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THE LONG TIME BEHAVIOR FOR PARTLY
DISSIPATIVE STOCHASTIC SYSTEMS

Xianyun Du®" and Boling Guo®

Abstract In this paper, we consider the long time behaviors for the partly
dissipative stochastic reaction diffusion equations in D C R™. The main pur-
pose of this paper is to establish the existence of a compact global random
attractor. The existence of a random absorbing set is first discussed for the
systems and then an estimate on the solutions is derived when the time is large
enough, which ensures the asymptotic compactness of solutions. Finally, we
establish the existence of the global attractor in L*(D) x L*(D).
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1. Introduction

The partly dissipative reaction diffusion system of the form

%u + (—pAu+ Au+ av) = h(u) + f(x), (1.1)
0
Ev%—&)—ﬁu:g(a?) (1.2)

is often used to describe the signal transmission across axon and is a model of
FitzHugh-Nagumo equation in neurobiology [3, 8, 16]. The asymptotic behavior of
the partly dissipative system was studied by several authors [4, 14, 15, 18]. How-
ever, to the best of our knowledge, there is little study on the existence of the global
attractors of the partly dissipative reaction diffusion system with stochastic distur-
bances. It is worth mentioning that, in the case of lattice systems, the existence
of a random attractor was proved recently in [20] and the deterministic lattice case
was treated in [11] and [12].

In this paper, we instigate the asymptotic behavior of solutions of the following
partly dissipative stochastic reaction diffusion equations with additive white noise
du + (—pAu + Xu+ av)dt = (h(u) + f(z))dt + 37", hjdw;, (1.3)

dv + (6v — Bu)dt = g(x)dt + 377" hidwy, '
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where p, A, a, 6, 3 are positive constants, f, g, h; and h} are given functions. The
nonlinear function h(u) satisfies certain dissipative conditions and {w;}7., are in-
dependent two-sided real-valued Wiener processes on a probability space which will
be specified later.

Our purpose of this paper is to study the long time behaviors of the stochastic
system (1.3). The notion of random attractors for a stochastic dynamical system is
introduced in [6, 7, 9]. Random attractors are compact invariant sets and depend
on chance, but they move with time. The notion of random attractor is a gener-
alization of the classical concept of global attractors for deterministic dynamical
systems and has been applied to many infinite dimensional stochastic dynamical
systems (see [1, 2, 5, 6, 7, 9, 10, 13, 17]). In our approach, we introduce a station-
ary Ornstein-Ohlenbeck process to transform the stochastic system (1.3) into the
deterministic system with random coefficient. The main difficulty to obtain a global
random attractor for the random dynamical system is the lack of compactness of
the semigroup generated by the partly dissipative stochastic reaction diffusion equa-
tions. We obtain the asymptotic compactness of semigroup S(¢,w) by applying the
method of operator decomposition (see [13]).

This paper is arranged as follows. In section 2, some relevant concepts and
theories are given. In section 3, we introduce the Ornstein-Ohlenbeck process, give
some properties and provide some basic settings about (1.3). Our results generalize
a random dynamical system to proper function space. In section 4, we prove results
on the existence of a unique random attractor of the random dynamical system
generated by (1.3).

2. Preliminaries on random dynamical systems

In this section, we introduce some basic concepts related to random attractors for
stochastic dynamical systems. Let (X, ||.||x) be a separable Hilbert space with Borel
o—algebra B(X) and (2, F, P, (¥¢)ier) be the ergodic metric dynamical system.

Definition 2.1. A continuous random dynamical system over (2, F, P, (¥¢)ter) is
a (B(RT) x F x B(X))-measurable mapping

SRt xOx X — X (t,w,7) — ¢(t,w,z)

such that the following properties hold:
(1) S(0,w,z) =z for allw € Q and = € X;
(2) S(t+ s,w, ) = S(t,9sw,-) 0 S(s,w,) for all s,t >0 and w € £
(3) S is continuous in ¢ and x.

Definition 2.2. (1) A set-valued mapping w — D(w) : @ — 2% is said to be a
random set if the mapping w — d(x, D(w)) is measurable for any z € X. If D(w) is
closed (compact) for each w € €, the mapping w — D(w) is called a random closed
(compact) set. A random set w — D(w) is said to be bounded if there exist o € X
and a random variable R(w) > 0 such that

D(w)c{xe X ||z —xo]| < R(w)} forall w e Q.
(2) A random set w — D(w) is called tempered if for P-a.s. w € Q,

lim e Ptsup{||b||x : b € D(I_4w)} = 0 for all 5 > 0.



