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NEW ITERATIVE METHODS FOR SOLVING
LINEAR SYSTEMS
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Abstract In this paper, we introduce some new iterative methods to solve
linear systems Ax = b. We show that these methods, comparing to the classi-
cal Jacobi or Gauss-Seidel method, can be applied to more systems and have
faster convergence.
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1. Introduction

Let R™ be n-dimensional vector space with real vectors and M, (R) be the linear
space of all real n x n matrices. Consider the following linear system

Az =0, (1.1)

where A € M,(R) is invertible, and z,b € R". Let A = M — E, where M is
invertible, be a splitting of A. Then the iterative method based on this splitting is
given by

) =12 4 M, k=0,1,2,-- -, (1.2)

where T = M~'E. It is well known that the iteration (1.2) converges to the
solution of (1.1) if and only if the spectral radius p(T") of T satisfies p(T') < 1 (see,
e.g. [8, 11]). One sufficient condition for p(T') < 1is ||T|| < 1, where ||T|| is a norm
of T. In general, a smaller norm will results in a smaller spectral radius. If we write
A =D—-L-U, where D =diag(A), —L the strictly lower and —U the strictly upper
triangular matrices of A, respectively, then the classical Jacobi iterative method is
defined if M = D, and the Gauss-Seidel iterative method is defined if M = D — L.

Definition 1.1. Let A = (a;;) € M,(R), then the matrix A is called diagonally

dominant if
n

o layl <lawl, i=1,2,---,n
J=1j#i
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strictly diagonally dominant if

n

Z |aZJ|<|a”LZ|5 121725777’7
=L

and irreducibly diagonally dominant if A is irreducible and diagonally dominant
with strict inequality for at least one 3.

The following result regarding Jacobi and Gauss-Seidel methods can be found
in [8, 11].

Theorem 1.1. If A is strictly diagonally dominant, or irreducibly diagonally dom-
inant, then both Jacobi and Gauss-Seidel methods converge regardless of the choice
of the initial guess z(?).

Research has been done extensively on Jacobi method to either expand the
systems that the Jacobi method can be applied or to improve the rate of conver-
gence. Gauss-Seidel method, Successive Over relaxation method, and many Jacobi
or Gauss-Seidel type preconditioned iterative methods have been proposed and stud-
ied, see [1,2,3,4,5,6,7,8,9, 10, 11, 12, 13] and references therein. In this research,
we use a different approach than preconditioning to propose a new scheme that not
only extend the application but also improve the rate of convergence.

2. Preliminaries

To prove our main results, we need the following lemmas. Note that || - || represents
a vector norm in R™ and the induced matrix norm in M, (R).

Lemma 2.1. Let x1,2z2, -+ ,Tm € R"™, b1,b2, -+ ;b € R and b; > 0. If

[|brz1 + bazo + - -+ + by || = (b1 + b2 + -~+bm)1rga<x [|:]], (2.1)

then x1 = x9 = -+ = Ty,. In particular, if x1,x2,--- ,xym € C, the set of complex
numbers, and if

|51I1 + boxo +"'+bm$m| = (bl + by + "'+bm) 1I£1§1<X |.’L'l|,

then t1 = 2o = -+ = Xy

Proof. 1If (2.1) holds, then we have

l[c11 + coaza + - + CmTm || = max ||zl
1<i<n

where ¢; = bj/(by + ba + -+ + by) > 0 and >." ¢; = 1. The lemma follows
immediately from the convex set theory. (|

Lemma 2.2. Let matriv B € M, (R) be in the form

b1 —bia bz -+ —bin
bo1 0 bz -0 bag

B=| ba b3 0 - s
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where b;; > 0, Z?Zl bi; <1, and Z?:l j2ibij <Li=2,--- . n. Then p(B) < 1.
Proof. Obviously p(B) < ||Bl|s < 1. If p(B) = 1, then B has an eigenvalue e**

for some real number w. Let = (x1, 2, ,7,)7 be an eigenvector corresponding
to e, We will look at the following two different cases.
(a) o1 = 29 = --- = x,,. In this case, # = (1,1,---,1)T is also an eigenvector,
thus from Bz = e"Z, we have
- Z?:l by 1
n
2 =122 b2 _ i 1
o :
2j=1,j#n bnj :
which yields a contradiction.
(b) x1,x2,- - ,x, are not all equal. Assume |x,,| = maxi<;<p |2;|. If m = 1, the

first component of Bx = ez gives
[br121 + -+ - + bin@y| = |21]. (2.2)

But
[b1121 4+ - -+ bineyn| < (D11 + b1z + - - + bin)|z1] < |21]. (2.3)

It follows from (2.2) and (2.3) that
[br121 + -+ - + b1n@p| = (b11 + b12 + -+ - + b1y |21

