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DOUBLE HOPF BIFURCATION
AND CHAOS IN LIU SYSTEM
WITH DELAYED FEEDBACK

Yuting Ding and Weihua Jiang

Abstract In this paper, we consider the stability of equilibria, Hopf and dou-
ble Hopf bifurcation in Liu system with delay feedback. Firstly, we identify
the critical values for stability switches and Hopf bifurcation using the method
of bifurcation analysis. When we choose appropriate feedback strength and
delay, two symmetrical nontrivial equilibria of Liu system can be controlled to
be stable at the same time, and the stable bifurcating periodic solutions occur
in the neighborhood of the two equilibria at the same time. Secondly, by ap-
plying the normal form method and center manifold theory, the normal form
near the double Hopf bifurcation, as well as classifications of local dynam-
ics are analyzed. Furthermore, we give the bifurcation diagram to illustrate
numerically that a family of stable periodic solutions bifurcated from Hopf
bifurcation occur in a large region of delay and the Liu system with delay can
appear the phenomenon of “chaos switchover”.
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1. Introduction

As one of the most fascinating nonlinear phenomena, in the last four decades chaos
has been extensively studied in the field of mathematics, physics, astronomy, etc.
The Lorenz chaotic attractor was discovered in a three-dimensional autonomous
system in 1963 [16]. Another famous three-dimensional chaotic system, Chen sys-
tem, which is not topologically equivalent to the Lorenz system, was constructed in
1999 [3]. In 2002, the Lii system [17] which represents the transition between the
Lorenz system and the Chen system was reported. Afterwards, the so-called unified
system [18] and the generalized Lorenz canonical form [2] were presented.

In 2004, Liu et al. [15] proposed the following three-dimensional quadratic
chaotic system called Liu system:

& =aly — x),
y=br—kxz, (1.1)
3 = —cz + ha?,

fthe corresponding author. Email addresses:yuting840810@163.com(Y.Ding),
jlangwh@hit.edu.cn(W.Jiang)

Department of Mathematics, Harbin Institute of Technology, Harbin
150001,China



326 Y. Ding and W. Jiang

where a, b, ¢, h and k are parameters. They discussed some basic dynamical
properties of Liu system and numerically studied the continuous spectrum and
chaotic behaviors of this new butterfly attractor. From then on, a lot of researches
have been done on the Liu system. For example, Matouk [20] used linear feedback
control technique to stabilize and synchronize the chaotic Liu system. Zhu and
Chen [34] proposed three feedback control strategies of Liu system to its unstable
equilibria and compared the effectiveness of these strategies. Xu et al. [32] analyzed
the stability of impulsive control Liu system and gave some sufficient conditions
which guaranteed the global asymptotical stability for the controlled system.

Delayed feedback control (DFC) method has been receiving considerable atten-
tion recently since it was proposed by Pyragas [21, 22]. It provides an alternative
effective method for feedback control of chaos. The basic idea of DFC is to realize
a continuous control for a dynamical system by applying a feedback signal which is
proportional to the difference between the dynamical variable X (¢) and its delayed
value. In other words, we use a perturbation of the form F(t) = K[X (¢t)— X (¢t —7)],
where K is feedback strength and 7 is time delay. DFC method has been successfully
applied to many practical chaotic systems [12-17].

Recently, much attention has been focused on high-codimensional bifurcations,
since they may reveal some complex dynamical behaviors, such as quasi-periodic
solutions and chaos [18-20]. The normal form method can be used to analyze the
dynamical behaviors of systems, therefore, it has been applied effectively in the
study of singularities of vector fields [21-29].

In this paper, we consider Liu system with delay as follows using the DFC
method:

i=aly — )+ Kzt —7) — x(t)],
y=bx —kzz, (1.2)

3= —cz+ ha?.

There exist Hopf bifurcations and double Hopf bifurcations in system (1.2).
Using the normal form theory and center manifold theorem, we obtain the stability
of bifurcating periodic solutions and the direction of Hopf bifurcation, and derive
the normal forms of double Hopf bifurcation and their unfolding with perturbation
parameters. There are the same characteristic equation of linearized system for
two nontrivial symmetrical equilibria, therefore, for fixed feedback strength, we
obtain the region of delay in which the two unstable equilibria can be controlled
to be stable at the same time, and we also obtain the critical values of delay near
which stable bifurcation periodic solutions occur at the two equilibria at the same
time. Furthermore, we analyze the dynamical behaviors in Liu system (1.2) near
the double Hopf bifurcation point. We show the coexistence of a pair of stable
periodic solutions, a pair of unstable periodic solutions, a pair of stable quasi-
periodic solutions, or a pair of unstable quasi-periodic solutions.

Moreover, our concern is that if the family of stable bifurcating periodic solutions
bifurcated from Hopf bifurcation occur in a large region of delay and the controlled
system can appear chaos again. By numerical simulation, we show the specific
regions in which a family of stable bifurcating periodic solutions occur, and the
phenomenon of “chaos switchover” existed in Liu system (1.2).

The rest of the paper is organized as follows. In section 2, we consider the
stability of equilibria and bifurcating periodic solutions, and the direction of Hopf
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bifurcation in Liu system (1.2). In section 3, we derive the normal forms of double
Hopf bifurcation and their unfolding with perturbation parameters near the double
Hopf bifurcation point.

2. Hopf bifurcation

2.1. Stability of equilibria

In this section, system (1.2) is considered. First of all, we determine the equilibria
of this system. System (1.2) has three equilibria:

be bec b
Ey = (w1,y1,21) = (0,0,0), Ea3 = (23,923, 223) = (£1/ %d:\/ T E)

We obtain the characteristic equation of linearized system for E; as follows:
M4 (a+ K + )\ + (ac + Kc — ab)\ — abc — K(A\? + c\)e ™7 = 0. (2.1)
When 7 =0, (2.1) becomes
N+ (a+ )\ + (ac — ab)\ — abe = 0. (2.2)

When a, b, ¢ > 0, A = 0 is not the root of (2.1), and (2.2) have two roots with
negative real parts and one root with positive real part, and the equilibrium F; is
unstable for all 7 > 0.