The long time behavior for partly dissipative stochastic systems 451

(3) Let D be a collection of random subsets of X and {K(w)},ecq € D. Then
{K(w)}weq is called a random absorbing set for S in D if for every B € D and P
-a.e. w € ), there exists tp(w) > 0 such that

S(t, 9w, B(¥_w)) C K(w) for all t > tp(w).

Definition 2.3. Let D be a collection of random subsets of X. A random set
{A(w)}yeq of X is called a D-random attractor (or D-pullback attractor) for S if
the following conditions are satisfied for P -a.e. w € Q.
(i) A(w) is compact and w — d(z, A(w)) is measurable for z € X;
(ii) {A(w)}weq is invariant, that is,
S(t,w, Alw)) = A(%w) for all t > 0.
(iii) {A(w)}ueq attracts every set in D, that is, for every B = {B(w)}weq € D,

tlim dy (S(t, 9w, B(9_w)), A(w)) =0,
where dy is the Hausdorfl semi-distance.

Lemma 2.1. Let D be a collection of random subsets of X and S a continuous
RDS on X over (0, F, P, (V¢)ier). Suppose that {K(w)}ueq is a closed random
absorbing set for S in D and S is asymptotically compact in X. Then S has a
unique random attractor { A(w)}wea given by

Aw) =S 0-rw, K@ _w)).

t>0 7>t

Let B be a bounded set in a Banach space X. The Kuratowski measure of
non-compactness a(B) of B is defined by

a(B) = inf{d > 0 : B admits a finite cover by sets of diameter < d}.
We define a(B) = oo, if B is unbounded.

Definition 2.4. [13] A random dynamical system S on a Polish space (X,d) is
almost surely D — a—contracting if

tlim a(S(t, 0w, A(¥_w))) =0 for A € D.

Lemma 2.2. For a random dynamical system S(t,w) on a separabal Banach space
(X, ||-llx), if almost surely the following hold:

(1) S(t,w) = S1(t,w) + Sa(t,w);

(2) For any tempered random wvariable a > 0, there exist r(a) (0 < r < o0),
a.s. such that for the closed ball B, with radius a in X, S1(t,¥_tw, Ba(d_1w)) is
precompact in X for all t > r(a).

(3) |S2(t, 0w, u)||x < K(t,9_yw,a), t > 0, u € By(w) and K(t,w,a) is a

measurable function with respect to (t,w,x) which satisfies
tlim K(t,9_w,a) =0.
Then S(t,w) is almost surely D — a—contracting (see [13]).

Lemma 2.3. Let S(t,w) be a random dynamical system on a Polish space (X, ||.||x).
Assume that

(1) S(t,w) has an absorbing set B(w) € D;

(2) S(t,w) is almost surely D — a— contracting. Then S(t,w) possesses a global
random attractor in X.
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3. Solutions of partly dissipative stochastic reac-
tion diffusion equations

In this section, we present the existence and uniqueness of solutions of equation
(1.3) and (1.2). Set L?(D), H}(D) and E = L?(D) x H(D) with the following
inner products and norms, respectively

(u,v)z/ wdz, ||u|| = (u,v)? Yu,v € L*(D),
D

((u,v)) = /DVqud:r, [lul| g2 = ((u,v))% Yu,v € H&(D),

1
(y1,92)m = (ur,u2) + (v1,02), |lylle = (:9)% Yyi = (wi,v)" € E i=1,2.
In the sequel, we consider the probability space (2, F, P) where

O ={w=(w1,ws,  wny) € C(R,R™) : w(0) = 0}.

F is the Borel o-algebra induced by the compact open topology of £ and P the
corresponding Wiener measure on (€2, ). Then we identify w with

w(t) = (wi(£), ws(t), -+ win(t)) = w(t) for t € R,
Define the time shift by
() =w(-+1t) —w(t), forweQ, teR.

Then (Q,F, P, (¥;)icr) is a metric dynamical system.
Let j =1,2,---,m. We consider the one-dimensional Ornstein-Uhlenbeck equa-
tion
dz; + Azjdt = dw; (). (3.1)
It is easy to check that a solution of (3.1) is given by
0
zj(t) = zj(Nw;) = —)\/ e (Vw;) (T)dr, t € R. (3.2)

— 00

Lemma 3.1. For ¢ > 0, there exists a tempered random variable r : & — RT such
that

Z(|zj(z9twj)|2 + |2 (%w)|?) < eltlr(w) for allt € R and w € Q,

j=1
where ¢ > 2 and r(w),w € § satisfies
r(9w) < eMr(w) fort € R.
Proof. Let j=1,2,---,m. Since |z;(w;)| is a tempered random variable and the

mapping ¢t — In|z;(Yw;)| is P-a.s.continuous, it follows from Proposition 4.3.3 in
[17] that for €; > 0, there is a tempered random variable 7;(w;) > 0 such that

|2 (wi)| < 7j(wy)s
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where r;(w;) satisfies,
7 (9ew;) < et (w;) for P-a.s. w € Q and t € R.