Lemma 2.1 implies 1 = z9 = -+ = x,, a contradiction. If m > 1, let |zx| =
MaX;£m 1<i<n |Ti|. Obviously, |xg| < |2y, |. From the mth component of the equation
Bx = ez, we get

|bm1$1 + ot b m—1Tm—1 + b 1T -+ bmnxn| = |xm| > |x7€|

But

n
|bm1$1+' : +bm mflxmfl‘kbm m+1$m+1+' : +bmn$n| S Z bmj |Ik| S |$k|

J=1.j#m
Therefore, |zk| = |2, | and
n
|bmlxl + -+ bm m—1Tm—-1 + bm m+1Tm~+1 + -+ bmn$n| = Z bmj |xk|
j=Li#m
Lemma 2.1 means &1 = +++ = Typ—1 = Typq1 = + -+ = Tp. Now (2.2) becomes

n
bim@m + Z bij | ze| = @] = |zk| = [wm]-
J=1j#m

But

n

n
bimTm + Z bij | ak| < Zblj |Zm| < |2,
=1

J=1j#m
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therefore, we have

n

n
blmxm + Z blj Tk| = Zblj |Im|
j=1

j=1,j#m
Again Lemma 2.1 means xy = T, i.e. £1 = T2 = -+ = &y, a contradiction. That
completes the proof of the Lemma. O

3. New Iterative Methods

To solve system (1.1), we propose a new iterative method. First, we split the matrix
A in the following way.

A=D—E,
where ~ _
ail
a2
D = ,
a1 Qg2 -+ Qgk  ccc Qkn
L Qpn

where 1 < k < n, all other entries are zero, and E = —(A — D). Then the iterative
method is given by

(1) 25D =720 4 D1, k=0,1,2,---, (3.1)

where T'= D~'E. The following theorem shows that in terms of the infinity norm,
the norm of the iterative matrix of method (I) is less than or equal to the norm of
the iterative matrix of the Jacobi method.

Theorem 3.1. Assume that A = (aij)nxn, Y5 jzilaijl < laiil, lai] >0, i =
1,2,---,n,n>2 Let T=D"'E and T =D 'E be the iteration matrices for the
Jacobi method and the iterative method (I). Then ||T||oo < ||T||oo-

Proof. Without loss of generality, we assume k = 1. Set

[ 8] reun=[3 2]

and
o ail (0% . N 0 0
p[m o] peum= |9 0]
Then calculation shows

—1 -1
_ 0 _ 0 a ;o
pt=| " 7 y T:DlE:—[ - 1 }
{o Dt D'3 Di'E;
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Let T be partitioned into row vectors, i.e.
T
T=- [ ﬁl 62 ﬁn ] .
It then follows that
T
T: _all [ 62 ﬁ3 ﬁ%l ]
[ 62 63 ﬁn ]
Since
_ T a a a
[maital B B - BT[] =220+ 2B+ D,
1
aiz| + |jaz|+ -+ |a
< Ll e % o] e s < mas l141
|<111|
Therefore,
170 = Jax ||Bills < max {I5:[l1 = [1T]ec,
completing the proof. O

Theorem 3.2. Let A =

(@ij)nxn, aij > 0, ZJ i Gij S Qigy 0> 3. Then the

iteration matriz T of the method (1) satisfies p(T) < 1, i.e. the iterative method (1)

CONVETgES.

Proof. Without loss of generality, we assume k = 1. Then as showed in Theorem

3.1, we have

T=-

s
where b;; = —2%, 1 =2,3,---,

Now

ais
ail

T -1 T -1
—a;;a" DB —ata" DR

DB DI 'E,
—b11 —bi2 —bi3 —b1n
ba1 0 ba3 ban
b31 b32 0 an
bnl bn2 an O
n, j#i,j5=12 ,n, and
““<1 =23, ,n.

Jj= 1#1

bin | =a'aDy B Ei]

bgl 0 b23 b2n
b1 bz 0O bsn
QA1in ]
ail . : . . .
bnl bn2 an et 0
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Obviously, b1; >0, j=1,2,--- ,n and

bar 0 bos ban 1
n bs1 bz O ban 1
a1z ai3 Qin

Zblj - [ a1 a1l arr ] : : : . : :
j=1 . . : . : .
L bnl bn2 bn3 Tt 0 1

i Z?:l,j;ﬁQ baj

a1z a1 247:1,#3 bs;

aii ail ail

L Z;’L:l,j;én bnj

1

1 "L ay;
<[m ais m] :Z_alﬂ<1
- ail ail ail . -

. i—2 a1

1

By Lemma 2.2, the theorem is proved.

