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RANDOM ATTRACTOR OF NONLINEAR
STRAIN WAVES WITH WHITE NOISE

Xianyun Du

Abstract In this paper, we consider the long time behaviors of nonlinear
strain waves in elastic waveguides with white noise. We show that the initial
boundary value problem has a global solution and a compact global attractor.
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1. Introduction

In some problems of nonlinear wave propagation in waveguides, the interaction of
waveguides, the external medium and the possibility of energy exchange through
lateral surface of waveguide cannot be neglected. When the energy exchange be-
tween the rod and the medium is considered, there is a dissipation of deformation
wave in the viscous external medium. The general cubic double dispersion equation
(CDDE) can be derived from Hamilton principle:

1
Wit — Wxx = Z(cw3 + 6w? + awi — bwxx + dwi)xx, (1.1)

where a, b, ¢, d are some positive constants depending on Young modulus Fp. The
equation (1.1) was studied in the literatures [5, 6, 12, 13, 14, 15]. In this paper, we
consider the following stochastic nonlinear wave equation perturbed by a random
forcing term

— 1
dur — (aduy + ydu)xx = (u — Buxx + f(u))xxdt + g(x)dt +  hjdwj, (1.2)
j=1

where «, 3,7 are positive constants, f is a sufficiently smooth real valued function
with f(0) =0, g and hj (j CHL,2,- -, m}) are given functions defined on R and
{wj };”=1 are independent two side real-valued Wiener processes on a probability
space which will be specified later.

Attractor is an important concept in the study of asymptotic behavior of deter-
ministic dynamical system. Crauel, Debussche and Flandoli [4] present a general
theroy to study the random attractor by defining an attracting set as a set that
attracts any orbit starting from —oo. The random attractors are compact invariant
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sets, which depend on chance and move with time. The authors applied the the-
ory to prove the existence of random attractors for the two-dimensional stochastic
Navier-Stokes equation. In this paper, we apply another method prove the exis-
tence of random attractors for nonlinear strain waves in elastic waveguides with
white noise. We establish the asymptotic compactness of solutions for system (1.2)
by applying the method of operator decomposition (see [11]), which is a crucial step
to get the global attractor.

This paper is arranged as follows. In section 2, some relevant concepts and
theories are given. In section 3, we introduce the Ornstein-Ohlenbeck process and
some properties and provide some basic settings about (1.2). In section 4, We prove
results on the existence of a unique random attractor of the random dynamical
system generated by (1.2).

Throughout this paper, we denote by || - || the norm of H = L?(0,1), with the
inner product (-, ), || -||p denotes the norm of LP(0,!) for all 1 < p < oo, and || [|k,p
the norm of any Banach space WKP(0,1).

2. Preliminaries

In this section, we recall some basic notions of the theory of random dynamical
system (RDS) (see [3, 4, 7, 16, 17]) and the Kuratowski measure of non-compactness
(see [8]), which is a useful tool to study the attractor (see [11], [18]).

Let (X,]|]lx) be a separable Banach space with Borel c—algebra B(X) and
(Q,F, P, (9t)tr) be the ergodic metric dynamical system.

Definition 2.1 A continuous random dynamical system over (2, F, P, (¢¢)trg) is
a (B(R') x F xB(X), B(X))-measurable mapping

S:R"xOxX 5 X (tw,x) - S(t,w,z)

satisfying the following properties:
(1) S(0,w,z) = x for w and z X
(2) S(t+7,w,) = S(t, %w, ) S(1,w,") for 7,t =0, and w &
(3) S is continuous with respect to « for t = 0 and w LA

A set-valued map B : - 2% is called a random closed set if B(w) is a nonempty
closed set and w — d(x, B(w)) is measurable for z [XI. A random set B(w) is called
tempered if for P-a.s. w and all 8 >0

Jim e Prsup{]lbllx : b CA(9-xw)} = 0.

Let D be the collection of all tempered random subsets in X and {K (w)}e mon 1
D. Then {K(w)}y ronis called a random absorbing set for S in D if for B(w) [
and P -a.e. w X there exists tg(w) > 0 such that

S(t,9—tw, B(V—tw)) CKl(w) for all t = tg(w).