Then taking

€
€l =€ =" " =6€np = —,
q
we have

(I (Drw) P + |rj(Phw;)|7)

NgE

Z |25 (90) % + |2 (D) |9) <
j=1

<.
Il
—

(€12 (wj) + e (w;))

<.
Il
—

< el Z(rf(wj) +ri(wy)) < et (w),

where r(w) = 3370 (13 (w;) 4+ 7] (w)))- O
Let z(Yw) = Ejzl hjzj(Yw;) and z*(Yw) = Z;nzl hizj(Yw;), by (3.1) we

have - -
dz + Azdt =Y hjdw;, dz*+ N\z*dt =Y h¥dw;. (3.3)
j=1 j
Corollary 3.1. Suppose hj;,h} € H?2NW?24D) for j = 1,2,---,m. Fore >0,
there is a constant ¢ > 0 such that for allt € R, w € (),

l2(W) ]9 + [|2(0w)||* + ||2* (Pew)||* + || V2(9ew)[|* < kreIr(w), (3.4)
1Az(0w)[|2 + [|Az(9w)|]* + [|2* (91w)]]* < kaeIr(w), (3.5)
IV2(0w)[|? + [| V2" (0hw)|* < ksellr(w), (3.6)

where

ko= lIglld ™)+ (Il + IV A1 1P + 11RG11%),
j=1

j=1

ke = NIAR )T+ Y (IhylP + 11B511%) and
j=1 j=1

ks =Y (IVhy|* +1[VRS]2).

j=1

Proof. Since z(9w) = 371, hjzj(Yiw;), we get

llz(Phw)llg < leh g 12j(0ew;)| leh ks (D Iz (@ewy)| )7
j=1

=1

It follows from Lemma 3.1 that

[2@w)lF < QO 1Ihyllq )" eltlr(w).

Jj=1
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Similarly,

l2(@w)I* < lehll Jecllr(w),

2" (@ew)|I* < leh*ll Je !l (w),

and

IV2(@w)ll* < ZIIWL [1)etr(w).

Adding the above three inequalities 1mphes that (3.4) holds. The proofs of the two

inequalities (3.5) and (3.6) are similar and omitted. O
Now we show that there is a continuous random dynamical system generated by

the partly dissipative stochastic reaction-diffusion equations with additive noise:

du + (—pAu + M+ av)dt = (h(u) + f(z))dt + Z hjdw;, (3.7)
j=1
dv + (6v — Bu)dt = g(x)dt + Y hydw;, (3.8)
j=1

with the boundary condition
’LL(.I, t)|z€8D = 07 U(.I, t)|z€8D = 07 (39)

with the initial condition
u(z,0) = up(x), v(x,0)=uwvo(x). (3.10)

where D C R™ with smooth boundary 0D, u, A, «, 9, 8 are positive constants, f,g,
h; and hj are given functions.The nonlinear function h(u) satisfies the following
condition:

Oh(s)

0Os
where a1,y and a3 are positive constants. To show that problem (3.7)-(3.10)
generates a random dynamical system, we let n(t) = u(t) — z(dw), m(t) = v(t) —
z*(w), where (u,v) is a solution of problem (3.7)-(3.10). Then n(t), m(t) satisfy

h(s)s < —anls|?, |h(s)| < azls|*™",

S Qas. (3

\./

(21; pAn + An + av = pAz(hw) — az®(hw) + h(u) + f(x), (3.12)
%_m +dm — pn = Bz(Fw) + (A — §)2* (Yw) + g(x), (3.13)

with the initial data (ng, mo) = (ug — z(w), vg — 2*(w)) and homogeneous boundary
conditions.