We obtain the same characteristic equation of linearized system for Ey and Ej3
as follows:

N a2 +agd +ag — K(A2 4+ c\)e™™ =0, (2.3)
where ag = c+a+ K, a; = ac+ cK, ag = 2abc. When 7 = 0, (2.3) becomes
N+ (a+ c)A? + ac) + 2abe = 0. (2.4)

By Routh—Hurwitz criterion, if

a—+c>0,
(a + ¢)ac — 2abe > 0,

all the roots of equation (2.4) have negative real parts, and the equilibria £y and
FE3 are stable.

Let A = iw (w > 0) be a root of (2.3). Applying the analysis results of [4], we
give the following assumptions:

(H1) a+c<0ora?c+ac?—2abe < 0; abc # 0; a+c —2b # 0.

(H2) Z*>0; h(Z*) <0.
where ¢y = a% — 241 — K2, ¢1 = a% — 2apas — K262, ¢y = a%, hZ) = 73 + 972 +

2
e+ /2 =3
aZ+cy, Z* = C2 + 302 a

Under (H1), the equilibria F5 and FE3 of system (1.2) with 7 = 0 are unstable.
Under (H2), h(Z) = 0 has two positive roots Z; and Z. Suppose Z; < Za, then
KW(Zy) <0, h'(Z2) > 0. Therefore, similar to [4], note that w; = /Z;, (I =1,2), we
get

9 _ {ﬁl[arccosw) +2j7, Q>0 3

L27 — arccos(P) + 2j7], Q <0,

wi
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where

(az — c)w? + aic—agp
le? + 2K

—w} + (a1 — aze)w? + age
K(.ul3 + c2Kw;

Q = sin(wym) = , P =cos(wm) =

Lemma 2.1. If (H1) and (H2) hold, when T = Tl(j) (1=1,2, j=0,1,2---), then

(2.3) has a pair of pure imaginary roots +iw;, and all the other roots of (2.3) have
nonzero real parts.

Furthermore, let A(7) = a(7) 4+ iw(7) be the root of (2.3) satisfying Oé(Tl(j)) =0,
wr) =w (1=1,2; j=0,1,2---).

Lemma 2.2. If (H2) holds, then we have the following transversality conditions:
a’(Tl(J)) <0, 0/(7'2(])) >0, where j =0,1,2

Proof. Substituting A\(7) into (2.3) and taking the derivative with respect to T,

we get
_ Z Zy
(@ (M) L o = T BZ + 207, + 1) = Th'(Z0),
-
where A = ?K?w}! + K29 >0 (1 =1,2). For Z; > 0, &/(1, (J)) and h'(Z;) have the
same signs. Note that h'(Z;) < 0 and h’(ZQ) > 0, then the proof is complete. O

Theorem 2.1. For system (1.2),

(1) Equilibrium Ey is unstable for all T > 0 when a, b, ¢ > 0.

(2) If (H1) and (H2) hold, then system (1.2) undergoes Hopf bifurcations at the
equilz’bria E2 and E3 at the same time when 7 = Tl(J)(l =1,2; 7=0,1,2---).

(a) ]f ) < ) ), then equilibria E2 and Es of system (2) are unstable for
T> O
(b) If 7'1(0) < 72(0) then there exists m € N such that 7'1(0) < 72(0) < 7'1(1)
(1) (m) (m) < T(m+1) Tl(m+1), and equilibria Ey and Ej
ofsystem (2) are unstable forT €0, 7' )UUl 1( (=1 fl))U(TQ(m),—i—oo)
and asymptotically stable for T € UlZO(Tl(l),TQ(l)).

Let a =10, b = 40, ¢ = 2.5, h = 4, k = 1, which satisfy the assumptions (H1)
and (H2), and system (1.1) has a butterfly-shaped attractor [15] (see Figure 1).
Under these parameters, Es = (5,5,40) and E3 = (=5, —5, 40).

When K € (—o0, —38.9549) U (5.9825, +00), (H2) holds, and h(Z) = 0 has two
positive real roots. We plot the bifurcation diagram for the feedback strength and
the time delay (see Figure 2).

Let K =15 € (—00, —38.9549) U (5.9825, +00). By (2.5) and Lemma 2.2, we get
wy = 6.7962, 7V 0 =0.3882+ 092455, j =0,1,2---, o/ (r) <0,
wo =12.0402, 7 =0.4664 +0.52195, 7 =0,1,2---, o/ (7)) > 0.

Especially, 7*) = 0.3882 < ¥ = 04664 < 7" = 09883 < ! = 1.3127.

By Theorem 2.3, we know that the equilibria F5 and E3 are unstable for 7 €
[0, 7'1(0)) (7'2(0) +00) and stable for 7 € (7'1(0) 7'2(0)) We give the numerical simulation
for E2 and E5 when 7 = 0.42 € (7} 0 — 0.3882, T(O) = 0.4664), and the equilibria
F> and E3 are both asymptotically stable (see Flgure 3), and the waveform plot for
FE> and E3 overlap in z—axis.
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Figure 1. Waveform plot and phase for Liu system (1.2) with 7 = 0: there is a
chaotic attractor.

251 1

Figure 2. (Color online) Bifurcation diagram for the feedback strength K and the

time delay 7, where Tl(j) ( =0,1,2) (blue lines) and T2(j) (j =0,1,2,3) (red dashed
lines) are Hopf bifurcation critical curves in respect to K.
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Figure 3. Waveform plots and phases for Liu system (1.2) with 7 = 0.42 for Es
and FEj3 respectively: two asymptotically stable equilibria are coexisted.

2.2. Stability and direction of Hopf bifurcation

In this section, according to the theories of [11, 10], we obtain the direction of
Hopf bifurcation and the stability of bifurcating periodic solutions on the center
manifold. Without loss of generality, we denote the critical value 7 = 7*, at which
system (1.2) undergoes a Hopf bifurcation at equilibrium (z*, y*, z*).

