I) :’U'O(x)

This equation is associated with multiple microscopic mechanisms such as surface
diffusion and absorption/desorption and was recently derived and studied in Karali
& Katsoulakis [6], Katsoulakis & Vlachos [7], Israel [9], Hildebrand & Mikhailov
[10].

This paper is organized as follows. In Section 2, we introduce regularized prob-
lems in which the singular nonlinearity is approximated by regular functions and we
derive uniform a priori estimates on the corresponding solutions. In Section 3, we
formulate the variational formulation of (2.1), we verify the existence and unique-
ness of a solution and we study the further regularity of the solutions. In Section
4, we give sufficient conditions which ensure that solutions are separated from the
singularities of f and that a variational solution coincides with a solution in the
usual (distribution) sense. Finally, we study in Section 5 the asymptotic behavior
of the system and we prove the existence of finite-dimensional (both global and
exponential) attractors.

2. Approximations and uniform a priori estimates

We set f(¢) := f(¢) — A¢ and rewrite problem (1.1) in the form:

o =Ap—p=—(~A+Iu=—Ap, dpjoo =0,

p=—0¢+ f(6), dji=o = do, 2.1)
3151/) = AN/’ - 9(@ - an¢7 T e 897 'w\t:() = 'l/}()a '
dloa = P,

where the singular function f satisfies:

J € C3((~1,1),
F(0) =0, lim_f(s) = oo,

y ; N (2.2)
F() >0, Tm_f(s) = +oo.
f"(s) sgn s > 0.
As a consequence, the following properties hold for f :
fl(s)>—=Xand —¢< F(s) < f(s)s+C, Vse (—1,1), (2.3)

where F(s) = IN f(r)dr and ¢, C are strictly positive constants.
The nonlinear function g € C?([—1,1]) can be extended, without loss of gener-
ality, to the whole real line by writing:

g(s) =s+go(s), VsecR, where ||gol|c2r) := Co < +00. (2.4)
We set, for r > 1,
H(Q) @ (L) = {v € H'(Q), o|r € A" (D)},
which we endow with the norm:

H’U”%IT(Q)@HT(F) = Hv”%{T(Q) + ||UH%V(F)-
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Alternatively, the functions in H"(Q2) ® H"(I") can be viewed as pairs of functions
(v,v|r).

We introduce a family of regular approximating functions: given any N € IN,
we set:

f(=1+1/N)+ f'(-1+1/N)(s+1—-1/N), —-1<s<—-1+1/N,
fuls) =4 Fls) Is| < 1-1/N,
FUI—1/N)+ f/(1—1/N)(s—1+1/N), 1-1/N<s< —1.
2.5

Then, we denote Fy the primitive Fy(s) = [, fn(s)ds and having set fN(i) :)
fn(s)—As, we define Fiy analogously, with fx instead of fy. We recall the following
properties (for more details, see Miranville & Zelik [12]), namely, there exist o > 0,
¢ >0 and C > 0 such that:

In(s)s = /2| fn(s)] = ¢, (2.6)

and
1/2FN(s) — C < Fn(s) < 2Fn(s) + C, (2.7)

Vs € R and for N > Ny(\) large enough, where the constant C only depends on A.

We then consider the approximate problems:

0tp=Ap—p=—(=A+1)p=—Ap, Oupjon =0,

p= -0+ fu(6), b0 = bo, 28)
8tw = AF¢ - 9(1/’) - 8n¢a T e 897 w\t:O = wOa
Pl = .

It is convenient to rewrite problem (2.8) in an equivalent form by using the inverse
of A:= (—=A +1I) (endowed with Neumann boundary conditions). Applying A~!
to both side of (2.8), we obtain:

Ailat¢7A¢+f~N(¢) :07 S Qa ¢\t:0 :QSOa
atw = AI‘ZZJ - 9(1/)) - and)a T e an w‘t:() = o, (29)
bloa = .

We start with the usual energy equality.

Lemma 2.1. Let the above assumptions hold and let ¢ be a sufficiently reqular
solution of (2.9). Then, the following identities hold:

t
0

< € (1+100) B0 + 19O aqr))

SO+ + 10 ey + | (1030 + 1006) ey + (B (6(5): D) ds

(2.10)

t

16 By + 100 + [0 (166) e + [966) By ) ds

t
+ [ e 0 s < € (14 1600 s oy + IO ) e
(2.11)
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and

t+1
/t (o)1 ) + 10 ()1 ry + all i (@(5)]] 22 ())ds

(2.12)
< C (14 (160) -0 + O Bery)e™)
for some positive constants C' and v which are independent of t.
Proof. Multiplying (2.9) by ¢ and using the fact that:
6111y < UVl 2y + Il ), (213)
we find:
16O+ + WO Zaqry) + 190 sy + 10O e
2dt (2.14)

+ (fn () &(8)a + (904 (1)), ¥(8))r < 0.

Using (2.3), the fact that go is globally bounded and that |[3(t)||zr) < 1, we
obtain:

d
= (16O By + IOy ) + 180 sy + O s
+ (@) Do < C,

for some positive constant C. Integrating (2.15) with respect to ¢, we deduce:

(2.15)

16 s ey + 00Ny + [ (1666) ey + [0 iy + (P(9(5). i) s

<O (14 16(0) 10 + 140) 3aqry) -

(2.16)
for some constant C'.
Now, using (2.6) and the fact that go is globally bounded, (2.14) gives:
1d 2 2 2 2
331 (10O + [9O0) + 16O By + 19OBne o)

+ /2| fn (@)@ < C,
for some positive constants o and C. Hence, for v > 0 small enough, we obtain:
d
£(||¢(t)|\12q,1(9) + 072y +v (||¢(t)||§{71(9) + ||¢(t)||i2(r)>
+v(lo 1 @) + 10O 7 @) + v (e @) < C.

Applying Gronwall’s lemma, we deduce estimate (2.11). Finally, integrating (2.17)
with respect to t over (¢,t+ 1) and using (2.11), we obtain:

(2.18)

t+1
/t (6130 + 1) 130y + ll Fn (63| 2yl
C+ 6310 + 1) 22r) (2.19)
C (14 (16031 + 160y )e ™) -

IN

IN
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Lemma 2.2. Let the assumptions of Lemma 2.1 hold. Then, the following identity
holds:

9O (o) + IO o) + 2Ew(6(0); D
+ [ U000y + 10055 s (2:20)
< € (11600 ) + 9O B ) + 2Py (6(0)), 1a)

where the constant C is independent of t and of the initial data.

Proof. Multiplying the first equation of (2.9) by d:¢ and integrating over €,
we obtain:

2 T (||V¢( Wiz + Vo @Ol + ||¢(t)||%2(r)> +10ep ()11 ()
+ Haﬂﬂ( MZz ) + (Fv(8(1), b (t))a + (9o ((1)), Brtp())r

= 5 BTN Za(@) + IVev O acey + IO ey + 2P (0(0), D 2D
+2(Go(¥(t)), Dr) + 000310y + 10(0) 3 ey
_0,
where Go(t) = / go(s)ds. Using (2.13), we find:
0
3 i (190 oy + 1o, + 2P (60 Do+ 2AGowe). U)o

+ ||at¢($)HH—1(Q) + 1101 () |2y = 0.