For each fixed w € Q, (3.12)-(3.13) is a deterministic differential equations. By
a Galerkin method, one can show that if i satisfies (3.11), then (3.12)-(3.13) have
a unique solution (n,m) € C([0,00); L? x L?) N L?((0,T); H' x L?) with (ng, mo)
for every T > 0. Let o = (ng,mo) = (ug — z(w), v — 2*(w)) and p(t,w, ) =
(n(t,w, po(w)), m(t,w, po(w))). Then the process ¢ = ¢ + (z(Pw), z*(hw)) is the
solution of problem (3.7)-(3.10). Therefore, ¢ is a continuous random dynamical
system associated with the partly dissipative stochastic reaction-diffusion equations.
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4. Uniform estimates of solutions

Let ¢ = (n,m) be the solution of (3.12)-(3.13). For w € Q , we need the priori
estimates of the solution ¢ = (n,m) in E = L?(D) x L?(D).

Lemma 4.1. Assume that f,g € L? and (3.11) holds. Let B = {B(w)}weq € D,
the collection of all tempered subsets of E and ¢o(w) = (up(w), vo(w)) € B(w). Then
for P.a.e. w € Q, there is Tp(w) > 0 such that for all t > Tp(w),

o (t, 01w, ¢o(V—1w))l|e < c(1 +7(w)),

where ¢ is a positive deterministic constant independent of Tp(w) and r(w) is a
tempered function in Lemma 3.1.

Proof. Taking the inner product of both sides of (3.12) with fn, we find that

25 inlf2 + B[ Tn12 4+ AB|Inl 2 + (v, n)

2" dt (4.1)
:ﬁN(AZ(,&tw)a n) - O‘B(Z* (ﬁtw)u n) + ﬁ(h(u)u n) + ﬁ(fa n)
Similarly, taking the inner product of both sides of (3.13) with awv, we obtain
sesgllmll? + salml[? ~ agn, m) )

=af(z(Vw), m) + (A = 6)(z"(Viw), m) + a(g, m).
Summing up (4.1) and (4.2), we have

1d
5 77 Blinll” +allml[*) + Bl Vall* + A8|inl|* + éaflm||*

=p(h(u),n) + Bu(Az(hw),n) — af(z* (hw),n) + af(z(hw), m) (4.3)
+ (A= 9)(z" (hw), m) + B(f,n) + +a(g,m).

We now majorize the right-hand side of (4.3) as follows.

ﬁ/ ndw-ﬁ/ udm—ﬁ/ z(w)dz

< —pon [ fultds + as [ Juf'~a(01) ds (1.4)

< —3Ballully + erllz(@)l3
Bi(Ae(00), )] < 3 BulIVal? + 550l T2 |7 (45)
| = aB(=" ), m)| < 2 P+ 5 el (@) (4.6)
1807, < 3Bl + 381717 (1.7)
aB(=(0),m)| < zadllml? + Za8?lz0w)7 (48)
(A= 8)(" D), )] < adlml> + (A= 0PI G)lP, (49)
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and
1 2 2 2
(g, n)] < gadllvll” + sallgll”. (4.10)
By (4.3)-(4.10), we obtain
d
2 Blinll® +allml[®) + pB([Vall* + ABlinl[* + dal|m|[* + Be Jull}

<eo([[2(0ew) [ + ||2(w)| P + [|2* (9w)|* + [[V2(9w)]?) + 3
<po(Vw) + ca,

(4.11)

where po(diw) = ca(llz(9w)l[§ + [[z(Ww)* + [[V2(w)[|?) and e5 = B[ fII* +
2a/|g|[®. Let v = min{4, A}, ¢ = min{e, 8} and v = max{a, 8}. Then we find

d
Bl + al[m[*) + v(Bllnll* + allm|[*) < po(Piw) + e, (4.12)
Applying Gronwall’s lemma, we find that, for all t > 0
2 1 —vt 2 ! v(T—t) €3
et w, o)l = —(ve™ llpo (W)l + L © po(Prw)dr + =), (4.13)

where ||¢||% = [|n||? + ||m]|?, w0 = (no, mo). By replacing w by ¥_;w in (4.13) and

by Corollary 3.2 with € = 5, we obtain, for all t > 0,

N

t
C
llo(t, 9—ew, o (I-w))l|T < = (ve™"[lpo(V—w)||; +/ T po(9-_w)dr + =)
0

0

IN

g vT C:
(ve t||900(19—tw)||2E+/ e po(ﬁTw)dT+73)

—t
0

IN
Ql= Ql~ Q= Q|+

(e lpo(0-) + cahr |

e Tr(w)dr + 0—3)
—t v
2c

2k c3
r(w) + ;)~

v

IN

(ve™ " lpo(V—ww)[| % +
(4.14)