O

Remark 3.1. 1. The size n of the matrix A has to satisfy n > 3. For instance,
let
11
=[]
Then
= = _1f 1 0
—_D-1lp_
T=D E—[_l O]’
and p(T) = 1.
2. The condition a;; > 0 in the theorem is necessary. For instance, let
1100
A=1]0 1 .0 0
0 011
0 011
Then
1100 0 00 O
D=0 1 00 ,and B = — 0 00 O
0 01 0 0 0 01
0 0 01 0 01 0
and
0 00O
T—D1E—-_|10 0 00
0 0 01
0 010

whose eigenvalues are 0,0,1, and —1. So p(T) = 1.

3. Notice that the iterative method (I) converges even if the
diagonally dominant.

matrix A is just
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Corollary 3.1. Let A = (aij)nxn, aij >0, ijl jri Qi < @iy M= 3. Then A is
invertible. o

Proof. Suppose that A is not invertible, then there exists a vector T # 0 € R"
such that A7 = (D — E)z = 0. Thus, D"'Ez = z. This implies that 1 is an
eigenvalue of T, and p(T) > 1, a contradiction. O

The following is a simplified version of the method (I) which we will call it
method (II). To show that the method converges, we use a result about an a-
transformation, ¢,, on vector space M, (R), introduced by Zheng and Wang [14].
In this method, we split A = D, — F; as

a1
A4 Qi
D, =
Qjj
. ann -
where 1 < 4,5 < n and all other entries are zero, and E, = —(A - Dl). Then the
iterative scheme is given by

(I1) g* D) = 7™ L Dy k=0,1,2,- -, (3.2)

where T} = D1_ LF,. We have the following result.

Theorem 3.3. Let A = (aij)nxn, aij > 0, ZJ—:L#Z- ai; < ai, n > 3. Then the
iteration matriz Ty of the method (1) satisfies p(T1) < 1, i.e. the iterative method
(I1) converges.

Proof. Without loss of generality, we assume i = 1,7 = 2. Then we have

r_ Q12021 0 a1z 12023  Qip 41202 1
11022 a1 11022 a11 a11a22
) az3 d2n
a22 a22 a22

T1 _ . .
Qi On2 n3 0
- ann ann ann =

Obviously, the sum of the absolute values of the entries of the ith row, i =2,3,--- ,n,
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is less than or equal to 1. The entries of the first row satisfy

‘_a12a21 a3  a12023 I a3 a12d2qn
11022 a1l 11022 a1 a11022
a a a a
< 12 (a21+a23+"'+02n)+£+ﬁ"’"""ﬂ (3.3)
a11a922 ail aii a11
B SN T
ail  an ai1
Since Zii >0, i = 2,3,---,n, it follows that the 1-transformation ¢; satisfies
@ (Ty) = 0. Therefore, p(T1) < 1 by Theorem 3, [14]. O

The following theorem shows that the requirement of a;; > 0 in Theorem 3.4 is
not necessary.

Theorem 3.4. Let A = (a;j)nxn,n > 3, satisfy
(a') Zj:l,j#i'aij' S |aii|7 aii#ou 1= 1727"' , 1.

(b) There exist three different indexes p,q,r such that a;, # 0, i = 1,2,--- | n,
and GpqQprQgqQqr > 0.

If D, and E; are chosen such that

a1

ann

and the other entries are zero, and E1 = A — Dy. Then p(DflEl) < 1.

Proof. The proof of the theorem follows immediately by noticing that the strict
inequality (3.3) holds if condition (b) holds. O

Remark 3.2. The following matrix A shows that what condition (b) means.

ail aip
App Apq Apr
A= Qqq Aqgr )
aTT
L Gnp Anpn |

where the entries shown are nonzero entries.
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Example: Let A be the following matrix.

1

-1
1

o o O
O N = O
|
[t

Then A is not strictly diagonally dominant, nor is irreducibly diagonally dominant.
Jacobi or Gauss-Seidel method may not converge. But A satisfies all conditions in
Theorem 3.5. If the split given in Theorem 3.5 is performed, it gives p(T}) = 1/2,
the method is convergent.

4. Conclusions

In this paper, we propose some new methods for solving linear systems based on
the classical Jacobi method. Comparing to Gauss-Seidel method, SOR method and
other preconditioning methods, these methods are easy to construct and the condi-
tions for convergence are easy to check. The proposed new methods are convergent
as long as the coefficient matrix is diagonally dominant, while the classical meth-
ods require that the matrix be either strictly diagonally dominant or irreducibly
diagonally dominant. While the norm of the iterative matrix can be used to give a
sufficient condition for convergence, we show that the infinity norm of the iterative
matrix of the new methods are less than or equal to that of the iterative matrix of
the Jacobi method.
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