We first let p = 7 — 7%, then rescale the time by ¢ — (¢/7) to normalize the
delay so that system (1.2) can be written as

X(t) = Lu(Xe) + f(u, Xo), (2.6)
where X () = (x(t),y(t),z(t))" € R*, L, : C— R, f: RxC — R, for ¢ =
(¢15@27¢3)T € C([_LO])RB)a

0
Ly = (7" +1)N1p(0)+ (7" + 1) Nap(=1),  f(p, ) = (7" +p) | —ke1(0)ps3(0) |,
hei(0)
where
—-K—-a a 0 K 0 0
Ni=[ b—ke 0 —kz* |, = 0 0 0
2hx* 0 —c 0 0 O

By the Riesz representation theorem, there exists a function 7(6, 1) of bounded
variation for (—1 < # < 0) such that

0
L(o) = / 0.0)e0)  for g€ C((-1,0) R)
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In fact, we can choose

n(0, p) = (7" + p)N16(0) — (7" + p)N26(6 + 1),

0, 640,
1, 6=0.

For ¢ € C([—1,0],R3), define

where §(60)

) de(0)/d0, 0 €[-1,0), )0, 0 €[-1,0),
Then (2.6) can be rewritten as
Uy = A(p)uy + R(p)us, (2.7)

where u = (z,y, 2)T and u; = u(t + ) for 6 € [-1,0].
For ¢ € C([0,1], (R?)*), define

. ) —dy(s)/ds, s € (0,1],
A¥(e) = { [, (=s)dn(s,0), s =0,

and in a bilinear form
(W) 9(0) = 5(0)p(0) - [ [ 3= 0ano)e©)ie

where 7(0) = n(0,0). Then A(0) and A* are adjoint operators. We know that
+iw*7* are eigenvalues of A(0), and they are also eigenvalues of A*.
We can obtain that ¢(0) = (1,a, 8) e 7% (§ € [=1,0]) and ¢*(s) = D(1,a*, 3%)e 7"
(s € [0,1]) are the eigenvectors of A(0) and A* corresponding to the eigenvalues
iw*r* and —iw*7T*, where
a:iw*+a+K—Ke*”*“’*,6:'2h33* e e .
a w* +c¢ lw*
D= (1+4aa*+ 88" + Kre“ 7)™,

akx
cw*i+ w2’ (2.8)

such that (g*(s),¢(0)) = 1, (¢"(s),4(9)) = 0.
Let u; be the solution of (2.6) when p = 0. Define

2(t) = (", wr),
w(z(t), 2(t), 0) = ue(0) — 2Re{2(t)q(0)}

For solution u; € Cy (Cy denotes the center manifold), we have

2(t) =ir*w*z 4+ 7(0)f(0,w(z, z,0) + 2Re{z2(t)q(0)})

. 2 _ 52 22
=iT"Ww 2 + 9205 + 91122 + goo 5 t 9SG+,
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then we can get

goo = 2D77(hG* — kpBa*),
11 = DT*(th* - kOé_*ﬁ - kOé_*B),
go2 = 2D7*(hG* — kBa*),
_ 4D7*B*hak[c(B + B) + 2ha*]
~ abc — ackz* — 2ahkx*?z*
2D7*a*ak[2hkx* (2B + B) — 2h(kz* — b) + ckB(3 + B)]
a abc — ackz* — 2ahkz*?z*
4D7*akhB*(2Bw*i + Be + ha*) — 2D1* o* fak?(2w*i + Bc — ha*)
(2w*i + ¢)[2w*i(2w*i + K + a — Ke=22"7"1) + q(kz* — b)] + 2akha*?2*
2D ko [2iw*h(2iw* + K +a — Ke= 2" 4 ah(kz* — b)]
(2w*i + ¢)[2w*i(2w*i + K + a — Ke=22"7"1) + q(kz* — b)] + 2akha*?2*
| BD*T 2 (W — kpa*)[2hG* — ko (8 + P
Sw*T*
N 2DD7*2hB3*(h3* — kfa*)(3 + B)i

Sw*T*

921

(2.9)

By the normal form method and the center manifold theory introduced by Has-
sard et al. [11], define

. 2
C1(0) = 2;* (911920 —2[gul* - M) + 2
w*T* 3 2 (2.10)
__Re(¢1(0)) '
T TRe(V ()

then they can determine the properties of bifurcating periodic solutions at the
critical value 7*. In fact, ps determines the direction of the Hopf bifurcation: if
w2 > 0 (p2 < 0), the bifurcating periodic solutions are forward (backward) when
7 = 7*. Re(C1(0)) determines the stability of bifurcating periodic solutions: if
Re(C1(0)) < 0 (Re(C1(0)) > 0), the bifurcating periodic solutions on the center
manifold are stable (unstable). Therefore, we have the following theorem.

Theorem 2.2. If (H2) holds, then system (1.2) undergoes Hopf bifurcations at the
equilibria E5 and E3 at the same time when T = Tl(J), wherel =1,2; 7=0,1,2---

(1) If Re(C1(0)) > 0 (< 0) when 7 = 79 the bifurcating periodic solutions are
forward (backward), and they are unstable (stable) on the center manifold.

(2) If Re(C1(0)) > 0 (< 0) when 7 = 79 the bifurcating periodic solutions are
backward (forward), and they are unstable (stable) on the center manifold.

Remark: For specific parameters values satisfying (H1) and (H2), we can obtain
w; (W = /z7) and TZ(J)(Z =1,2;5=0,1,2---) respectively, and get Re(C1(0)) from
(10-12), therefore, by Theorems 2.3 and 2.4, we can obtain the region of delay in
which the two equilibria E5 and Fj5 are stable, the stability and the direction of
bifurcating periodic solutions.