Integrating (2.22) with respect of ¢, taking into account that go is globally bounded,
we deduce (2.20). O

Lemma 2.3. Let the assumptions of Lemma 2.1 hold, ¢ be a sufficiently reqular
solution of (2.9) and N be large enough. Then, for t > 0, the following smoothing
property holds:

(1800131 + 19Oy + 2 (1), 1a)
[ 00510y + 100865 [ s (2:23)
< C (14 19(0) -1y + Ol ry)

where the constant C is independent of N.
Proof. Multiplying (2.22) by ¢, we obtain:

6Ol )+ 1O oy + 2APw(6(0), D+ 2(Golw(8) 1)
+ t([18:p (D) [7-1 0y + 1069 (D) |72(r)) (2.24)

=%(H¢(t)||?p(m + @)1 0y + 2(En (1)), D + 2(Go((t)), r).
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Integrating (2.24) with respect of ¢ from 0 to ¢, we have:
Ol Fr ) + 19O Fn ) + 2(En((2)), Da + 2(Go((#)), Dr

t
+2 / SIS+ + 1000()[32ry)dls (2.25)

< 16(6) By oy + 1566) By )+ 2P (8(5)), D -+ 2(Go((5), 1)
Using (2.7), (2.10) and that go is bounded globally, we deduce:
(16031 ) + 1Oy + 2w (6(), D)a)
«/ s(100() By + 1915(5) [ e ) (2:26)
< C (14 160)3-1() + WOy

and the proof is complete. O

Lemma 2.4. Let the assumptions of Lemma 2.1 hold. Then, we have, for allt > 1
and N large enough, the following property:

o)1 () + 1Ol 7 ) + 2(Fw (6(2)), 1ads
t
+/1 (10e0 () 1711 (0 + 100 (8) |21 ) s (2.27)

< CAA+ 6O 71 + PO 1Z2r))-

Moreover, for any t > 0 and N large enough, the following inequality holds:
167710y + [Ny + 2(Fn (6(1), D
t+1 ) ) (2.28)
< O L0 1000wy + IO ey
Proof. Integrating (2.22) with respect to ¢ from 1 to ¢, we obtain:
16(6) 7710y + 19O 7y + 2(En (1)), D
+ /lt(||3t¢(8)||%rl(9) + 1186 (5) |72 (ry)ds (2.29)
< C (14 1o + 1) ey + 2P (6(1), D)
From (2.23) and for ¢ = 1, we find:
(N I%s ey + W) s ey + 2(Fn (6(1)), D)
+ /01 s([10:() 1 Fr-1. 0y + 106 (8)[[ 2y )ds (2.30)
< O (1419001 (o + WO ry) -

Estimates (2.29) and (2.30) allow us to find (2.27). Estimate (2.28) follows imme-
diately from (2.23) and (2.27). O
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We will now give some additional regularity results on 9;¢(t). To prove this, we
differentiate (2.8) and set (u(t), v(t), w(t)) = O(é(t), p(t), ¥ (t)). Then we have:

Opu=Av —v=—(=A+1)v = —Av, v =0,

v=—Au+ fi()u,
Ow = Arw — ¢'(Y)w — dpw, x €T, (2.31)
U|F = w.

Lemma 2.5. Let the assumptions of Lemma 2.1 hold. Then, the following estimate
is valid for all t > 0:

t+1
lu)lFr-1 () + o @®lZ2 ) +/t (lu(s)ll7 (@) + llw(s)llzp r))ds

c(lu(0)1F-1 () + lw(0) 72y ™" + ¢,

(2.32)

for some positive constants ¢ and v independent of N. Moreover, fort > 0, we have
the smoothing property:

t2+1
@) IlZ-10) + 0@ 172y < e—5= @+ 16O)[F-10) + 19O 72(r)): (2.33)
Proof. Multiplying the first equation of (2.31) by A~'u, the second equation by
u and the third one by w and taking the sum of the equations that we obtain, we
have the following identity:

1 d 2 2 2 2
- — t _ t t t
3 i O + 00 E)) + IVUO a0 + VOl
+ w®) 32y + (i (6(0)ult), u(t))a + (gh (b)) w(t), w(t))r = 0.
Using (2.3), (2.13) and that g, is globally bounded, we find:
(10 3+ + N3y ) + 0 sy + 00 s
dt (2.35)
< c(lul®)32g) + lw®)[32r).
Using the interpolation inequality ||u||%2(9) < cllull gr ) llull g-1(q), we find:
(s + 1) ey ) + ) sy + 08 B
dt (2.36)
< c(llu®)3-1 ) + lw@®)2r)-
Provided that v > 0 is small enough, the following estimate holds:
L )22y + Nl Zqey) + v sy + () 2x(r)
dt H-1(Q) L2(T) H-1(Q) L2(T)
+v([u®)l ) + 1w @) (2.37)

< c(lu®)F-1 (o) + lw®)l72ry)-

We consider the case t > 1. Applying Gronwall’s inequality and using estimate
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(2.27), we obtain:
S 710y + lw @1y e

t
e / =) (u($) 21 gy + 0(3)]220y)ds
<O + (D)2 e D
t
e / ()21 + ()12 )l

<)1) + lwIFspy)e Y
+e(L+ [0 310y + 19O I72(ry)-
Integrating (2.37) over (¢,t+ 1), t > 1, we find:

t+1
/t (1) 2y + ()21 oy )

t+1
<1 @) + lw®l 2wy + C/ ()11 () + llw(s)l[Z2ry)ds
t

(2.38)

<l IF-1 () + w1z e + e(1+ [¢(0)1F-1 () + 19 (0) 1 Za(r))-

We have:
Elu®)llFr-1q) + lw®)Z2 )

t
= 2 [ N+ I el
t
+/0 823t(HU(3)||§171(Q) + w ()22 (r))ds.

Taking into account (2.26) and (2.36), we obtain for ¢ € (0, 1]:

(-1 () + lw®)ll72ry)

t
2 / s(lu(s) 12 -1 g + [10(3)| 2y )ds

IA

t
+C/O s(llu(s)[Fr-1() + lw ()12 (r))ds

IA

@2+0) / sl 12 -1 g + [10() |22 )ds

< e+ [16(0)I-1 (o) + [0(0)][72(ry),

for some positive constant c. For ¢ = 1, estimate (2.41) gives:

A

a2 0y + lwWlZ2y < e+ 16O F-1(@) + 19O 7)),

then, replacing this estimate in (2.38) and (2.39), we deduce:

t+1
(1710 + lw®l L2 +/ (lu() 1 () + llw(s) I ry)ds
t

< et c(l@O)F-1 @) + 1LOZ2r))e™"

(2.39)

(2.40)

(2.41)

(2.42)

(2.43)
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for all ¢ > 1. From estimates (2.41) and (2.43), we deduce:

lu() 11 () + lw®lZar)

1 , , (2.44)
< 1+ tj)(l + 19O0)I5-1 () + 1 (O)|72r)), VE> 0.
To show estimate (2.32) for ¢ € (0, 1], we consider (2.37), in particular,
2 (o) 2 +lw®) 72wy < cllu@®)]F + w72 ) (2.45)
a H-1(Q) 2my) S H-1(@) L2(r)): '

Applying Gronwall’s inequality to (2.45), we find:

w17~ (@) + lw @2
< e ([u(0)[[F-1 () + 1w (0)][Z2(ry) (2.46)
< e (05— ) + lw(0)[[F2r))s t € (0,1].