Definition 2.2. A random set {A(w)} [CD is random attractor (or pullback
attractor) for a RDS S if the following conditions are satisfied, for P -a.e. w L),

(i) A(w) is a random compact set. i.e. w - d(z, A(w)) is measurable for every
2 X and A(w) is compact;
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(i) {A(w)} is strictly invariant, i.e.
S(t,w,Aw)) = A(Ww) for all t = 0;
(iii) {A(w)} attracts every set in D, i.e., for all B = {B(w)} [,
thfgo dn (¢(t, 9—tw, B(9—w)), A(w)) = 0,

where dy is the Hausdorfl semi-distance.

Let B be a bounded set in a Banach space X. The Kuratowski measure of
non-compactness a(B) of B is defined by

a(B) = inf{d > 0: B admits a finite cover by sets of diameter < d}.
We define a(B) = oo, if B is unbounded, see [8].

Definition 2.3. [11] A random dynamical system S on a Polish space (X,d) is
almost surely D — a—contracting if

lim a(S(t, 9—tw, A(V—w))) =0 for A [

t- oo

Lemma 2.4. For a random dynamical system S(¢,w) on a separabal Banach space
(X, 1]-llx), if almost surely the following hold:

1) S(t,w) = S1(t,w) + Sa(t,w);

(2) For any tempered random variable a = 0, there exist r(a) (0 < r < o),
a.s. such that for the closed ball By with radius a in X, Si(t, ¥—tw, Ba(J-tw)) is
precompact in X for all ¢t > r(a).

3) [|1S2(t, V—w,u)||x < K(t,9—tw,a), t > 0, u [ Ba(w) and K(t,w,a) is a
measurable function with respect to (¢,w,z) which satisfies

tlim K(t,9—w,a) =0.
Then S(¢,w) is almost surely D — a—contracting (see [11]).

Lemma 2.5. Let S(¢,w) be a random dynamical system on a Polish space (X, ||.||x)-
Assume that

(1) S(t,w) has an absorbing set B(w) [CL;

(2) S(t,w) is almost surely D — a—contracting.

Then S(t,w) possesses a global random attractor in X.

3. The basic setting and O-U processes
In this section, we present the existence of continuous random dynamical system
for the stochastic nonlinear strain wave equation in elastic waveguides:

— 1
duy — ad(Auy) — vd(Au) — Au + F2A%u — Af(u) = g + hjdwj (3.1)

i=1
subject to the initial conditions

u(z,0) = uo, ut(z,0) =wuy for z [10,1) (3.2)



364 X. Du

and boundary condition
u(0,t) = u(l,t) =0, (3.3)

where A = Oyx, @, 3,7 are positive constants, g is a given function in L2(0.1), for

j 31,2, ,m}, hj CHE nW29(0,1) for some g = 2 and {wj}jL, are independent

two-sided real valued Wiener processes on a probability space, which will be specified

below and f is a nonlinear function satisfying the following conditions: for all s (Rl
f(s)s = c1F(s) = cas|P*? =0, (3.4)
£ ()] < ea(IsIP™ + 1)),

where F(s) = I?f(T)dT and ¢j(i = 1,2, 3) are positive constants.
In the sequel, we consider the probability space (2, F, P), where

Q={w CAR,R™M) : w(0) = 0},

the Borel o—algebra F on €2 is generated by the compact open topology, and P is the
corresponding Wiener measure on F. Then we identify w(t) with (w1, w2, -, wm),
ie.,

(w1, w2, -, wm) = w(t) for t CRL

The time shift is defined by
Ysw(t) = w(t+ s) —w(s) for t,s R

It is a family of ergodic terms formations. Now we consider the one-dimensional
Ornstein-Uhlenbeck equation

dzj + Azjdt = dwj(t). (3.6)
It is easy to check that for each j =1,2,---'m
[
zj () = zj (Yrwj) = —A AN (Yyw;j ) (1)dr, fort [RL

is a solution of (3.6). Putting z(Yw) = jZ,(/ — aA) 7 hjzj (Yrwj), where A is
the Laplacian with domain H} n H?(0,1), By (3.6) we find that
— 1
dz —ad(Az) + a(z —alAz)dt = hjdwj. (3.7)
j=1