For the typical parameter set: a = 10, b = 40, ¢ = 2.5, h = 4, k = 1. When
K =15, we can work out Re(C1(0)) <0 at 7 = Tl(o), where [ = 1,2. Therefore, by
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Figure 4. Waveform plots and phases for Liu system (1.2) with 7 = 0.38 for Es
and FEj3 respectively: two stable periodic solutions are coexisted.

Theorems 2.3 and 2.4, we have that Hopf bifurcations occur at equilibria Fs and E3
when 7 = /) 1=1,2; 7=0,1,2---). When 7 = 7'1(0) (r = 7'2(0)) the bifurcating
periodic solutions are backward (forward), and they are stable. Therefore, when
we choose appropriate regions of delay, a pair of asymptotically stable equilibria
or a pair of stable periodic solutions are coexisted in system (1.2). We give the

numerical simulation when 7 = 0.38 < 7. = 0.3882 and 7 = 0.32 < (%) = 0.3882
for F5 and Ej3 (see Figures. 4 and 5), and the waveform plot for E; and E3 overlap
in z—axis.

When 7 = 0.38, a periodic solution with small amplitude is bifurcated from
FE5 and Fs5 respectively. The amplitudes of periodic solutions increase with the
delay far away from the critical point 7'1(0) in the region which the equilibria E5
and F3 are unstable. A pair of stable periodic solutions with large amplitudes are
coexisted when 7 = 0.32 (see Figure 5), and the pair of periodic solutions is reversed
phase. We concern the large region of delay in which the family of stable periodic
solutions occur. Therefore, we give the bifurcation diagram for equilibrium Ey when
7 € [0,0.55] and K = 15 (see Figure 6). It is plotted by Matlab software, which
depicts the maximum value of periodic solutions in z-axis following the change of
time delay. From this figure, we have that stable bifurcating periodic solutions
occur at Ep when 7 € (0.22,0.3882) and 7 € (0.4664,0.47), and the equilibrium Es
is stable when 7 € (0.3882,0.4664). These numerical results are in accordance with
the above theoretical analysis given by Theorem 2.3 and 2.4, and there exists the
phenomenon of “chaos switchover” in system (1.2) when 7 € [0,0.55]. Because there
are the same characteristic equation of linearized system for Fs and E3, equilibrium
F3 has the same behaviors as Es.
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Figure 5. (Color online) Waveform plots and phases for Liu system (1.2) with
7 = 0.32 for Ey (blue lines) and FEs5 (red lines) respectively: there is a pair of
reversed phase stable periodic solutions.
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Figure 6. Bifurcation diagram for equilibrium F5 when K = 15 and 7 € [0,0.55],
where the ordinate depicts the maximum value of periodic solutions in z-axis.
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3. Double Hopf bifurcation

From the bifurcation diagram for the feedback strength K and the time delay 7 (see
Figure 2), we know that there are some points at which two Hopf bifurcation critical
curves intersect. For example, (K., 7.) = (41.7843,0.46337) (see point R in Figure
2). From the discussion given in Section 2, when K = K., 7 = 7, the characteristic
equation (2.3) has two pairs of pure imaginary eigenvalues A = {£iw;, fiws}, and
all the other eigenvalues have negative real parts. We denote that system (1.2)
undergoes a double Hopf bifurcation at equilibrium (z*,y*, 2*) when K = K,
7 = 7.. There is only a implicit expression of frequencies h(w?) = 0 for the Liu
system with parameters. Aiming to a group of determinate parameters, we can solve
the values of frequencies, here, we only consider the normal form of non-resonant
case.

In this section, in order to determine the bifurcation direction and the stability
of bifurcating periodic solutions near the double Hopf bifurcation critical point
(K., 1), we have to compute the normal forms on the center manifold. The method
we use is based on the center manifold reduction and normal form theory due to
Faria and Magalhaes [5, 6](see Appendix).

In polar coordinates 11 = 7€', 7 = ryel?2, the amplitude and phase equations
on the center manifold can be derived from (A.8) as

71 = 71(p1 + Re(Pr1)ri + Re(Pi2)r3),

2
2)
7y = ro(pa + Re(Pa)rf + Re(Paa)r3), (3.1)
6, = wi + 1 + Im(Pr1 )2 + Tm(Pro)r2, '
)

2
2
0o = wo + v + ITm(Po1)r} + Im(Poo)r3,

where P,; are given by (A.8); y1; = Re(d}) K. +Re(d})7., vj = Im(d} ) K. +Im(d})7.,
where K., 7. are perturbation parameters and d] (i = 1,2;5 = 1,2) are given by
(A.6).

For (3.1), let & = \/|Re(P};)|rj, (j = 1,2), we have the following planar system:

{51 =& + & + V&), (3.2)

o = E(pa + 661 + &),

_ Re(Pi2) _ Re(P21)
where ¥ = chpg), 5= chpﬂ ).

When a =10, b =40, c =25, h =4, k=1 K = K. =41.7843, 7 = 7. =
0.46337, After calculations we have Re(d}) = 0.0002, Re(d?) = 0.0037, Re(d}) =
—0.1636, Re(d3) = 2.5005, Re(P11) = —0.0329, Re(P12) = —0.0700, Re(Po1) =
0.0670, Re(Ps2) = 0.0588, 96 = 2.4276.

We note that My = (0, 0) is always an equilibrium of (3.2). The two semi-trivial
equilibria given by perturbation parameters are

M, = (0,\/~Re(d)K. — Re(d3)7.), Mo = (/Re(d}) K. + Re(d})r..0).
which bifurcate from the origin at the bifurcation lines

Ly = {(K.,7.) : Re(d?)K.+Re(d3)7. = 0}, Ly = {(K., 7.) : Re(d7)K.+Re(d})7. = 0},
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respectively. There may also exist a nontrivial equilibrium

_ (| (Re(d}) — VRe(d})) K + (Re(dz) — VRe(d5))7
Ms = ( 1— 96 ’

\/ (9Re(d}) — Re(dh)) K. + (3Re(dh) — Re(d)r.
1—96 ’

For this expression to be valid, we need to assure that ¥ — 1 # 0. The nontrivial
equilibrium M3 collides with a semi-trivial one and from the positive quadrant on
the bifurcation curves

Ty = {(Ke,72) :(Re(d}) — YRe(d})) K- + (Re(ds) — ¥Re(d3))7 =0,
Re(d})K. + Re(d3)7. < 0},

Ty = {(K.,7.) :(Re(d;) — 6Re(d})) K. + (Re(d3) — 0Re(d3))7- = 0,
Re(d})K. + Re(d})7. > 0}.