Integrating (2.37) over (¢,t 4+ 1), t € (0,1], using (2.43) and (2.46), we obtain:

t+1
/t ()12 ) + 103 2y )dis

t+1
< a1 + )2y + e / ()220 + ()12 s
1
2.47
< OB+ + N0y + ¢ [ o) B+ 10(6) ey )ds (2.47)
t
t+1
o [ B + (o) )
<t e u0) 10 + [0(0)]2s )
Hence, the proof is complete. O

Theorem 2.1. Let the nonlinearities [ and g satisfy (2.2) and (2.4) respectively
and set Qs :={x € Q, d(z,T') > 6} . Denote by n = n(x) some smooth extension of
the unit normal vector field at the boundary inside the domain €. Let also D, ¢ :=
Vi — (Ond)n be the tangential part of the gradient ¥V ¢. Then, for every § > 0,
the following estimate is valid:

(O IEa () + 1O 12y + 1¥ O @) + 10070 ) + 100 71 (0

10 o + VD)2 + 1w (SO
t+1
+ / 19e(5) 21y + 10680(5) 32l

< C(L+[1600) 3 ) + 1O 1) + 10:6(0)1F-10y + 10:(0) |F2r) Je ™,
(2.48)

where the positive constants a(a > 1/4), v and C' are independent of N.

Proof. We consider the nonlinear elliptic problem:

{ Ap(t) — fn(8(t) — d(t) = ha(t) := —d(t) + Ad(t) + A1 0,(t), = €Q
Apd(t) = 9(t) — 9no(t) = ha(t) := go(¥(t)) + Otp(t), x €T, 2.49)
2.49
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for every fixed t. Note here that the estimates derived above yield the following
control of the right-hand side of (2.49):

1B ()17 20) + [1P2 (D) 20y < C(L+ [10eh(®) I3r-1() + 100 ) |72(ry),  (2:50)

where C is a positive constant that is independent of N. Due to estimate (2.33), we
find that hy € L?(Q2) and hy € L?(T"). Using estimates (2.20), (2.32) and (3.38), we
obtain:

[l ) + 100 -1 (0 + 10 O 2y + Fn (6] L1(0)
t4+1
+/t (19ep ()1 Fr1. 0y + 106 ()] vy ) s
< CL+ 1801 @) + ¥ O 0y + 10:3(0) 1310y + 048 (0) |22y Je ™"
(2.51)

In order to prove the following estimate:
o) 720,y < CA+ 1hallFz(q) + Ih2ll72(ry); (2.52)

where C' = C¢ depends on € > 0. We consider a smooth nonnegative cut-off function
6 such that 6(z) = 1 if d(z,T') > 6 and 6(z) = 0 if d(z,T) < §/2 which satisfies, in
addition, the inequality:

|V.0(z)] < COY?(x

).
Then, we multiply equation (2.49) by 2?23 0z, (0(z)05,u), and we integrate by
parts. Using estimate (2.51) and the fact that f > 0, we obtain estimate (2.52).
In order to prove:
IVaDr bl (o + I16ll72ry < COL+ 1hallZ2 () + 2]z ), (2.53)

we study the function ¢ in a small e-neighborhood of the boundary I'. To do so, let
2o € T and y = y(z) be a local coordinates in the neighborhood of xy such that
y(zo) = 0 and  is defined, in these coordinates, by the condition y; > 0. Then, we
rewrite problem (2.49) in the variable y and after several transformations we find
estimate (2.53). To finish the proof of the theorem, we use the following embedding:

L*(R, H*(IR?)) N H*(IR, H' (IR?)) € C*(IR?), o < 1/4,
and we deduce the estimate:
[1918a0y < CA+[1hall72(q) + R2llZ2(r)- (2.54)

Hence, Theorem (2.1) is proved (for more details see Miranville & Zelik [12]). O
In what follows, we will establish the uniform Lipschitz continuity of the solution
(p(t), u(t),1p(t)) of problem (2.9) with respect to the initial data.

Proposition 2.1. Let the above assumptions hold and let (¢1(t), p1(t),11(t)) and
(P2(t), pa(t), ¥2(t)) be two solutions of problem (2.9). Then, the following estimate
holds:

l61.(8) = SOy + o (8) = da0)13acry
t+1
+ / (161(5) = d2(5) 3rsy + I191(5) — () [3s (py)dls (2.55)

< € (1191(0) = @2(0) 1310y + 141.(0) = ¥ (0)[Fary ) €.
where the constants C and K are independent of t, N and the initial data.
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Proof. Let (¢(t), u(t), ¥ (1)) = (¢1(t) — d2(t), pa(t) — pa(t), ¥ (t) — 2(t)). Then,

this function satisfies the system:

atd) = 7AM; ~8n,u\69 = Oa

H = _A(b + ZN(t)¢7 ¢|t:0 = ¢O7 (2 56)
8t¢ = Aﬂb - ’(/J - m<t)w - 8n¢7 T e an w|t:O = ¢0a .
Ploa =1,

where
_ t t
In(t) = [ Filsor()+ (1= 5)o2(0)ds and m(t) = [ ghls01(t)+ (1= 9)0a(0)ds.
0 0
Multiplying the first equation of (2.31) by A~1¢, the second equation by ¢ and

the third one by v and taking the sum of the equations that we obtain, we have
the following identity:

1d
Sq (||¢(t)||§{,1(9) + ||¢(f)\|%2(r)> + V() I72(0) + Ve (O)l|72(r) (257)
+ [0 (O1720) + (N ([E)D(E), (1)a + (m(t)e, P(t))r = 0.
Using (2.3), (2.13) and the fact that g{, is globally bounded, we obtain:
d
i (160510 + W OIE)) + o (1600 + WOF@) 50

< CllloMl2 o) + 10 ®)I72(0))
for some positive constants o’ and C which are independent of N. Using the interpo-
lation inequality [|ul|3 < Clull g1 (o) ||ull p-1 () and applying the Gronwall inequality,
we deduce (2.55). O
3. Variational formulation and well-posedness

This section is devoted to the definition of a suitable notion for a solution to the limit
problem, that is, the problem obtained by letting N — +o0o and which coincides
with (2.1).To this end, we first fix a constant L > 0 such that:

IVelZai) = Mleliz@) + LielE-1@) > 1200l @), (3.1)
for all p € H'(Q) and introduce the quadratic form:
B(p,p) == (Ve Vp)a = M@, p)a + LA+ D)7 ¢, p)a + (Vre, Vrp)r,  (3.2)
Vo, p € HY(Q) ® H'(T'). Then, obviously, we have:
Blp,p) >0, Ve H' (Q)®H (). (3.3)
The limit problem (2.9), corresponding to N = +oco formally reads:

A0 = A — f(9) + Ab, dli—0 = 0,
atw = AF¢ - g(/l/)) - 8n¢a HANS 897 w\t:O = wo» (34)
bloq = .
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Multiplying the first equation of (3.4) by the function ¢ — ¢, where ¢ = ¢(t, x)
is smooth, and integrating by parts, we obtain:

(A7 0up, ¢ — @) + (01,6 — ©)r + (Vé, V(¢ — ©))a — A(¢, ¢ — ¥)a

(V6. Vr(d— e + ((8). 6 — 9)a+ (9(6) 6 — ) = 0, (3:5)
which yields:
(A_18t¢7 ¢ - SO)Q + (8t¢7 (b - @)F + B(¢7 (b - @)Q + (f(¢>7 ¢ - QO)Q (3 6)

< LA™, — 9)a — (9(¢), 6 — @)1,

Vo € HY(Q) ® HY(I'). Finally, since B is positive and f is monotone, we have:

B(¢,6—¢) > Blp, ¢ —¢), (f(9),0—p)a > (f(p)¢— ¢ (3.7)

Consequently, (3.6) can be written as follow:

(A7 00,0 — @) + (010, 0 — ©)r + Blp, 0 — p)a + (f(0), 0 — ©)a
S L(A71¢7 ¢ - @)Q - (g(d))a ¢ - (p)Fv

Vi € HY(Q) ® HY(T). If we consider the solutions of problem (2.9) with initial data
belonging to:

(3.8)

®:={(¢,¢) € L(Q) x L=(), [|9llr=(@) <1, [Pl <1} (3.9)

and then pass to the limit N — oo, we will find functions living in ® for all time.
These functions are not necessarily solutions to (2.1) in the usual sense. For this,
we define a variational solution of the limit problem (3.4) as follows.