By assumption {B(w)},ecq € D is tempered and ||z(w)||?, ||z*(w)|[? is also tem-
pered. Therefore, if ¢o(V_iw) = (ug(V_4w), vo(V_tw)) € B(Y_¢w), then there exists
Tp(w) > 0 such that for ¢t > Tp(w),

e~ ! Lo (9_1)|1% <ve™ ! (|Ino(@—w)|2 + [[mo (9_w)|1?)
<ye (o (9—1w)||* + [[2(9—1w)||? + [[mo (9 w)| |
+ 1127 (9_w)[2) (4.15)

20k
(W) +
v v

<

It follows from (4.14) and (4.15) that

lp(t,0- 0, oD -))I[} < = (2esky + es)(1+7(w)). (416)
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Note that ¢ = (rg, mo) = (uo — 2(w), v — 2% (w)) and ¢ = ¢ + (2(Vw), 2" (w)),
we have, for t > Tp(w),

[|6(t, 92w, do(V—e))IE =llo(t, V-ew, po(V-ew)) + (2(w), 2" (W)l
<2[[ep(t, 0w, o (0—1w)) I + 2l 2(@)|[* + 2|z ()| I*.

(4.17)

By (3.4) with t = 0 in Corollary 3.1, we have
@)1 + 112" @)I* < kar(w). (4.18)
The result holds from (4.16)-(4.18). O

Denote by
S(w) = {(u,v) € L*(D) x L*(D) : ||ul[* + |Jv]|* < U—2U(2ch1 + ki +e3)(1+r(w)}

Then {S(w)}weq € D is a random absorbing set.

Lemma 4.2. Assume that f,g € L? and (3.11) holds. Let B = {B(w)}weq € D,
the collection of all tempered subsets of E and ¢o(w) = (up(w),vo(w)) € B(w). Then
for every T > 0 and for P-a.e. w € ), such that the solutions (u,,v) of problem
(3.7)-(3.10) and (n,m) of (3.12)-(3.13) satisfy, fort > T,

t
/ e lp(s, 9w, o (9-w))|[Eds < (14 7(w) + [|o(d—w)[[Fe ™) (t = T),
T
(4.19)

t
[ e 1T, 0w, (0Dl Pds < e(1+ 1) + gl e ), (4:20)
T

t
[ e Olhuts, 0w, 00wl < (1 + ) + lfeo(0)|fpe ™), (421
T

t
/ e[ Vu(s, 0w, go(9—w))|Pds < e(1 +1(w) + [lpo(P-w)He "), (4.22)
T

where po(w) = ¢o(w) — (2(w), 2*(w)), ¢ is a positive deterministic constant and r(w)
is a tempered function in Lemma 3.1.

Proof. First, replacing ¢ by T and then replacing w by 9_;w in (4.13), we obtain
[|o(T, 91w, 0o (9—e)) [

1 —v T v(T— &
< e lpn@-w)lp+ [ e Dpo(0,_w)dr + L)
0
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Multiplying the above by e”(T~% and by Corollary 3.2 with ¢ = 5, we get

YT |o(T, 90— yw, po(D_w))||%

@

A

8 (7))
14

T

(e a0l + [ e o0, +
0
T—t

-V vT C3 L (T—
(ve™"|lpo(¥—ew) I + / o0}y + e T)
—t

A

(4.23)

A

(e ol + k[ edrwar+ L)

—t

A
Al= Q= Q= Qe

. 2
(e o (0-w)lf} + —hir(w) + ).

It follows from (4.23) that

t
/ eV(S*t)H(p(S,ﬁftw,900(19715(")))“5([5
A (4.24)

1, _, 2 3
<= (re o)l + ~hr(w) + 2)(E = T).
By (4.24), (4.19) holds. By (4.11) and (4.12), we obtain for ¢t > T,

t t
uﬁ/ e”(s‘”IIVn(sawawo(w))H?ds+6a1/ "7 |u(s, w, go(w))||2ds
r r (4.25)

t t
§ae”<T*t)||gp(T,w, <p0(w))||%E + / e”(sft)po(ﬁsw)ds +c3 / e’ (s,
T T

Replacing w by ¥9_;w in (4.25), we have that, for t > T,
t
uﬁ/ e’ | Vn(s, 9w, po(9_w))||*ds
T

t

+Bon / e ju(s, 9_yw, o (9_yw)) | ds
T

SUeU(T_t) | |(p(T7 ﬁ—twv $o (ﬁ—tw)) | |2E

t t (4.26)

+/ e”(sft)po(ﬁsftw)ds—l—c?,/ e’V ds
T T

0

Soe"TONo(T, -, o0l + |

e’ po(Vsw)ds + e
T—t v

_ 2 c
<o T p(T, 0w, po(I )|} + Skar(w) + =,

where we have used Corollary 3.1. It follows from (4.23) and (4.26) that, we have

b B 3 2
uﬁ/ e’ Vn(s, 9w, po(V_w))|[*ds < ve™"||po(I_w)||% + ;kﬂ“(w) + 73
T
(4.27)
and