If (9 —1)Re(d?) + (6 — 1)Re(d})) K. + (9 — 1)Re(d3) + (6 — 1)Re(d3)) 7. > 0, the
fixed point M3 is sink, else M3 is source. Therefore, we need consider the following
bifurcation curve.

Ts = {(K.,7) :((9 — 1)Re(d]) + (6 — 1)Re(d)) K+
(9 — 1)Re(d2) + (6 — 1)Re(d3))7. = 0}.

Therefore, L1 : K. = —672.08407., Lo : K. = 875.92547r., T} : K. =
—609.50477., Ty : K. = —528.45337, T3 : K. = —571.3934r..

According to the conclusion of [9], we give the bifurcation diagram (see Figure
7).

Since there exists no unstable manifold containing equilibrium, according to the
center manifold theory, (3.1) on the center manifold determine the asymptotic be-
havior of solutions of the full equations (1.2). Therefore, if (3.2) has one or two
asymptotically stable (unstable) semi-trivial equilibria M7 and Ma, then (1.2) has
one or two asymptotically stable (unstable) periodic solutions in the neighborhood
of (z*,y* 2z*). If (3.2) has an asymptotically stable (unstable) equilibrium M3,
then (1.2) has an asymptotically stable (unstable) quasi-periodic solution in the
neighborhood of (z*,y*, 2*). So, we shall call the periodic solution the source (re-
spectively, saddle, sink) periodic solution of (1.2) when the semi-trivial equilibrium
of (3.2) is a source (respectively, saddle, sink), and call the quasi-periodic solu-
tion the source (respectively, saddle, sink) quasi-periodic solution of (1.2) when the
nontrivial equilibrium of (3.2) is a source (respectively, saddle, sink).

For the original system (1.2) in the neighborhood of (z*, y*, z*), the above bifur-
cation criteria divide the parameters plane (K., 7.) into seven regions (see Figure
7). In region D;, there is only one trivial equilibrium which is saddle; when the
parameters vary across the line L from region D; to Ds, the trivial equilibrium
becomes a sink point, and an unstable periodic solution O; (saddle) appears by
Hopf bifurcation from the trivial solution; with the variation of the parameters
from region D5 to D3, another sink periodic solution O, appears by Hopf bifurca-
tion from the trivial solution; in region Dy, a sink quasi-periodic solution appears
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Figure 7. The bifurcation diagram with parameters K. and 7. near (K., 7).

by Neimark-Sacker bifurcation from the periodic solution Oz, and Oz becomes a
saddle from a sink; when the parameters vary across line T3 from region Dy to
D5, the sink quasi-periodic become a source one; in region Dg; quasi-periodic solu-
tion collides with the periodic solution O; and then disappears, and O; becomes a
source solution; when the parameters vary across line Ly from region Dg to D7, the
periodic solution O; collides with the trivial solution and then disappears, and the
trivial solution become a source from a saddle; when the parameters vary across
line Ly from region D7 to Di, the saddle periodic solution O collides with the
trivial solution and then disappears, and the trivial solution become a saddle from
a source.

Because system (1.2) has the same characteristic equation of linearized system
for equilibria Fy and FEs, there are the same dynamical behaviors in the neighbor-
hood of Es and E3. Therefore, for system (1.2), there are the coexistence of a pair
of unstable periodic solutions in region Dy and D7, the coexistence of a pair of
stable periodic solutions and a pair of unstable periodic solutions in region Ds, the
coexistence of two pairs of unstable periodic solutions in region Dg, the coexistence
of a pair of unstable periodic solutions and a pair of stable quasi-periodic solutions
in region Dy, and the coexistence of a pair of unstable periodic solutions and a pair
of unstable quasi-periodic solutions in region Ds.

We give the numerical simulation for Fo and F3 when 7. = —0.0001, K. =
—0.9, 7. = —0.00337, K. = 0 and 7. = —0.001, K. = 0.52 respectively. The two
parameters belong to regions Do, D3 and Dy respectively (see Figures 8-10), and
there exists a pair of stable fixed points, a pair of stable periodic solutions and a
pair of stable quasi-periodic solutions respectively.

Figure 11 is the bifurcation diagram for equilibrium Es when 7 € [0,0.48] and
K = K.. From this figure, we know that a family of stable bifurcating periodic
solutions occur when 7 € (0.1,0.42), and the inverse period doubling bifurcation



338 Y. Ding and W. Jiang

50 100 150 200 250 300

t
20
> 0 B
-20 . . . . .
50 100 150 200 250 300

30 ;

0 50 100 150 200 250 300

Figure 8. Waveform plots for Liu system (1.2) with 7. = —0.0001 and K. = —0.9
for E5 and Es3 respectively: two stable fixed points are coexisted.

K=Kc, 1=0.46

20

-20
280 285 290 295 300

280 285 290 295 300

280 285 290 295 300

Figure 9. Waveform plots and phases for Liu system (1.2) with 7. = —0.00337
and K. = 0 for Fy and Fj3 respectively: a pair of reversed phase stable periodic
solutions are coexisted.
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Figure 10. Waveform plots and phases for Liu system (1.2) with 7. = —0.001 and
K. = 0.52, for F» and Ej3 respectively: a pair of reversed phase stable quasi-periodic
solutions are coexisted.

approaches to chaos is found in (1.2). When 7 approaches to 7. = 0.46337, the
stable Hopf bifurcating periodic solutions disappear, and chaos occurs again with
the increase of delay. There does not exist the region in which the equilibrium
E5 is stable, which is different from Figure 6 and is in accordance with Figure 2.
Similarly, equilibrium FE3 has the same dynamical behaviors as equilibrium FEs.