Definition 3.1. Let (4o, 10) € ®. We say that (¢(t), 1 (t)) is a variational solution
to problem (2.1) originating from (¢g, %o) if

1. ¢(t)|r = ¢(t) for almost all ¢t > 0,

2. ¢(0) = ¢o, ¥(0) = o,

3. =1 < ¢(t,x) < 1 for almost all (t,z) € RT x Q,

4. gib,w) € C([0,4+00), H~1(Q) x L3(I")) N L?([0,T], H*(2) x HYT)), for any
> 0,

5. f(¢) € L1([0,T] x Q) for any T > 0,
6. (0rp, Op1p) € L2([0,T), H~1(2) x L3(T")), for any T > 0,

and the variational inequality

(A719:9(1), () — p)a + (0:h(t), (1) — @)r + B(p, 8(t) — p)a + (F(9), d(t) — ¥)a
< L(ATI6(t), 0(t) — p)a — (9(¢(1)), $(t) — @)r,
(3.10)

is satisfied for almost all t > 0 and any test function p € H*(Q) ® H'(I") such that
flp) € L1 Q).
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We emphasize that we do not assume in the definition that 1) is the trace of ¢q.
In order to show the uniqueness of a variational solution, we consider (3.10) in terms
of test functions ¢ = (¢, z) depending on ¢ and x with ¢ satisfying the regularity
assumptions in Definition 3.1. Then, we write inequality (3.10) with ¢ = ¢(¢,x)
for almost all ¢ > 0. Moreover, due to the regularity assumptions (3.1) on ¢ and
©, we integrate (3.10) with respect to t since all terms are in L. This gives, for all
t>s>0:

/ ((A7100,0 — )a + (0:d, & — @)r + B, & — @)a + (f(¢), & — ¢)a) dr

S/(M@A”w—er%M@@—whﬁh
) (3.11)

Arguing as in Miranville & Zelik [12], we set o = (1 — a)¢ + agp, where
€ (0,1]. Then, assumption (2.2), implies that the function |f(¢)| is convex and

[f ()| < 1F(O) + ()], (3.12)

which yields that f(p,) € L'(2). Consequently, ¢, is an admissible test function
for (3.11). Inserting ¢ = ¢, in the variational inequality (3.11), simplifying by
a and using the fact that (¢,) is absolutely continuous on [s,t] with values in
H=1(Q) x L?(Q), we get:

/ (A7'01h, 0 — ©)a + (80,0 — ©)r + B(¢a, ® — @)a + (f(pa), d — ©)a)dT

é/(M@A”w—wna—WWL¢—@ﬂdr
) (3.13)

Passing to the limit in (3.13) as @« — 0 and using the Lebesgue dominated
convergence theorem for the nonlinear term, we obtain:

/«A”@@¢—@Q+@w¢—wh+Bw¢—wm+%ﬂ@@—whﬂf

s/(u¢A4w—wmrwmw@—wkm«
) (3.14)

We can now state the following theorem which gives the uniqueness of such varia-
tional solutions.

Theorem 3.1. Let the nonlinearity f and g satisfy the assumptions of Section
1. Then, the variational solution of problem (3.4)(in the sense of Definition 3.1) is
unique and is independent of the choice of L satisfying (3.1). Furthermore, for every
two variational solutions (¢1,11) and (P2, 12), we have the following estimate:

161(8) = d2(B) 1311 () + 191.() — D2 (B)I2r)
< ce®!([|61(0) = G2(0) | F-1 () + [1¥1(0) = ¥2(0) 1 Z2r)),

where the positive constants ¢ and K are independent of t.

(3.15)
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Proof. We use (3.11), with ¢ = ¢ and ¢ = ¢, and we obtain:

/ (A7'0u1, 1 — P2)a + (0r1, ¢1 — Po)r)dT
+/ (B(¢2,p1 — ¢p2)a + (f(P2), ¢1 — d2)a)dT (3.16)
< [ (L1 A7 101 = 620~ (9(6n), 61 — da)r)

and (3.14) with ¢ = ¢9 and ¢ = ¢, we find:

/ (A1 0spa, 2 — P1)a + (Ora, ¢2 — ¢1)r)dT
¢
+ [ (Béa 02— d1)a + (F(02).02 — on)a)dr (3.17)

< [ (162,47 02 = 62)0  (g(62), 62 — 60)r)

Summing the two resulting inequalities (3.16) and (3.17) and using the fact that
(¢, ;) are absolutely continuous on [s,t], i = 1,2, with values in H~1(Q2) x L3(T),
we obtain:

1

5(”(@51@)7%@)) — (92(8), Y2 () Fr-1 @y x £2(r)

= 11(61(5), ¥1(s)) = (¢2(s), ¥2() T () xL2(r)) (3.18)
S/ (Lll¢1(r) = d2(T)IFr-1 () — (9(¢1(7)) = 9(¢2(7)), d1.(7) — d2(7)))rdr.

Using the fact that g is bounded globally and applying the Gronwall inequality to
(3.18), we have:

1(61(), %1 (1)) — (D2(8), 2 () -1 @yx 22

Kt 2 (3.19)
< e [(@1(s),vh1(s)) — (d2(s), Y2 ()5 -1()x L2y
where the positive constants ¢ and K are independent of ¢t > s > 0 and (¢, 1)), i =
1,2. Passing to the limit as s — 0 and thanks to the continuity of (¢;,v;), i = 1,2
from Definition 3.1, condition 4, we get the desired estimate, which in particular
gives the uniqueness.
Now, we need to prove that the above definition of a solution is independent of
the choice of L. To do so, we assume that (¢1,1) is a variational solution for L = L;
and (¢2,12) is a variational solution for L = L. Using the following relation:

Br,(¢2, 01 — ¢2) — Br,(d2, 1 — ¢2)

= Li(¢1, A7 (01 — ¢2)) — La(¢1, A7 (b1 — ¢2)) — (L1 — La) |61 — ¢2]|3-1(q
(3.20)
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and arguing as in the proof of (3.15), we find:
/ (A (01 — Orh2), 1 — d2)a + (011 — Dppa, b1 — ho)r)dT
+/ (Br,(¢2,91 — ¢2)a — Br,(¢2,¢1 — d2)a) dT
. t (3.21)
< Ll/ (61, A" (p1 — ¢2)), dT + Lz/ (62, A" (2 — ¢1)), dT
- [ 661(0) = 9(62(r). 61() = 2()p .
After simplification, (3.21) gives:
LU0, 41()) — (D20, 2O o
—[1(61(s), ¢1(5)) = (d2(s), Y2 () zr-1 0y x 22(r))
S/ (Lallpr(7) = b2 (M) F-1 () — (9(61(7) = 9($2(7)), 61(7) — ¢a(7)))rdr.
(3.22)

which coincides with (3.18) and also leads to (3.15). Theorem 3.1 is thus proven. [

Theorem 3.2. For every initial data (¢o,10) € @, problem (3.4) possesses a unique
variational solution (¢, 1)) in the sense of Definition 3.1. Such a solution regularizes

as t > 0 and all the uniform estimates obtained above hold. In particular, the
following estimate is valid for every § > 0 and t > 0:

o1 Ea(y + 16O 72 (5) + 10O 720y + 16D 71 0y + 10:8(D)]| 710
+ 0072y + VDo) 1720y + 1 (@)l L2 ()

t+1
+/t (10:()| 71 2y + 10 (s) | Fr () ds

< COA+[1000)[ 72 + 00122 r))e,
(3.23)

for some positive constants o and C which are independent of t and ¢, where D
denotes the tangential part of the gradient V.

