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Abstract By constructing a structure operator quite different from before,
and using the Schauder’s fixed point theory, the existence and uniqueness of
the C* solutions of the high dimensional Feigenbaum-like functional equations
are discussed.
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1. Introduction

The second kind of Feigenbaum functional equation (1.1) with initial value condition
in interval [0, 1] is an important form of iterative equations .

fl@) = 3f(f(A\2)),0 <A < 15
f(0)=1; (1.1)

The case of the continuous single-peak solutions was considered in [1-3]and[5-7],
also the precise solution was considered in some functional space. Certainly, these
discussions are very important to the dynamical systems, but being iterative equa-
tions, we also focus on the no-monotone continuous case. In this paper, we consider
the C! solution of the Feigenbaum-like functional equation

1, A
1) = 15702 00) + 15790@) (12)

where g(z) is a given function, f(z) is an unknown function, and f(x), g(z) are the
differentiable function of the high dimensional space R, 0 < A < 1. We use the
different methods from [1-3]and[5-7].

2. Preliminaries

Suppose C°(B,R") = {f : B — R", f is continuous}, where B is a compact convex
subset of R". let |- |, be a norm of R", | - |,xn be a norm of R"*". Clearly
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CY%(B,R") is a Banach space with the norm|| - ||co, where ||f|[.0 = sup |f(2)|n,
zeB

for f € C°(B,R"). Let C*(B,R")={f : B — R", f is continuous and con-
tinuously differentiable}, then C'(B,R") is a Banach space with the norm ||.| .1,
where|| f||s1 = sup | f(@)|n + sup | f/(z)]nxn, for f € C1(B,R™).

reB reB

Being a closed subset of C*(B,R"), C*(B, B) defined by C*(B,B) = {f €
CY(B,R"), f(B) C B,Vx € B} is a complete space.

Lemma 2.1. Suppose that o € C*(B, B) and

|(p/(x)|n><n < M,Vx € B, (2.1)
¢ (21) = ' (@2)|nxn < M'|21 — 22|0, V21,29 € B, (2:2)
where M and M’ are positive constants. Then
2n—2 .
(@™ (1)) = (" (@2)) lnxen < M'( D M°)|21 — 2|, (2.3)
i=n—1
(@2 (A1) = (¢*(A22)) |nxn < N2M'(M + M?)|1 — @2l (2.4)

where any x1,x in B, (™) is the Jacobian matriz denoting do™/dx.

Proof. The methods of proof in (2.3) are similar to paper [8],but the conditions
are weaker than that of [8]. Now we proof (2.4).
For any x1, 22 in B,
(0*(Az1)) = (¢*(A22)) Jnxn
¢ (A1) (0(A21))" = ' (9(A22)) (9(AT2)) | n
&' (A1) (p(Az1)) = @' ((A2)) (9 (A1) Inxn
+He' (p(Az2)) ((Az1)) = ¢ (p(A22)) (0 (A72)) [
AM|(¢"(p(Az1)) = (@' (9(A22)) [nxn + M|(@(A21))" = ((A22)) [nxn
AMM'[o(Az1) — o(Azg)|n + N> MM' |21 — 23],
NM2M |2y — xa|n + NPMM' |2y — 22|,
MM (M + M)|zy — 2.
Thus (2.4)holds. O

Lemma 2.2. Suppose that ©1 , pa € C°(B,R"), ¢1(x) , @ao(x) satisfy (2.1) and
o(\x) == oM (z). Then

2(\ 2(\ A A
2N _ ot < (M + 1) — o, (2.5)

I
= =

IN

VAN VAN VAN VAN

|l

Proof. Since

A A
1ot — 3V, = sup [¢1 (A7) = 3l

sup [(e1(p1(Az)) — @1(2(Ax))|n

IN

+ sup lo1(p2(Ax)) — w2 (w2(Ax)),
A A A A
Ml — oM + 1o — o]
A A
= (M +1)p?Y — oM.
Thus(2.5)holds. O
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Lemma 2.3. Suppose that o1, ps € C1(B, B). Then

(1) = (@) 20
< M@Y= (@) lasn + AMM Y = GV

Proof. Because

Ty — (5™

27) nxn

(e
:gg{lsﬁ&(wl(Aw))(wl(Ax))’ — @ (p2(A2)) (01 (A2)) [ }

+ igg{lw’g(wz(/\x))(% (Az))" = @5 (02 (Ax)) (02(A7)) [nxcn }

AM Slelr];{lso’l(cpl (M) = 2o (02(AT))|nxn + A" M|y (A2) — ©h(AL)|nxn }

IN

IN

IN

AM sup ¢ (1 (Az)) — ] (02(A2)) lnxn

+AM sup |1 (p2(Ax) — b (02(AT))[nxen + AM |0} (Ax) — @5 (AZ)|nxn
TE

< DAMIEDY = (@Y [sn + AMM [N — o],
Thus (2.6)holds. O

3. Main results

For given constants M; > 0 and My > 0, let

A(My, Ms) = {p € CY(B,B) : |¢'(2)|nxn < M1,Vz € B,

| (1) — @' (x2)|nxn < Ma|ar — x2|, Va1, 22 € B}.