Lemma 3.1. For € > 0, there exists a tempered random variable p; : Q — R such
that

|12(0¢w)||2p+2 < e pg (W) for ¢ and w [ (3.8)

where p =0 and p;(w), w X satisfies
p1(Pw) < ePlpy(w) for ¢t [R (3.9)
Proof. Letj=1,2, -, m. Since |zj(wj)| is a tempered random variable and the

mapping ¢t - In|zj(dwj)| is P-a.s.continuous, it follows from Proposition 4.3.3 in
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[13] that for any €j > 0, there is a tempered random variable rj(wj) > 0 such that
|2 (wj)| = 7j (wj) and

rj(Vwj) < ¥y (wj), t CR, for P-a.s. w COL (3.10)

Since (I —al)z(Jw) = 21 hjzj(Jwj) we find

)
|2 (0ew)ll5pa3 + (2p + 1)  2(0)P) ) de
Ly  L—
< z(ﬁtw)ZpH( hjzj (Vewj))dx
0 j:]-
. —
2p —+ 1 2 2
S2p 9 ”Z(’ﬂtu})llzgiz =+ m . (j:l hj Zj (ﬁth))2p+2dI-
Let e >0and e1 = €2 =+ = €m = ¢, then we have
z(Ww)llzpr2 = || hjzj(Drwi)llop+2 = [|hjll2p+2l2j (Fewj)]
i=1 j=1
|
< |lhjllzpserj (Drwj) < e 75 (wj) 17 [|2p+2-
j=1 j=1

Let p1(w) = j=1 7j(wi)llhjll2p+2 then (3.8) holds and (3.9) follows from (3.10).

([l
Corollary 3.2. For € > 0, there exists a tempered random variable p, : Q@ - R
such that for c =0 or 1,

. — o,
NAZ z(w)|| + o M||AZ 2(9w)]] < P py(w), (3.11)
for t [Rland w QL where A; is the first eigenvalue of —A.
Proof. Tet & = [|A% (gl + all A" 2(0)II, pz(w) = s @DIAT R

Since (I —al)z(dw) = jZ; hjzj(Jewj), we get

E=(lAzz(0w)lIC 1A= R;] |z (Dewy)l) = [[AZ2(0e)lIC (A2 hill 75 (Vi)

=1 i=1

i 1
<||AZ z(Ww)lle™( 7y (wp)|AZ Rl ).
j=1

By the Poincare inequality
[ L1 |
A= 2(Dw)ll =2 MllAZ z(Dw)]l-

Hence, we have

—
g<e™( rj(wpllAZhill ) < eMpr(w),
j=1
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the corollary holds. O
Now transform the problem (3.1)-(3.3) to a deterministic system with a random
parameter and show that it generates a random dynamical system.
Let v(t,w) = ut(t,w) + eu(t,w) — z(Yw). Then (3.1)-(3.3) is equivalent to the
following random partial differential system

ur = v — eu + z(hw), (3.12)

vt — alwvg — v — (v — ag)Av + e2u — (1 + ae® — ve)Au

, ) (3.13)
AU = AJ(u) = g+ (0 + )(Pw) + (7 — 0 — a) Ax(Ixw),

(u, v)le=0 = (uo, vo), (3.14)

u(0,t) = u(l,t) = v(0,t) = v(l,t) =0, (3.15)

where vp = u1 +cug—2(w), € is a positive constant. We set Eg = H3*<L?(0,1), By =
H? n H} x H} n L?(0,1). Then E; <~ Ep with compact imbedding.

By a Galerkin method as in [6], it can be proved that under assumptions (3.4)
and (3.5), for P-a.e.w [ and for every (uo,vo) [“Hp, problem (3.12)-(3.15) have
a unique solution (u,v) Cd(R™, Ep) and the solution (u,v) is continuous with
respect to z in Ep for all t = 0. Hence, the solution mapping generates a RDS.
It is called stochastic flow associated with the nonlinear strain wave equation with
additive noise.