4. Conclusion

In this paper, we discuss the stability of equilibria and bifurcating periodic solutions,
the direction of Hopf bifurcation and dynamical behaviors near the double Hopf
bifurcation critical point in Liu system with delay feedback.

We propose a realizable technique to control chaotic Liu system (1.1) to be
stable using delayed feedback control method. Namely, if delay 7 and feedback
strength K satisfy the conditions of Theorems 2.3 and 2.4, then the system (1.1)
can be controlled in new states, which have a pair of stable equilibria or a pair
of stable bifurcating periodic solutions, and the chaos disappears. Furthermore,
we derive the normal forms of double Hopf bifurcation and their unfolding with
perturbation parameters, and then give the bifurcation diagram for the perturbation
parameters and analyze the dynamical behaviors near the double Hopf bifurcation
point. Therefore, with the change of delay and feedback strength, we can obtain
the coexistence of a pair of stable periodic solutions, a pair of unstable periodic
solutions, two pairs of unstable periodic solutions, a pair of stable quasi-periodic
solutions, or a pair of unstable quasi-periodic solutions.

We give the bifurcation diagrams (Figures 6 and 11) to illustrate numerically
that a family of stable bifurcating periodic solutions occur in a large region of delay
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Figure 11. Bifurcation diagram for equilibrium F2 when 7 € [0,0.48] and K = K..

and the Liu system can appear the phenomenon of “chaos switchover”. It is a
helpful trying for studying the complex phenomena of delay differential equation.

Since the time delay is easy to be controlled and realized in real applications,
our paper proves once again that DFC method is an effective method to control or
generate chaos.
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Appendix

Rescaling the time by ¢ — (¢/7) to normalize the delay so that system (1.2) can be

written as
i =ar(y —x) + K7zt — 1) — z(t)],

y =bre — kT2Z, (A.1)
2 =—crz+ hre?.
We let K = K. and 7 = 7., and choose
T A, 0 =0,

77(9) = 07 0 € (_170)7
—-7.B, 0=-1,
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with
—a—K. a 0 K. 0 0
A= b—kz* 0 —kx* |, B= 0 0 0
2ha* 0 —c 0 00
Then the linearization equation at the equilibrium of (A.1) is

X(t) = LoX,,

where Lo¢ = fi)l dn(0)p(0), ¢ € C = C([-1,0], R?), and the bilinear form on
C*xCis

0 0
(¥(s) , ¢(0)) = 1(0)¢(0) — Ll E:O¢(€—9)d77(9)¢(§)d§,

where ¢ € C, ¢ € C*. Then the phase space C is decomposed by A = {+iw, Fiws}
as C=Pa®Q, where Q@ ={p € C: (¢,p) =0,forall v € P* and the bases for P
and its adjoint P* are

©(0) = (a1(0), @1 (0), a2(0), 32(0)), ¥(s) = (¢ (), @ (), a2(s), a5 (5)) "
with
{a1,q0) =1, {41, q1)
(g2:01) =0, (&2, @)
It can be computed directly that

’ <QTaQ2> = Oa <q1‘562> = 07
=1 0.

=0
= 07 <q§aq2> ’ <q3562> =

b— kz* 2hkz*? 2hx*

= (1 _ T Jiw;Tc0
9 = (L, iw; (iwj + ¢)iw; " iw; + c) €
= (pj1,pj2,pj3) "€ —1 <0 <0, (A.2)
a akz* . A .
oDl — " NeTWiTeS 2 (g g gia) Le WiTeS < g < 1
q] J( 3 lev 1w](1w] ¥ C))e (QJ17QJ27qJ3) € ) >~s=> 1,
where
b—akz*  2ahkx*? 2akhx*? .
D] _ (1 _ Qa Z A : a x —— a fE2. "l_KcTce_]ijc)_l? (] — 1,2)
w3 (lw; + c)wj (iw; + ¢)%iw,

We now introduction two bifurcation parameters by K = K.+ K. and 7 = 7.+7,
in (A.1), and denote ¢ = (K., 7.). Then (A.1) can be written as

X(t) = L(e) X, + F(Xy,¢), (A.3)

a(7e + 7)[y£(0) — 24(0)] + (7e + 7 ) (K + Ke)[2e(—1) — 24(0)]
L(e)X, = b(7e + 72)x4(0) ;
—c(7e + 72)2:(0)

0
F(Xt, E) = _k(Tc + Tg)(Et(O)Zt(O) ’
h(Tc + TE)I% (O)
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As in Faria and Magalhaes [5, 6], we consider the enlarged phase space BC' of
function from [—1,0] to R?, which are continuous on [—1,0) and with a possible
jump discontinuity at zero. This space can be identified with C x R3. Thus its
elements can be written in the form ¢ = ¢ + Xgc, where ¢ € C, ¢ € R? and X is
the 3 x 3 matrix-valued function defined by X((#) = 0 for 6 € [—1,0) and X(0) = 1.
In BC, (A.3) becomes an abstract ODE,

%u = Au+ XoF(u,¢), (A4)
where u € C, and A is defined by
A: C'' = BC, Au =1+ Xo[Lou — 1(0)], and F(u,e) = [L(g) — Lolu + F(u,¢).

By the continuous projection w : BC — P, w(¢ + Xoc) = ®[(V, ¢) + ¥(0)c],
we can decompose the enlarged phase space by A = {+iwi 7., tiws7.} as BC =
P @ Kerm. Let n = (1,71,72,72)T and v; € Q' := Q N C! C Kerr, Agr is
the restriction of A as an operator from @' to the Banach space Kerm. Denote
uy = Pn + v, Equation (A.5) is therefore decomposed as the system

{7'7 = B+ U(0)F(®n + v, €),

: ~ (A.5)
U = Aoy + (I — m) XoF(®n + vy, €),

where B = diag{iw1, —iw1, iws, —iws }.
Denote ¢ = (K., 7.), and let My denote the operator defined in V3 (C* x Kerr),
with
M; V(€ = V3(CY), (Myp)(n.€) = Dyp(n, ) By — Bp(n,e),

where V¥ (C*) denotes the linear space of the second order homogeneous polynomials
in six variables (91,71, 72,72,¢) and with coefficients in C*. Then it is easy to
check that one may choose the decomposition Vyi(C*) = Im(M3) @ Im(M3)¢ with
complementary space Im(le)c spanned by the elements K.nie1, 7emie1, K:nies,
TeMiea, Keonpes, Temaes, Kofjaeq, Tefjaeq, where e; (i = 1,2,3,4) are unit vectors.