Proof. Repeating the derivation of the variational inequality (3.11), we obtain
that (¢, n) satisfies:

t
/ (A0 0N, dN — @)a + (0N, dn — ©)r + B(p, o8 — ©)a + (f(9), o — ©)adT

< / (L(ow, A (b — @) — (9(6x), ox — @)r) dr,
) (3.24)

for every admissible test function ¢ and every t > s > 0. Our aim is to pass to the
limit N — +o0o. We start with the case when the initial datum ¢q is smooth and
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satisfies the additional conditions:
lpo(x)] <1—4, 6 >0, ¥ :=uglr. (3.25)
Then, by (2.48), we have:

N () o (o, 77,51 (2)) + [|EN ()| oo (0,77, 52 (25))

(3.26)
+ 1N ()l Lo o, 17,52 0)) < C,
10:dn ()| oo (0,77, 51 () + 100N ()| Lo (0,77, 2 (7))
+ [|0:dN ()Nl L2 (0,7, 11 () + 106N )| L2 (0,77, 11 (1)) (3.27)
<C,
D2 N (8)| o (0,77,22(0)) < C, (3.28)
lon ()l Lo (0, 71,02(02)) < Cs (3.29)

where the positive constant C' depends on Q, I'; ¢g, 19 and T but is independent
of N and ¢t. From this point on, all convergence relations will be intended to hold
up to the extraction of suitable subsequences, generally not relabeled. Thus, we
observe that weak and weak star compactness results applied to the sequence ¢n
entail that there exists a function ¢ such that as N — oo, the following properties
hold:

¢n — ¢ weakly star in L™ ([0, 7], (H'(Q) ® H*(I')) N H*(Qs))

(Oidn, Oron) = (6,1) weakly in L? ([0,T7], (H'(Q) @ H'(I))),

(3.30)

(D, n) — (6,4) weakly star in L ([0,T], (H(Q) x L*(T))),  (3.31)
(3.32)

D?¢n — D?¢ weakly star in L°°([0,T], L*(Q)). (3.33)

It follows from (3.27) and (3.29), using the compactness theorem of Aubin-Lions,
that:
¢N — ¢ strongly in C7([0,T] x Q) for some vy > 0. (3.34)

These convergence results allow us to pass to the limit N — +o0 in (3.24) and
prove that the limit function satisfies (3.11) for any admissible test function . The
only nontrivial term containing the nonlinearity fxy can be treated by using the
inequality |fn(¢)| < |f(¢)], the fact that f(p) € L1([0,T] x Q) and the Lebesgue
dominated convergence theorem. The crucial point —1 < ¢(t,z) < 1, for almost
all (t,z) € R x §, can be proven as in Miranville & Zelik [12]. Indeed, taking into
account the definition of fx and the fact that the L!—norm of fy(¢n) is uniformly
bounded, we can conclude:

meas {(t,z) € [T, T + 1] x Q, |pp(t,z)| >1+1/N} <w(1/N), M > N, (3.35)

where
7(a) = <
- max{[f(1-a)[,[f(z -1}
for some positive constant C' which is independent of T € R*, of N and M, with
M > N. Using the fact that m(2) — 0 as & — 0 and passing to the limit M, N —
+00 in (3.35), we conclude that:

(3.36)

meas {(t,z) € [T, T + 1] x Q, |p(t,z)| =1} =0, (3.37)
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so that
|p(t, x)| < 1 for almost all (t,z) € RT x Q. (3.38)

Inequality (4.12) and the convergence ¢ — ¢ strongly in C7([0,7T] x Q) imply
the almost everywhere convergence fn(¢n) — f(¢). Therefore, Fatou’s lemma
gives:

£(P)llLr (o, 1<) < Jl\lgfg 15 (Nl L1 (o, 1% 0) < +o00. (3.39)

Thus, f(¢) € L([0,T) x Q) and (¢, ) is a variational solution to problem (3.4). In
particular, the L' —estimate on f(¢) follows from (3.39). Since the separation from
singularities is not ensured on the boundary, we are not allowed to pass to the limit

in || Fn(én())llLr(r)-

Finally, we remove assumption (3.25). In that case, we approximate the initial
datum (¢o, o) € ® by a sequence (¢f, %) of smooth functions satisfying (3.25)
such that:

¢ — ¢z = 0, o — U§llr2@y = 0, as k — +oc. (3.40)

Let (¢x(t),¥r(t)) be a sequence of variational solutions of problem (3.4) satis-
fying
(¢1(0),¥%(0)) = (¢%,¥%), where ¢r|r = ¥x. The existence of such a sequence of so-
lutions was proved above. Then, by estimate (3.15) and assumption (3.40), we can
see that (¢, 1x) is a Cauchy sequence in C([0, 7], H=1(2) x L*(T")) and therefore,
the limit function exists and

(¢,9) == Tlim (¢x,¢x) € C((0,T], H™(Q) x L*(T)).

—400

Then, the proof of the theorem is finished as above. O
We also have the following result:

Lemma 3.1. Let (¢(t),9(t)) be a variational solution of problem (3.4). Then,
P(t) = ¢(t)|r fort > 0. Moreover, this solution solves (3.4) in the usual sense, that
is, for any p € C§°((0,T) x Q), the following equation holds:

/ (A710,6(t), p(t))adt = / (A(E), o(B))a — (F(S(0). o(t))e) dt
R R (3.41)

+ [ A0, e
R+
Furthermore,
¢ € L>®([r,T],W>1(Q)), 0< 7 < T, (3.42)

so that the trace of the normal derivative on the boundary,
[0b)int := Ond|r € L([,T), LY()), 0 <7 < T, (3.43)

exists.

Proof. Since ¢y is uniformly bounded in L>([r,T], H2(s)), V6 > 0, and Fy is
uniformly continuous, the sequence fy(¢n) is also uniformly bounded in

L>([r,T], H*>(Qs)). Using this fact and that fx(¢n) — f(¢) a.e., we obtain using
a weak version of the dominated convergence theorem that fn(¢n) — f(¢) weakly
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in L2([7,T], H*(Qs)). Thus, we are allowed to pass to the limit in the equation
corresponding to (3.41) for ¢n. We deduce from (3.41), that ¢ is a solution for:

ATI00(t) — Ad(t) + f(D(1) = Ab(t) = 0, in Li (7, T) x Qs). (3.44)
Moreover, since f(¢) and A~19;¢ belong to L= ((r,T), L*(£2)), we find that
A¢ € L=((1,T), L' ().

Having the control of VD, ¢, we deduce that A¢ € L®((,T), W*(Q)), which
yields the existence of the trace (3.43). O
Concerning the second equation from (3.4), we use Theorem 2.1 and we see that:

10:YN | oo (., 22(0)) + 19N oo ((r 17, 52(0)) < € (3.45)
where the constant ¢ is independent of N. We have:
OnoN = 0N — Arpn + g(n). (3.46)

Using (3.45), we deduce that Oyon € L>®([r,T], L*(T)). Passing to the limit as
N — +o0, we have the weak-star convergence in L>([r,T], L*(T"))

[an¢]ewt = Nl—lg-l an¢N|F € Loo([Tv T]vLQ(F))7 T>71>0, (347)
and
o) — Arty + g(¢) + [0n@lext =0, on T, T > 7 > 0. (3.48)

In order to verify that the variational solution (¢, ) satisfies equations (3.4) in the
usual sense, there only remains to check that:

[0nBint = [Ondext, for almost every (t,z) € RT x T. (3.49)

4. Additional regularity results and separation from
the singularities

In this section, we formulate several sufficient conditions which ensure that every
variational solution satisfies equation (3.4) in the usual sense. We have the following
result which gives an additional regularity on ¢ close to the points where |¢(¢, )| <
1.