! _ _ 3 2c
gar [ e Dfu(s, 0w o 0-))l3ds < re o 0-)|fs + Shar(e) + 22,
T
(4.28)
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y (4.27) and (4.28), (4.20) and (4.21) holds. By (4.20), we obtain, for all t > T,

t
/eu(s—t)||vu(5,19_tw,¢o(19—tw))||2d3

T

t
:/ "D Vn(s, ¥_yw, po(V_4w)) + Vz (s w)]|*ds
T

t
s2/ 0|19 (s, 9, 0 (9—0))| ds+2/ Y5=0)|V 2 (9 _yw)|[2ds

T (4.29)

0
<2¢(1 + r(w) + ||@o(I_tw)e |%) + 2/ e’ ||V z(9,w)||2dr
T—t

0
<2¢(1 + 7r(w) + ||@o(I_tw)e™|%) + 2/ G%UTkg’l”(w)dT

T—t

— 4
<2c(1+7(w) + [lpo(Iw)e™||E) + —ksr(w),

where we have used Corollary 3.1. (4.22) holds from (4.29). O

Lemma 4.3. Assume that f,g € L? and (3.11) holds. Let B = {B(w)}ueq € D,
the collection of all tempered subsets of E and ¢o(w) = (up(w), vo(w)) € B(w). Then
for P-a.e. w € Q, there exists Tp(w) > 0 such that the solutions (u,,v) of problem
(3.7)-(3.10) and (n,v) of (3.12)-(3.13) satisfy, for t > T(w),

t+1

/t (s, 9—¢—1w, o(I_1—1w))|[*ds < (1 + r(w)), (4.30)
t+1

/t [Vn(s, 9_1—1w, po(I_—1w))||*ds < (1 + r(w)), (4.31)
t+1

/t [[u(s, ¥ —1—1w, po(V—1—1w))||dds < c(1 + r(w)), (4.32)

where po(w) = ¢o(w) — (2(w), 2*(w)), ¢ is a positive deterministic constant and r(w)
is a tempered function in Lemma 3.1.

Proof. First, replacing ¢ by ¢ + 1 and then replacing T by ¢ in (4.19), we obtain

t+1
/ el’(sft*l)H(p(S,ﬁft,lw,<P0(197tflw))||2EdS
t

<c(1+r(w) +[|eo(¥_s-1w)[|pe D).

(4.33)

Since

lo(—e—1)l% =lno(@—1-1) | + [Imo(9—r—1)|
<2fug(0—10)[1? + 2[2(0—-10)]1? + 2o (V- 1)]
+ 2|z (0 rm1w) P,

and ||ug(9_w)|[?, [|2(9—_tw)]|[?, ||vo(¥_tw)]|?) and ||z*(I_sw)||? are tempered, there
is Tp(w) > 0 such that for ¢ > Tp(w),

llpo(P—-1w)lle™ Y < o1+ r(w)).
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Hence, from (4.33) we have, for t > Tp(w)

t+1
e_”/ (5,9t 1w, o (V_t_1w))||%ds < 2¢(1 + r(w)). (4.34)
¢

By (4.20) and (4.21), we can find that, for ¢t > Tp(w),

t+1
/ [[Vn(s,9_w, po(9_w))||*ds < 2ce” (1 + 7(w)).
’ (4.35)

t+1
[ o0, 0000w zds < 20" (1 4 1)),
t

The result follows from (4.34) and (4.35). O

Lemma 4.4. Assume that f,g € L? and (3.11) holds. Let B = {B(w)},ecq € D
which is the collection of all tempered subsets of E and ¢o(w) = (up(w),vo(w)) €
B(w). Then for P-a.e. w € Q, there exists Tp(w) > 0 such that the solutions (u,,v)
of problem (3.7)-(3.10) satisfy, for t > Tp(w),

t+1
[ 190l 0, o0 ) Pds <L+ r(w)), (436)
t
where ¢ is a positive deterministic constant and r(w) is a tempered function in
Lemma 3.1.
Proof. By Lemma 4.3, for t > Tp(w), s € (¢, + 1), we find that
||VU(57194—1W,¢0(19—t7101))||2
=[|Vn(s,¥_t—1w, o(I_t_1w)) + V2(Is__1w)||? (4.37)
<2(|IVn(s, V110, po(I—e-1w)|* + [|V2(Ps——10)I]*).
By Corollary 3.2 with € = 5 we get
| V2(0s_s—1w)||? < kze? 190 (w) < kzeZr(w). (4.38)