4. Uniform time a priori estimates and random at-
tractors

In this section, we derive uniform estimates on the solutions of (3.12)-(3.15) when
t —» oo and prove the existence of a bounded random absorbing set and the asymp-
totic compactness of the random dynamical system associated with the equation.
From now on, we always assume that D is the collection of all tempered subsets of
Eo with respect to (2, F, P, (9¢)tr=). Let Eo = H}>xL?(0,1) endowed with the inner
product and norm (Y1,Y2)g, = (u1,u2)ns + (v1,v2)L2, IYllg, = llullpg + [lv]lLz,
Yj = (uj,vj), Yo = (uo, vo). We first derive the following uniform estimates in Ep.

Lemma 4.1. Suppose that f satisfies (3.4) and (3.5), and ¢ C_H~1(0.1). Then

for B = {B(w)}oron [0, Yo = (uo,v0) [CA(w) and for P-a.e.w [, there exists
T =T(B,w) > 0, such that

Y (¢, 9—tw, Yo(V—w))l|g, = R(w) for t =T,

where R(w) = ¢(1 + p3**?(w) + p3(w)) is a positive random function.

Proof. Taking the inner product of (3.14) with (—A)™%v and using v = ut +eu—
z(Yw), we have

%(bo(t,w) + Hp(t,w) =0, (4.1)

where
1
po(t,w) == (I0l212 + allvl® + *[ul[Zy 5 + (1 + ae® = ve)||ull?
2

L (4.2)
+ || CaJf + 2 i F(u)dz),
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Ho(t,w) = —ellvllZy 2 + (Vliloéﬁ)llvll2 +3ullZyp + (1 + ae® = ye)ellull?

+ Be|| Clf + , f(u)udx — az(u, (—A)_lz(ﬁtw))

(4.3)
(14 ae? = e) (u,—2(9w) — B CEXEBw)) — (f(u), 2(9ew))
+(—g— (a+e)z(dw) + (v — o — ag)z(Vw), (—A) o).
Choose ¢ and ¢ such that
e | A1
0<o=< mln{E, 1}, O<e=s mln{%, m}, (44)

where ¢; is defined in (3.4) and A; is the first eigenvalue of —A. It follows from
(3.4) and (3.5) that

. .
e flwudr—2de F(u)dr=e(er — 5)cz||u||gz::§
0 0
and
= 1 2p+2 | 1 2 2
= ()=l S gecodllullZid + 502(1 + az® = 5l
0

+ e(llz(w)l5h33 + 112 (ew)I[?).
Using (4.4)and computing, we get
Ho(t,w) — dego(t, )
2(7/\1 - 5(1 +9)(1 + a/\l))||v||2_1’2 + 52(1 - 5)||U||2—12
+e(l+ag® —y2)(1 = 8)lJull? + B(1 — 8)|| Cuff
+ eca(ca = 20)||ull3h75 = cllgllZs 2
— c(ll2(Dew)I? + || EZ@w)I? + [|2(0ew)13032)
= — (|| (9w)|1? + || Czhw)|? + |12(9w) 3575 + lg121.5)

(4.5)

and

a(llY (8, )1, + llu(t, w)lI5p43) < do(t,w) < b(IY (£, w)lIE, + llult,w)ll5p33), (4.6)
where .
a= 5 min{a7 (1 + 0482 - 78)7 67 202/01}
and 1
b= 3 max{a + 1/)\1,52//\1 +14ae?—~e+ 2¢3/c1, B}
By (4.1) and (4.5), we have

S 0(t,) + Ado(t,) = capol(de) + c5, (@)

where A = de > 0 and po(Viw) = ||2(Pew)|I? + || Z@w)|1? + |l2(9rw)|5555- By
Lemma 3.1 with ¢ = W)\ﬂ) and Corollary 3.2 with € = %, for P-a.c. w [ and
t Rl we obtain

po(Pew) < eXMI(p2P 2 (w) + pB(w)). (4.8)
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It follows from (4.7) that for all ¢ = 0,