Proposition 4.1. Let the assumptions of Theorem 3.1 hold and let (¢,v) be a
variational solution to (3.4). For any 6, T > 0, we set:

Qs(T) ={z € Q|p(T,x)| < 1—68}.
Then, ¢ € H*(Q5(T)) and the following estimate holds:
Dl 2 (05 (7)) < Q5,75 (4.1)

where the positive constant Qs depends on T and § but is independent of the
concrete choice of the solution ¢.
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Proof. Since the solution ¢(7T,x) is Holder continuous with respect to x, there
exists a smooth nonnegative cut-off function 6(z) such that:

O(x) =1, z € Qs(T),
0(x) =0, x € Q\Qs/2(T), (4.2)
101l c2re (@) < Ko,

where K is independent of the concrete choice of the solution ¢. Let ¢n(t,z)
be a sequence of approximate solutions of problem (2.1) which converges to the
variational solution ¢(t,z) as N — 4o00. Then, since the convergence holds in the
space C7([0,T] x Q) for some v > 0, we have:

[on (T, )| <1—6/4, x € Q55(T), (4.3)
for N large enough. Setting vy := 0(2)on (T, x) and wy = 0(x)n (T, x), we have:

{ Apdn — [N(ON(T)) — dn = hi(T) := —dn + Apn + A~ 0o, (4.4)
Aryy — YN — Opdn = ha(T) := go(Yn(T')) + O ‘

Multiplying the first equation of (4.4) by 6, we find:

00N (T) — 0N (T) = 0hi (T) + 0 fn(dn(T))
A (00N (T)) — 06N (T) = 0h1 (T) + 0fn (SN (T)) + 2Vl - Viudn (1)
+on(T)AL0
= Aoy — oy = 0h(T) +0fn(on(T)) +2V20 - Vieon(T) + ¢on (T) A0

(4.5)

Now, multiplying the second equation of (4.4) by 6, we obtain:

OAr YN (T) — 0N (T) — 00,9n(T) = Oh2(T)
—Arwy —wy — Opwny = GhQ(T) + 2Vr6 - Vpi/}N(T) + 1/JN(T)Ap9 (4.6)
— N (T)0n0.

Thus, ¢y satisfies the following elliptic boundary value problem:

Agvy — vy = hi(n) = 0hi(T) + 0fn(8n (T)) + 2Vl - Vb (T) + dn (T) Asb,
Arwy — wy — Opwyn = ha(Yn) := 0ha(T) + 2V0 - Viipn (T) + thn (T)Arf

— N (T)0y0.
(4.7)
Using the estimates (2.33), (2.50), (4.2) and (4.3), we find:
1ha(@n)llz2@) + lh2(¥n) 2y < Qsrs (4.8)

where the positive constant ()5 is independent of N and of the concrete choice of
the solution ¢. Applying an H2—regularity result to problem (4.7) (see [11]), we
deduce that:

N (T 205 (1)) < Qo7 (4.9)

By passing to the limit as N — 400, we deduce that ¢(T) € H?(25(T)) and that
lo(D) &2 (025 (7)) < Qb1 O
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Lemma 4.1. Let (¢,%) a variational solution to (3.4). Assume, in addition, that
we have:

|¢(t07$0)| < 17 (410)

for some (to, xo) € (0,4+00) xI'. Then, there exists a neighborhood (tg—e,tg+¢€)xV
of (to,zo) in R x I’ such that:

[On@lint(t, ) = [On@)ext(t, ), V(t,z) € (tg — e, t0 + &) X V. (4.11)
In particular, if ¢ satisfies:
|p(t,x)| < 1 for almost all (t,x) € RT x T, (4.12)

then, the equality [On@lint = [On@lext holds almost everywhere in (0,400) x I’ and
(¢, 1) solves (3.4) in the usual sense.

Proof. We know that ¢ is Holder continuous with respect to ¢ and x. Thus
there exists e > 0 such that |¢(¢,z)| < 1 — ¢ holds for all (¢,z) in a neighborhood
(to — ,tg + &) x V2 of (tg,x0) in (0,+00) x Q. Thanks to Proposition 4.1, the
approximate solution ¢x (converging to ¢) satisfies:

loN [ Los ((t0—e torel, 2 (020)) < C,

where the positive constant C' is independent of N. Then, we can assume that
on — ¢ weakly-star in this space, which yields that 0,én|r — On¢|r weakly in
L?([tg — €,tp + €] x V) for some proper neighborhood V' of zy. This convergence
result, together with the definition (3.47), leads to equality (4.11) and relation (4.12)
is a consequence of (4.11). O

Thus, in order to prove that any variational solution ¢ is a solution in the usual
sense, it is sufficient to verify that ¢ satisfies (4.12).

Corollary 4.1. Let the assumptions of Theorem 3.1 hold. We assume that:
lim F(s) = +o0. (4.13)

s—=+1

Then, for every variational solution ¢ of problem (3.4), relation (4.12) holds and
the potential F' verifies:

F(¢(t)) € LY(T) and ||F(¢(t))]|Lrry < Cr, (4.14)
for almost all t > T > 0.

Proof. Let ¢ be a sequence of approximate solutions converging to the varia-
tional solution ¢. Applying estimate (6.4) in Miranville & Zelik [12], we obtain:

|Fn(on)llory < Cr, t > T, (4.15)

where the constant Cr is independent of N. Since hI:Itll F(s) = +oo, we deduce
s—
that f(1 —1/N) — 400 and f(1/N —1) - —o0, as N — +o00, which yields:

Ifn(@n)llzrry < Cr, t > T, (4.16)
Arguing as in the proof of Theorem 3.2, we obtain that:

meas {(t,2) € [T, T +1] x T, |¢par(t,z)| > 1~ 1/N} < n(1/N), (4.17)
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where

w(z) = <
max {|f(1 — )|, [f(z - D[}
Passing to the limit M, N — +o0, we deduce that:

meas {(t,z) € [T, T+ 1] x T, |p(t,z)| =1} =0. (4.18)

Thus, condition (4.12) holds.

Then, using the convergence ¢y — ¢ in C7([0,T] x ), with v > 0 and the al-
ready proved statement 4.12, we conclude that Fx(¢n) — F(¢) almost everywhere
in RT x I" and therefore, thanks to the Fatou lemma,

1F(o)l Ly < }@fgfgﬁ | Fn(on) |y < Cr. (4.19)

O
Corollary 4.2. Let the assumptions of Theorem 3.1 hold. We assume that:

g(=1)+e<0<g(1) —¢, (4.20)

for some € > 0. Then, for every variational solution ¢ of problem (3.4), estimate
(4.12) holds and

ILf (D) L1 (t,e41)x1) < Ceyry > T >0, (4.21)

where the constant C. 1 is independent of the concrete choice of the variational
solution ¢.

Proof. We consider the nonlinear elliptic-parabolic system:
Agn(t) = fn(dn(t) — on(t) = ha(t),

(;5N|F =Y, (4.22)
O (t) — Arn () + Onon (t) + g(¥n(t)) = 0.