Then the normal form of (A.3) on the center manifold of the equilibrium
(z*,y*, 2*) near K. =0, 7. = 0 has the form

1
7= Bn+ 59%(77, 0,e) + h.o.t.,

where g is the function giving the quadratic terms in (5, ¢) for v; = 0, and is deter-
mined by g5(n,0,€) = Projamaye X f3(n,0,€), where f3(n,0,¢) is the function
giving the quadratic terms in (7, e) for v; = 0 defined by the first equation of (A.5).
Then the normal form, which is truncated to the quadratic order, is

{ 1t = iwim + di Koy + dyTem, (A.6)

1y = iwamy + di Kema + d37em2,
where d] = gipji7o(e 77 — 1), d} = gjialpje — pj1) + g1 Kepj (e — 1) +
bgjapj2 — cqjspjs, and pj and ¢ (j =1,2;1=1,2,3.) are given by (A.2).

To find the third-order normal form, let M3 denote the operator defined in
VH(C* x Kern), with

Mj = ViH(CY) = V5H(CY), (M3p)(n,e) = Dyp(n,e)Bn — Bp(n,e),
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where V3'(C*) denotes the linear space of the third order homogeneous polynomi-
als in four variables (11, 1,72, 72) and with coefficients in C*. Then it is easy to
check that one may choose the decomposition V3'(C*) = Im(M3) @ Im(M3)¢ with
complementary space Im(M3)¢ spanned by the elements n?71e1, nin2ijze1, M ez,
Minefaea, N3faes, Niiin2es, M2ifse, Miifzes, Where e; (i = 1,2,3,4) are unit vec-
tors.

Then we can derive the normal form up to the third order

1

1
2,9%(777078) + _gé(nuovg) +h'0't'7 (A7)

=Bt 31

where

1 1
5931‘(775070) = 5(1 - P11,3)f31(777050)7

and f3(n,0,0) is the function giving the cubic terms in (n,,v;) for € = 0, v; = 0
defined by the first equation of (A.5), therefore, the normal on the manifold form
arising from (A.5) becomes the following form

1 = iwim + di Kem + dymem + Pom|m|? + Pram|n2|?, (A8)
Ty = iwamz + di Koo + d37emz + Paamz|m|? + Paana|na)?, .
where d/ (i,7 = 1,2) are given by (A.6),
p. _ 2re(hisph — kqiapuiprs) (hq1spiy — kqi2pripas)
H SiW1
B Te(hqi3p?1 — kqi2p11p13)[2hqiap11Pi1 — kqi2(P11pis + p11P13)]
iwl
n Te[2hqiapripir — kqi2(Prip1s + p11913)][2hqisp11p11 — kqi2 (Pripis + p11pis)]
iwl
n 7e(hg23pty — kqoap11p13)[2hqi3Pr1pa1 — kqiz(p21p13 + Pr1p2s)]
2iw1 — lws
B Te|2hq23p11P11 — kqa2(P11p13 + P11p13)][2hqispiip21r — kqi2 (p21p1s + p11p23)]
i(.LJQ
n Te(hG2sp?1 — kGozp11p13)[2hqr3P11P21 — kqiz(Pa1Pis + Pr1P23)]
2iw1 + lws

Te[2hG2spr1Pi1 — kGe2 (Pr1p13 + p11P13)][2hqisp11P21 — kqi2 (P21pis + p11P23)]
iu)z

+

+ 7c(2hqi3p11 — Q127€p13)hi1oo + 7c(2hqi3p11 — Q127€1513)h%ooo
- ch12k(p11h?100 + ﬁllhgooo)y

_Tc(hq13p§1 — kqi2p21p23)[2hq2sp11D21 — kqgez (P21p1s + p11D2s)]

Poo —
22 2iws — w1
B Te|2hqusp21P21 — kqu2(P21p23 + p21D23)][2hq2spi1p21 — kqa2 (p21p13 + p11p23)]
i(.LJ1
+ To(h13p31 — kGi2p21D23)[2hqg23P11P21 — ko2 (Pa1Pis + Pr1P23)]
2iws + w1

n Te[2hqiapa1P21 — kqi2 (P21p23 + p21P23)][2hgesp11p21 — kqez (p21P13 + P11p2s)]
iwl
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Pi2

Py

B Te(hg23p31 — kGaapa1p2s)[2hqesp2i a1 — ke (p23p21 + p21pas)]

w2
n 27 (hG23p3, — kGa2p21p2s) (hqasps — kqaaPaipas)
3iWQ
I [2hG2sp21P21 — ko2 (P21p2s + p21P23)][2hqesp21P21 — kqoe (P21p23 + p21P2s)]

1Ww?2
+ Te(2hqasp21 — g22kpas)hborr + Te(2hqesPz1 — qo2kpas)hooso
— Teqa2k(p21 hgon + P21 h8020)7

:Tc[2h§13p11p21 — kqi2(p21p1s + p11p23)][2hqispripa1 — kqiz(P21P13 + Pr1P23)]