Integrating (4.37) with respect to s over (¢,t + 1), by Lemma 4.3 and inequality
(4.38), we have

t+1
/ IVu(s, 91w, o (V—1—1w))|[*ds
t

t+1 t+1 (4.39)
SQ(/ ||V”(S,197t71w,800(194710)))”26184—/ IV2(0s—i—1w)|*ds)
t t

<2¢(1 4 r(w)) + 2kze?r(w).
The results holds from (4.39). O

Lemma 4.5. Assume that f,g € L? and (3.11) holds. Let B = {B(w)}ueq € D,
the collection of all tempered subsets of E and ¢o(w) = (up(w), vo(w)) € B(w). Then
for P-a.e. w e Q, there exists Tg(w) > 0 such that for t > Tp(w),

[|Vu(t, 9 _tw, ¢0(19_tw))||2 < (1 +r(w)).

where ¢ is a positive deterministic constant and r(w) is a tempered function in
Lemma 3.1.
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Proof. Taking the inner product of (3.12) with —An in L2 we get that

1d
5 771Vl + ullAnll® + A|Vnl[* + a(m, —An)

=(h(u), —An) + pu(Az,—An) + (f, —An) — a(z*, —An).

(4.40)

Note that

_ /D h(w)Andz = — /D h(u) Audz + / h(u) Az(yw)da

D

< B (u Vquz—l—/hquﬁw dx
[ W @ivalde+ [ sz o
§a3||Vu||2—|—042/ lu|1 Az (Vw)|dx

D

< c(lIVall® + [ull?) + cllAz(Wew)]]4,
and
|~ am, ~An) + u(Az, ~An) + (, ~An) — (=", ~An)
2 2
W o 1 a” o, (4.42)
<3 llAn|f* + 27||m||2 +2ul|AZ(9w)||* + 2;||f||2 + 27”2 (Few)|I*.
It follows from (4.40)-(4.42) that
d
ZIVnll® < eliml* + [[Vul]” + [[ullf) + pr(9r), (4.43)
where p1(9;w) = c([|Az(0w)]]* + ||Az(9w) || + ||2* (sw)|[* + 1). Let Tp(w) is the

positive constant in Lemma 4.1, take t > Tp(w) and s € (¢, + 1). Then integrate
(4.43) over (s,t+ 1) to get

19t + 1w, go(@)|[? — [Vn(s, @, po(@))]
t+1 t+1
s/ m@wﬂww/ (w0, 9o (w)) | Pdr
s - s
‘”/ (IVu(r,w, go(@)I[? + [[u(r, 0, do(w))[|2)dr (4.44)
t+1 t+1
9rw)d ,w, 24
s[ m(w)ﬂwl 1m0, po(@)) | Pdr

t+1
+ C/t (IVu(r,w, o(W))II* + [Ju(r, w, do(W))IF)dr.

Now first integrating the above with respect to s over (¢,¢ + 1) and then replacing
w by ¥_;_ 1w we find that

t+1
|Vn(t+ 1,9 1w, o (9—1—1w))||> — / V(5,9 11w, po(I—_1—1w))||*ds
t
t+1 t+1
sj/ zn(ﬂffb4a0d74-cj/ (910, 9o (I— 1)) |Pdr
t t

t+1
+ C/ (I|[Vu(r,9—t—1w, o (V—t—1w))[|* + |Ju(7, 9 —t—1w, g0 (V—s—1w))||?)dT.
t
(4.45)
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Since [[m(r, 9— 1w, po(0—r—10)|[2 < [[(7,9_1_10, o(V_r—1w))|[%, by Lemmas

4.3 and 4.4 and Corollary 3.2, it follows from (4.45) that for all ¢ > T(w),

t+1
IVt + 1,910, po(V—t—1w))||* < c(1 + r(w)) +/ p1(0r—taw)dr
t

0
<ce(l+rw)+ / p1(Yrw)dr

-1
0

<c(l4+rw))+ /71(614327”((4))67%1/7- + cq)dr
<c(l+rw)+ %cklr(w)e%” + ca.
(4.46)

The result follows from (4.46). O

In the following, we prove v is precompact in L?(D). For the solutions of (3.7)-
(3.10), we decompose v = my +mg+ 2*(Vw) = my +v*, where v*(¢t,w) = ma(t,w)+
z*(%hw), m; (i = 1,2) solves respectively,

0
Eml + 5m1 = 0, (447)
m1,0(0) =mg = vy — 2% (w) (4.48)
and 9
—may + dmg = Pu+ g(x) + (A — §)2" (Yw), (4.49)

ot

For m; (i = 1,2) we have the following Lemma.