Arguing as in Miranville & Zelik [12], we have:
€
9(s) - fn(s) 2 Slin(s) + Ce, s €R, (4.23)

where the constant C. depends on g and € but is independent of N. Arguing as in
Corollary 4.1, we deduce estimate (4.12). To derive (4.21), we multiply (4.22) by
fn(én) and we use (4.23). We obtain:

d

T /F Fn(¢n()ds + (fn(on (1) Von (1), Von(t))a

+ (fn(on () Vrén(t), Vrén(t)r (4.24)
+ 12| fn(on () F 20y + /2l (on ()] Ly oy
< Ce(L+ ([ )] F2(0))-

The L2-norm of hy(t) is controlled thanks to (2.32) and we find:
1ha(8) 720y <e(L+ 10171 ()

<e(1 +[|18:(0) |51 (0 + 00 (0)]|72(ry) (4.25)
<+ 00.
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Integrating (4.24) with respect to ¢ and using the fact that fi > 0, we find:

t+1
[ Fwton(e+ 0o+ [ (IV6x 9y + [ Vron (s) s e ds
t+1

+/t (v (on (DT ) + /21 (dn ()]l rry)ds (4.26)

< 0577“ + / FN(gf)N(t))dJ.
T
We deduce from (4.26):
[ fn (o)Lt erxry < 2/e(I1EN (N )@y + [ Fn (@ (E+ D))lzr)) + Cer

<Clrp.
(4.27)

Arguing as in Corollary 4.1, we finish the proof. O

5. Attractors and exponential attractors

In this section, we study the asymptotic behavior of the system. We denote by
®v := H=1(Q) x L?(T"). The space ®% is endowed with the natural norm:

lellde = lelF-10) + 0172, for all p € & (5.1)

We have the following result:

Corollary 5.1. Under the assumptions of Theorem 3.2, equation (3.4) generates a
solution semigroup S(t) : ®¥ — &Y, where S(t)(do, o) := (P(t),(t)) is the unique
variational solution of problem (3.4) departing from (po, o). Furthermore, we have
the following Lipschitz continuity property:

1S()(66, ) = S()(05,%8) 3
t+1
+/t 15 (s)(60, %) — S()(5, ¥ I ()1 ry ds (5:2)
< Ce™l(¢p — 95,0 — ¥ 3w,
for all (¢5,5), (65, ¥§) € @

This corollary is a direct consequence of Proposition 2.1.

The following proposition gives the existence of the global attractor A for this
semigroup. We recall that, by definition, a set A C H~1(Q) is the global attractor
for the semigroup S(t) if the following properties are satisfied:

1. Tt is a compact subset of H~1(Q);
2. Tt is strictly invariant, i.e., S(t)A = A, Vi > 0;

3. It attracts all bounded sets in H~1(Q) as t — oo, i.e., for every bounded set
X C H71(Q) there exists a neighborhood O(A) of A in H~1(Q) and a time
T = T(O) such that:
St X CO(A), t>T.
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Proposition 5.1. The semigroup S(t) associated with the variational solutions of
problem (3.4) possesses the global attractor A which is bounded in the space C*(£2) x
C*(T") for some positive constant o < 1/4.

Proof. The semigroup S(t) is dissipative. Indeed, thanks to estimate (2.27) there
exists Rgp > 0 such that the ball By, (Ry) centered on zero with radius Ry in
H'(Q)x H'(T) is absorbing in ®* and compact in the topology of ®*. In particular,
there exists a time to > 1 such that S(¢)By, (Ro) C By, (Ro), for any ¢ > t9. As a
consequence, the set:

@’u)
Bo = Utztos(t)Bﬂl (RO) (53)

is absorbing and positively invariant. Thus the existence of the global attractor A
follows from a proper abstract attractor’s existence theorem (see Temam [14]). O

In the following theorem, we prove the existence of an exponential attractor
which by definition contains the global attractor and has finite fractal dimension.
To do this, we first recall the definition of the exponential attractor where A is the
global attractor for the semigroup {S(t)},~:

Definition 5.1. Let X be a compact connected subset of a Banach space E. A
compact set M is called an exponential attractor for the semigroup {S(t)}, if
ACMcC X and B

1. S(t)M C M, ¥t > 0.
2. M has finite fractal dimension, dr(M) < oco.

3. There exist positive constants cy and ¢; such that for every ug € X, we have:
distp(S(t)ug, M) < coe™ ) Vt >0, (5.4)

where the pseudo-distance dist is the standard Hausdorff pseudo-distance be-
tween two sets, defined by distp(A, B) = sup,c 4 infocp |la — b|| 5.

Theorem 5.1. The semigroup S(t) possesses an exponential attractor M which is
bounded in C*(2) x C*(T"), a < 1/4.

Proof. There exists a positive constant R = R(Ry) such that:

lo(t)[|co(te+11x ) + 1O 520y + [10ed ()] 11-1(02) + 10:6(E) || L2 (1)

+ [ f (@)1 + 110:O) N L2(t,e41), 51 () + 110edE) L2 (8, t41), 211 (1)) (5.5)
<R,

for any initial datum in By where Bq is the set defined by (5.3). In particular, for
every point (¢, 1) € By, there holds ¢|r = 1p. We consider an arbitrary small e—ball
B(e, ¢o; @) in the space By and centered on ¢g, where 0 < e < g9 < 1, with the
parameter €y that will be fixed below. Let also ¢°(t), ¢ > 0, be the solution starting
from ¢g. We introduce the sets:

Qs(do) :==A{z € Q, |po(z)| <1-6},
ﬁé(¢0) = {Z‘ S Q, |¢0(.’I3)‘ >1-— (5},

where § is a sufficiently small positive number. Then, thanks to the Holder conti-
nuity of ¢¢ with respect to z, we have for all z1 € 9Qs, (o), 2 € N, (do):

0 < |61 — 02| < |go(1) — ¢o(w2)] < cfwr — 22|*. (5.6)
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Thus, there is a strict separation between 0€2s, (¢o) and 09Qs, (o) for any d; # 0,
ie.

d(0%2%, (¢0), 0825, (¢0)) > Cs,,6, > 0, 01 # d2, (5.7)

where the constant Cs, 5, depends on 67, ds.
We note that, since ¢°(t) is uniformly Holder continuous with respect to t and
x, there exists T' = T'(§) such that:

|¢°(t)| <1—6/2, = € Qs(¢o), t € [0,T],

16°(t)] > 1 — 36, = € Das(ho), t € [0, 7. (5:8)

Furthermore, using again the uniform Hoélder continuity, we have:

l¢1(8) = @2(D) o) <Clldr(t) = d2()llGe 61() — d2(t)l| oo
<Crll$1(0) = ¢2(0)[[5l61(8) = p2 (D) (5:9)

(I)‘U)
K
SOT{': )

for every ¢1(0), ¢2(0) in B(e, ¢g, ®*). We can fix €9 = €¢(d) such that:

|¢(t)| < 1 _6/45 HAIS Q(S(¢O)v te [OvTL (5 10)
lp(t)] > 1 — 46, x € Qas(o), t € 0,7, '

for all trajectories ¢(t) starting from the ball B(e, ¢g, ®¥), € < &o.
Due to (5.7), there exists a smooth cut-off function § € C>°(R3,[0, 1]) such that:

[0, itz e Ds(e),
blw) = { 1 itz € Qs (do). (5.11)