-
do(t,w) < e_)‘t(bo(O,w) +ca e)‘(T_t)po(ﬁrw)dT + %5 (4.9)
0

Replacing w by ¥_w with ¢ =0 in (4.9) and using (4.8), we obtain

oo(t,I—w) Se_)‘t(bo(O, Y_w) + ca e)‘(T_t)po(ﬁT_tw)dT + %5

-
Se_)‘t(bo(O, Y_tw) + ca e}‘rpo(ﬁtw)dT + %5

|j (4.10)
< Moo(0,0w) e ePT(EEw) + pR(w))dr + 2
—t

<e Mo(0,9—1w) + el + piP P (w) + p3(w)),

where c—= %(2044—05) is a deterministic positive constant. This together with (4.6)
shows that
— 2p+2
allY (¢, 9w, Yo(0-w))II&, <be ™ (I[Yo(9—tw)IE, + lluo(¥—tw)ll2p+2)
2p+2
+edd + 17 (W) + p5 ().

Since B(w)w rm is tempered, it follows that if

(4.11)

Yo(¥—w) = (uo(¥—w), vo(¥—1w)) CB(Y—1w),
then there is Tg(w) > 0 such that for all £ = Tg(q),

be M (|| Yo (V—tw)lIE, + lluo(—w)I3033) < el + P3P 2 (W) + p3(w)).  (4.12)

The result follows from (4.11) and (4.12). O
Denote

K(w) ={Y L : |[Y]lg, = R(w)}-

Then {K (w)}y ron (Dl is an absorbing set in Ep.

In order to prove that RDS S(¢,w) is almost surely D — a—contracting on Eg by
Lemma 2.6, we decompose the solution Y = (u,v) of (3.12)-(3.15) with the initial
value Yy = (ug,vo) into two parts. Define by Y2 = (u?,0v?) = S1(¢)(uo,vo) is the
solution of the equations

v? = uf + eu?, (4.13)
02 — aAv? — ev® — (v — ag) Av® 4 %u® — (1 + ae® — ve) Au® + BA%uR = 0
(4.14)

with the initial data (u?, v?)|t=0 = (uo,v0) = (uo, u1 +eup—2(w)) and homogeneous
boundary condition. Then

Yb = (ub,’Ub) = Sz(t)(uO,’Uo) = S(t)(’u,o,vo) - S]_(t)(’u,o,vo)

is the solution of the problems

o° =l + eul — 2(Vew), (4.15)
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b_ b_ b
vy — aAvy —ev

— (v — ag)Av® + 24P — (1 4 ae? — ve) AuP (4.16)
+HOA% = Af(u) = g+ (a +e)z(9w) + (v — o — ag) Az(Vw), '
with the initial data (u®,v°)|t=o0 = (0,0) and homogeneous boundary conditions.

Lemma 4.2. Assume g CH1(0,1), Yo = (uo,v0) CB(w) CDand (3.4) and (3.5)
hold. Then
Y2t 9w, Yo(0-w) I, < ClIYo(I-w)lIg,e

Proof. Taking the inner product of (4.18) with (—A)™1¢? and using v® = u@+cu?,
we have

%qﬁl(t,w) + Hy(t,w) =0, (4.17)

where

¢1(t,w) Z%(llvallz—l,z +allv? P + a2y o + (1 + ae® = ye)llu®||? + Bl C2)?)
and
Hy(t,w) = = ellv¥21 2 + (v = ag)l?]? + a2y 2 + (1 + ac® — ye)lu?|]?
+ Bell 2.
By (4.4), we have
Hiy(t,w) — depa(t,w)

1 1
=—e(l+ 55)||Ua||2—1,2 +(y—as— 5500‘5)||Ua||2

1 1 418
+e3(1— 55)|lua||2—1,2 +te(l+as® —qe)(1- 55)”%""”2 (415)

+ Be(1 — %5)“ 2%))? = 0.