Theorem 3.1. (Existence) Given positive constants My , My and g € A(M;, Ms),
if there exists constants K1,Ks, 0 < K1 <1 and Ko > L such that

2
(P1) K+ M <Ky,
(Py) Ko(Ki+ K{)+ My < Ko,
then equation(1.2) has a solution f in A(Ky, Ks).

Proof. Define T : A(K1, K2) — C*(B, B) as follow:
Tf(a:)*LfQ(/\x)—l-L (x), VzeB
ATl A1)

where f € A(Ky, K3), then f(Az) € A(AK1, \K3). Because f, f(Azx) and g are
continuously differentiable for all € B, then T f is also continuously differentiable
for all z € B. By condition (P1) and (P2), for any x1, 22 in B, thus

1 A

(TF@) I < 371200 T + 15718 @ e
A
< I EODEOD e + 52119 @cn
< L(KerMl)gAKngl.

A+1
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Furthermore

|(Tf(év1))' — (Tf(22)) lnxn

)\ A

— 2 I ! _ 2 /_ 1

A
< —)\+1|(f2(/\171))/— (F2(A22)) nxn + )\+1| g (1)) — ' O\2)|lnxn
< XKy + KD er — ol + —2 Moy — ]
> A-‘— 1 1 1 1 2n A-‘— 1 2|41 — L2|n

A
< = (Ka(Ky + K7) + Ka)|zg — @2l

A+1
)\K2|LL'1 — =T2|n

IN N

K2|$1 — {E2|n.

Thus T : A(K1, K3) — A(K1, K3) is a self-diffeomorphism.

Now we prove the continuity of T under the norm |.||.:. For arbitrary fi, fo €

A(K1, Ks), fi(dx) € AANK1, AK3) i =1,2 and f(\x) := fM(2),

|Tf1_Tf2|n
< 1 A A
< 2gg{|/\+ P\ )+)\—H9() )\+1f2( )_)\—4—19( T)|n}

1

= 0w - F0wl)
< )\—H(K1+1)|f1(A)—fz(A)|m

|(Tf1)/ (Tf2)/|n><n

A A
< SUP{|)\+1(f12()\$))/+)\—_|_19/( r) — )\+1(f2( ) —A—Hgl(fﬂﬂnm}
- ggg{ (RO = (B0 )
< g DK = 10+ 20K = () fen
Let

FE = 1 K 1 KKy, Ey = 2A K, F = Fi, E
1_/\—4—1( 1+ )+/\—+1 1Ky, By = == K, = max{F, Ez}.

Then we have

|Tf1 =T fa| 1

EfY = £+ Bal () = (V) [nsem
E|f1 - f2|71 + E|(f1)/ - (f2)/|n><n

= E|fi — foller,

which gives continuity of T.

IAIA

sup T f1(x) = T fa(x)]n + sup (T fi(x)) = (T fa(2)) lnxn

It is easy to show that A(K;, K») is a compact convex subset of C'(B, B). By the
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Schauder’s fixed point theorem, we assert that there is a mapping f € A(K;, K2),
such that

F@) = Tf(@) = 5 P200) + 1og0@), Vo€ B.

This completes the proof . [l

Theorem 3.2. (Uniqueness) Suppose that (P1) and (P3) are satisfied, also we
suppose that (P3) : E < 1, then for arbitrary function g in A(M;y, Ms), equation
(1.2) has a unique solution f € A(Ky, K3).

Proof. The existence of equation(1.2) in A(K7, K3) is given by theorem 3.1, from
the proof of theorem 3.1, we see that A(K;, K3) is a closed sub-
set of C*(B, B), by (3.1) and (P3), we see that

T . A(Kl,Kg) — A(Kl,Kg)

is a contraction . Therefore T has a unique fixed point f(z) in A(K;, K2), that is,
equation(1.2) has a unique solution in A(K;, K5) , this proves theorem. O

4. Example
Suppose B := {(x1,22) : 27 + 23 < 1,2; € R,i = 1,2} € R® Clearly B is a
compact convex subset of R*.We can choose

1 1

24171, —T1732),

9(w) == g(z1,22) = (91(21,22), 92(1, 72)) = (

then g(z) € C*(B, B).
Consider the equation

flw) =52 (52) + 9(x),z € B. (4.1)

It is in the form of (1.2) where A = 1 .
Since

1
g@)=( 7

then

OO|P—l

1
|9'($)|2x2=gleax( |~”61| (|5€1|+|$2|))

For any z,y € B, let x = (z1,22),y = (y1, yg), we can obtain
1 1
, ﬁ(El 0 , ﬁyl 0
g@) =\ . gy =1 . :
16L2 1?1 1692 1gY1

9" () — g'(Y)lax2 = max(

then

— il (le—y1|+lw2—y2|)) Yo~y

12| 12

thus g € A(s, 12)
By condition (Py) , there is

K12_K1+_§07
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N

_V2
then K; € (1 5> ,1+ Z-) , we can choose K7 = 0,5 .

[

Simily,by condition (P3) , there is
11, V2
K=+)+ X<k
2(2+4)+ 7 =M

then K € (%, +00) , we can choose K3 = 0.6 . Then by theorem 3.1 , there is a
continuously differentiable solution of equation(4.1) in .4(0.5,0.6) .
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