Furthermore, 0 satisfies the additional condition:
10llcx wsy < Ck, (5.12)

where k£ € IN is arbitrary and the constant C depends on J, but is independent of
the choice of ¢g € By. The second estimate of (5.10) yields:

F(8(t,2)) > A(G), = € Qas(0), t € (0,77, (5.13)
for all trajectories ¢(t) starting from the ball B(e, ¢g, ®*), where
A(0) :=min{f'(1 —49), /(-1 +45)}. (5.14)

Indeed, for every z € Qa5(), we have that |¢(t)| > 1 — 45. Then, using the fact
that sgn s- f”(s) > 0, we obtain:

ifo(t) 21 —46 = f"(o(t)) = 0= f'(¢(t) = '
ifo(t) < —1+46 = (o)) <0 = f'(¢(t) =

which yields (5.13). Since f’(s) o oo then, A(J) vy +oo and we can fix
5— —

— 49),

J(f '(—1+ 48), (5.15)

d > 0 close enough to zero such that A(d) is arbitrarily large. The next lemma gives
some kind of smoothing property for the difference of two solutions.
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Lemma 5.1. Let the above assumptions hold. Then, there exists § > 0 such that:

161(T) = ¢o2(T) |30 < €77 [61(0) — ¢2(0) |5 + C /0 10 (61(s) = ¢2(5)) |72y ds,
(5.16)

where the positive constants B and C are independent of $1(0), ¢2(0) € B(e, ¢g, P?)
and ¢y € By.

Proof. We set ¢(t) = ¢1(t) — ¢2(t) . Then, ¢ solves the following problem:

A720,0 = Ap — (1) + A, in €,
On(Ad —1(t)p + Ap)|r =0, (5.17)
¢ — Arg + 0n¢ + ¢(t) + m(t)¢p =0, onT,

where
I(t) := /0 ' (591(t) + (1 — 8)pa(t))ds and m(t) := /0 go(sd1(t) + (1 — s)pa(t))ds.

Multiplying (5.17) by ¢(¢) and integrating over ), we obtain:

1d
57 o710y + 1O 2r)) + VOB 20

2 dt
HIVesOlZz ) + 160172 r) + UBSE), $(E)a (5.18)
= )\qu(t)”%g(g) - (m(t)¢(t)a ¢(t))r

< NG 20y + Coll S0 3y,

where Co = ||¢'[|c((—1,1))-

Due to (5.13), we have:

[t aloa)iae > [ iez)ioftn)Pds
Q

Qa5
ZAH(bHi?(ﬁg(;) (5.19)
=All1 20y — AllSlI72 (s
>A[|@l|72 () — Al0]172(0)-

Thus, we obtain:

d
a”sb(t)”?pw +2([Vo(0)1 720y + 20601 ) + 2(A = N[l Z2(0
< 2Co|p() 172y + 201001172 (-

(5.20)

For the first term in the right hand-side of (5.20), we use the following trace in-
equality:

C
2[0l122(ry < 2000l 19llL20) < \/ﬁllcﬁllip(gﬁc\//\ — MélZ2 ), (5:21)

and the fact that for some w € (0,2), we have:

2Vot)lI72 () + 2Ol ) = wle®)lli ) + @O 5 ) (5.22)
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Thus, fixing § in such a way that CoC < w
n (5.20), we find:

and using (5.21) and (5.22)

d
1@ 150 +wllo@)7 @) + wle@ 5wy + 208 = Vllo®)IIZz )

\/Co—lkb( Wi @) + CoCVA = A1) 172y + 2M[106(1) 172 (q) (5.23)

w/2 017 () + w/2(A = M d(B)]172() + 2A106(t)][72(0)-

IN

Taking 8’ > 0 small enough, estimate (5.23) leads to:

d
@Ilcﬁ(t)lléw +w/2)60) 5 0y + 6 (Ilcﬁ(t)llfp(r) + ||¢(t)||i2(n)) < 2M[06(8) |72 (-
(5.24)

Using the inequalities [|@||g-1(q) < Cll¢llz2(q) and ||@|z2ry < Cll¢ll g1 (r), we end
up with:

d
Z16@ONaw +w/206® 5 @) + 8 (||¢(t)||%z<r) + ||¢(t)|\12q—1<9>> < 2A[106(t)I[72 ()

(5.25)
for some positive constant 8. Applying the Gronwall lemma, we obtain:
16D <[6(0) 3ue +C / 2T 09(5) 32 s
(5.26)
UGN 40 [ 10005 oy
and estimate (5.16) is proven. O

Lemma 5.2. Let the nonlinearities [ and g satisfy the assumptions of Section 2.
Then, there exists positive constants C and K independent of ¢;(0) in B(e, ¢o, P™),
i=1,2, and ¢¢ in By such that the following estimate holds:

10:(0(p1 — d2)) | 20,77, 53 () + 10(d1 — D2) |2 ([0,17, 57 ()

27
<Ce™¢1(0) — ¢2(0)|gw- 27

Proof. Due to (5.2) and the fact that V.6 is uniformly bounded, we have:

10(¢1 = D2)lI72 (0,79, 111 ()

=[10(¢1 — )1 721077220 + 1V (0(D1 — 2|72 (p0.77,22(02))

<N16(¢1 = d2) 172 (10.71,22 () + V20 - (81 = d2))|72(10.7,22(52)) (5.28)
+ 116 Valdr — p2)) 172077, 12(0))

<Ce’||p1(0) — ¢2(0)]13

pw -

In order to find estimates on the time derivative, we first recall that 0;¢ verifies:

¢ = (—As + I)(Aadp — 1) + A9), (5.29)
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where ¢ = ¢ — ¢2. Testing this equation by 0 for any test function ¢ € C§°(Q),
using that supp 6 C Qs(¢o), we obtain:

(0:(66(1)), p)e2
— (A ¢>()— (O)¢(t) + Ao(t), A
=(Va29(t), VaBa(0p(t)))o — (
—(Vao(1), v. 990( Na+ ()¢
<oz @) lell s @)-
Estimate (5.30) yields that [|0;(0(¢1(t) — ¢2(t))|m-3() < Clléllar (@) and usian

(5.2), we obtain (5.27).
To conclude the proof of the theorem, we introduce the functional spaces:

Hy := L*([0,T), H' () N H'([0, T}, H*()),

) ) (5.31)
H := L*([0,T], L2(Q)).

We have that H; is compactly embedded into H. For every ¢g € By, we define the
following operator:

K¢0 : B(E,gbo,q)w) — Hl
P(0) — Kg,0(0) := (),

where ¢(t) is the variational solution departing from ¢(0). Due to Lemma 5.2, the
map Ky, is uniformly Lipschitz continuous:

Ko (P01 = d2) ||, < Lllg1 — ¢af

and thanks to Lemma 5.16, we have:

[S(T)¢1 — S(T)d2llow < Vllor — P2llow + cl[Kg, (¢1 — ¢2)m, (5.33)

where 7 < 0, ¢ > 0 are independent of ¢y € By, ¢ < g9 and ¢1,d1 € B(e, ¢o; P?).
Arguing as in Miranville & Zelik[12], we have that inequalities (5.32) and (5.33),
together with the compactness of the embedding H; C H, guarantee the existence
of an exponential attractor My C By for the discrete semigroup S(nT) acting on
the phase space Bg. Since the semigroup S(t) is uniformly Holder continuous with
respect to time and space in [0, 7] x By, we deduce the existence of an exponential
attractor M for the continuous semigroup S(t) on By which can be obtained by the
standard formula

Pw, ¢17 ¢1 € B(&‘, ¢0a (Dw)7 € S €o (532)

M= Ute[O,T]Md-

O
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