Lemma 4.6. Assume that f € L%, g € H} and (3.11) holds. Let B = {B(w)}weq €
D, the collection of all tempered subsets of E and ¢o(w) = (ug(w),vo(w)) € B(w).
Then for every € > 0 and for P-a.e. w € Q, there exists Tp(w) > 0 such that
the solutions (u,,v) of problem (3.7)-(3.10) and mq,mo of (4.47)-(4.50) satisfy, for
t> TB (w),

[[ma (t, 9_sw, mo(9_sw))||* < ce, (4.51)
[[Vma(t,9_w)|[* < c(1+r(w)), (4.52)
[[Vo* (t, 9w, 2 (9_w))||* < c(1 +r(w)), (4.53)

where ¢ is a positive deterministic constant and r(w) is a tempered function in
Lemma 3.1.

Proof. Taking the inner product of (4.47) with m; in L?, we obtain

d
S lImall +26]fmal| = 0, (4.54)

Applying Gronwall’s Lemma, we find that, for all ¢ > 0,

I =

[lma (8w, mo (W)|[? = 72" Imo (w)] . (4.55)
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Replacing w by ¥_,w, we have
[ma (00, mo(0— ) |[2 = |l (Vo) |22, (4.56)

Multiplying (4.49) by —Ams and integrating over (0,t), we obtain

1d 9 9
L a2+ 8 mo]

=0(u, —Amsz) + (g, —Ama) + (A = §) (2" (Yw), —Ams) (4.57)
5 232 2 2 .

< Vmall+ 2Vl + 2Vl + 20— 6211 (0 -

Since v = min{4, u}, it follows from (4.57) that
d 2 2 _ 4 o 2 2 2)( % 2
S IVmall® +v[[Vma|* < —(3|[Vul* + [[Vgl* + (A = 6)°[|z" (w)[]*).  (4.58)

By Gronwall’s inequality, we obtain
4 t t
[Fma(t. )P <5 (5 [0 Tuls,w, (@)l Pds + [ 0| g|ds)
0 0

t
+ %(/\ —5)?2 / e 5D|2% (9,w) | |2 ds.
0
(4.59)

Replacing w by ¥_;w, we have

4 ¢ 4
[Vma(t, 9 w)|? S;ﬁz/ e’V Vu(s, V_w, do(I_ww))||*ds + §||V9||2
0

4 t
+ 3oy / /D% (s yw)|[2)ds

v 0

4 _,j 4
S;ﬁ%(l +r(w) + [lpo(I—w)l[He ™) + ;llVgll2

0
#2007 [ et @) P)as

—t

o, 4
S;ﬁQC(l +r(w) + |lpo(V—ew)|[Fe™) + ;IIVQII2

0
+ %(A 82k / e300 (w)|[2)ds
—t
4 e 4
S;ﬁ%(l +7(w) + [|po(W—w)|[pe™") + ;HVQH2
8 2
2= 8P rw)

(4.60)

where we have used (4.22) with T = 0 and Corollary 3.2. Then there exists Tp(w) >
0, such that for ¢ > Tp(w), we obtain

[[Vma(t, 9_w)||* < cq + csr(w). (4.61)
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Since v*(t,w) = ma(t,w) + 2*(Yw), then we have, for t > Tp(w)

V0" (£, 91w, v5 (9—w))|[* = |[Vo* (£, 04w, 2" (I_w)) ||
= [|Vma(t,¥_w) + Vz* (w)|

, , (4.62)
< 2/|[Vma(t, ¥ _w)||” + 2|| V2" (w)]|
<cs+ esr(w)) + kar(w).
The results hold from (4.56), (4.61) and (4.62). O

Assume that f € L? g € H}. Then S(t) forms a random dynamical system.
By Lemma 4.1, we have shown that S(¢) has a random absorbing set in L?(D) x
L?(D). By Lemma 4.5, Lemma 4.6 and Lemma 2.6, we get S(t) is almost surely
D — a—contracting in L?(D) x L?(D). We are now in a position to state our main
result.

Theorem 4.1. Assume that f € L?, g € H} and (3.11) holds. Then the problem
of (3.7)-(3.10) has a global random attractor in L?(D) x L?(D), which is a compact
invariant set and attracts every tempred set in L*(D) x L?(D).
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