By (4.17) and (4.18), we have

%gbl(t,w) + )\(bl(t,w) =0,

where A = de > 0. Applying Gronwall’s lemma, we obtain for all t = 0
P1(t,w) < ¢1(0,w)e™ .
By arguments similar to (4.6), we can derive that
allY2(t,w, Yo(w)II&, < bllYo(w)IE, e, (4.19)

where a,b are same as in Lemma 4.1. Replacing w by J_tw with ¢t = 0 in (4.19),
implies that the result holds. O

Lemma 4.3. Assume g CH(0,1), Yo = (uo,v0) [CB(w) and (3.4) and (3.5)
hold. Then
CL”Yb(t, ﬂ_twa Yo(ﬁ_tw))llel = 2R%‘))a

where R2(w) = crrfd+p2P"?(w)+p3(w)) and crris a deterministic positive constant.
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Proof. Taking the inner product of (4.16) with v and using (4.15), we obtain

d
E(bz(t,w) + Hz(t, w) =0, (4.20)
where
12 2 2(1..by12
da(t.w) =5 W1 + all E222 + ) o
+ (1+ ae® —ye)llull® + Bl A7)
and
Ha(t,w) == e|lW°|I? + (v — ae)|| ]2 + 3[|u®]|? + Bel| AuP?
+e(l+ ae® = ye)|lul” + (1 + ag? = ye) (Au®, 2(9w)) (4.22)

— B(AUP, Az(Vw)) — €2 (uP, 2(9w)) — (A f(u), vP)
— (g + (a +&)z(Vw) + (v — o® — ag) Az(Dw), v°).
Note that
| = (A (), o) = (£ ) Lo < 1) LW + of| Calff
and

| = ((a + &) z(Yw) + (v — a? — ag)Az(Yw), vb)|
<e||W®11? + c(llz(@ew)” + [|Az(9w)]1?).

Similar to the arguments used in lemma 4.1, we can get
Hy(t,w) = A2 (t,w) = —c(||z(0w)|? + [|Az(0w)II? + [lgl1Z 1,2 + || Callf).  (4.23)
It follows from (4.21) and (4.23) that

02(t,0) + oalt,0) < o) + (L + I ), (420

where pa(Vrw) = ||2(w)||? + ||Az(Yw)||?>. By Gronwall inequality, we obtain
= ]
po(t,w)<ce TP (Osw)ds +c7 Y| [m@)|2ds + e (4.25)
0 0

Noting ¢z (t,w) = a||YP(t, w)||2El and replacing w by ¥—tw, we have
b 2
al[Y2(t, 9—w)llg,

_ _ 1
<cg S t)pg(ﬁs_tw)ds + c7 S t)|| 4, ﬁ_tw)szs + —c7

A
g [

_ 1
=co  pa(dsw)ds+er MO CH Vo)l Pds + 7.
- .

(4.26)

By Corollary lemma 3.2, the first term on the right-hand side of (4.26) satisfies
4 4

2
C6 S po(Isw)ds < cp e%)‘spg(w)ds = Xcap%(w) for ¢t = 0. (4.27)
-t —t
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By (4.11), we have

b _ +
|| Cud, 0—w)|I? <= (|| Yo (V—rw)IIZ, + lluo(P—tw)|[55 3]
@ (4.28)

+ o)+ "2(w) + Bw)].

Thus, the second term on the right-hand side of (4.26) satisfies for t =0

~ b
ez Y| @, I_w)|[Pds <—crte M| Yo (D—w)|IE, + lluo(V—ew)l15h45]
0 a "

1
+ —eredd + p1 (W) + p5(w)).

(4.29)

Let R¥(w) = +(2c6+c7+ Leze{1+ pP*2 (W) + p3(w)). Tt follows from (4.26)-(4.29)
that

b -
allY (8, 0-w)lIE, = Zerte M[IYo(0-ww)lIE, + lluo(V-c)IE13) + i)

Since {B(w)}e ron (D is tempered and Yo (9—tw) CH(Y—w), there exists Tg(lw) > 0
such that for t = T W),

b _ +
—erte (1Yo (0-w)lIE, + [luo(V-w)I3573) < Riw)- (4.30)

Thus,
allY (t, 0—w)|Ig, < 2RHw) for t = Tg(l)

and the result holds. |
We are now in a position to present our main result:

Theorem 4.4. Assume that ¢ CH~%(0,1) and (3.4) and (3.5) hold. Then the
random dynamical system S(t,w) has a unique random attractor in Ej.

Proof. By Lemma 2.4, Lemma 4.2 and Lemma 4.3, the stochastic dynamical
system S(t,w) of nonlinear strain waves is almost surely D — a—contracting. This
together with Lemma 2.5 implies that the existence of a unique D—random attractor
for S(t,w). O
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