2iwy + w2
27 [2hqi3p21P21 — kqi2(P21p23 +p211523)](hq13p%1 — kqi2p11p13)
w1
n Te[2hqapr1P21 — kGi2(P21p13 + p11523)][2hqisp11p21 — kqi2 (p21D1s + D11p23)]
QiW1 — i(.UQ
n Te[2hq1apa1D21 — kGi2(P21p23 + p21P23)][2hqispir1p11 — kqi2 (Pripis + p11pis)]
1wW1
n Te[2hqaaprip21 — kge2 (p21p13 + p11p23)][2hqispaiPo1 — kqi2 (P21p2s + p21D23)]
w1
+ 27c[2hq23p11p21 — kqoe (P21p13 + pr1P23)](hqi3p3: — kqizp21p2s)
w1 — 2iws
_ Tc[2hqa3p21P21 — kge2(P21p2s + p21P2s)|[2hqispripe1 — kqiz (p21p1s + p1ipas)]
1Ww?2
n 27:[2hG23p11p21 — k22 (p21p13 + p11p23)](hqiapa: — kqi2p21P23)
iw1 + 2iws
n Te[2hG2sp11D21 — ko2 (P21p13 + P11P23)][2hq13p21D21 — kqi2(P21p2s + p21P23)]
w1
n Te[2hG23pa1D21 — kGoo (D21p23 + p21P23)][2hqispi1P21 — kqi2 (P21p1s + p11P23)]
w2

+ 7e(2hquap11 — q12kp13)h(1)011 - ch12k(p11h3011 + pa1hoo + ﬁzlh?mo)
+ Tc(2hqi3p21 — Q12k‘p23)h%oo1 + Tc(2hqi3p21 — Q12k‘1523)h}o1o7

:Tc[2hQ13p11p21 — kqgi2(p21p13 + p11p23)][2hqespiipr1 — kge2 (P11p13 + p11P13)]

w2
_ Te[2hqusp11p11 — kqu2(Pr1p1s + p11Pis)|[2hgespripa1 — kg2 (p21p1s + p1ipas)]
i(.LJ1
n 27c[2hqi3Pr1ip21 — kqiz(p21P13 + Pr1p23)](hqespis — kgaepiipis)
iws — 2iwn
n Te[2hqiapripir — kqi2(Pr1p1s + p11P13)][2hgesP11p21 — kg2 (p21P13 + D11p23)]
iwl
n 27:[2hG1ap11p21 — kG2 (p21p13 + p11p23)|(hqesPi1 — kgoepiib13)
2iw1 + iwsg
n Te[2hquaprip21 — kqi2(p21P13 + P11p23)][2hgespi1p11 — kqgoz (Pr1p1s + p11pPis)]
i(.UQ

21 [2hqespr1P11 — kqaa (Pr1p13 + p11513)] (hgesp3y — kgeepeip2s)
iu)g
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n Te[2hgespr1p21 — ka2 (p21p13 + P11p23)][2hgespr1p21 — kge2 (p21P13 + Pr1p23)]
1wW1
B Te[2hgespr1p21 — ka2 (p21P13 + P11p23)][2hgesp11p21 — kge2 (p21p13 + p11p23))
1wW1
Te[2hG2sp11P11 — ko2 (P11p13 + P11P13)][2hg23p21D21 — kgez (P21p2s + p21D2s)]
1w2
n Te[2hGesp11p21 — ko2 (P21p13 + P11p23)][2hg2sp11D21 — kge2 (P21P13 + Pr1D23)]
w1 + 2iws
n Te[2hGespr1p21 — ka2 (p21P13 + P11p23)][2hgesp11D21 — kge2 (P21p13 + p11D23)]
QiWQ — i(.LJ1

+

+ Tc(2hgaspi1 — Q22kp13)h(1)11o + Te(2hg23p11 — Q22kﬁ13)h%o1o
+ Te(2hqaspar — q22kpas)hiioo — Teqa2k(p11hgiio + Pr1hiown + p21hiieo),
where p;;, ¢;; (i =1,2;5 =1,2,3) are given by (A.2),
(¢ + 2wii)a(azshp?i — kazopripis) — 2wii(karzpiipis — arshpiy)]
¢+ 2wii)[2w1i(2w1i + K¢ + a) + a(kz* — b) — 2iw1 Kee—2w17e] + 2ahkx*?

akx*p11(kas2pis — hasspin) + 2iw1 (2iwr + ¢) Kee 2“1 Temig000
(¢ + 2w1i)[2w1i(2wii + K. + a) + a(kz* — b) — 2iwy Kee—2i@17e] + 2ahkx*?’

h3000 = (

+

. 2ha*hygg — kasapripis + hasspl
2000 = : ’
¢+ 2wii
S 2hp11p11 (kx*ags — cags) + k(cazs — kx*as2)(P11p1s + p11P13)
1100 (b — kz*) — 2hka*> ’
X 2hassp11pin — az2k(Pripis + pripis) — (kz* — b)hiigo
1100 = kr* ’
T
b 2h[a13(wai — wii) + aaes]pr1p21(c + waol — wii) — 2ahkx*asspr1pe1
0110 — R
1
_ kl(aazs + a12wal — arawii) (¢ + woi — wii) — akz*ago](p21P13 + Pr1pes)
I’y
K e@17emiw2Te (oo — jwy ) (iwe — iwr)mo11o
+ bl
Ry
- 2hazspr1p21 — kasa(p21P13 + Pripes) + 2ha*hiyg
0110 iwy —iwg +¢ ’
hl - 2hp11p21[aa23 (C + (.(JQi + wli) — akI*agg + ais ((.UQi + wli) (C + (.(JQi + wli)]
1010 = Rs
+ k(p21p13 + p11ip2s)[akz®ass — (aage + a1owai + a1owii)(wei + wii+ ¢)]
Ry
Kem@1memiw2Te (o)) iws) (iwg + iwg + ¢)mio1o
+ I
Ry
I 2hassp11po1 — kasz(p21p13 + paspii) + 2ha*hig,
1010 = ’

wol+wii+c
ST (2wl + ¢)[ahassp) — akazopaipas — _2W21(ka12p21p23 — haizp3, )]
0020 ™ (¢ 4 2091)[2w0i(2woi + K. + a — Koe~2w2e) 4+ a(kz* — b)] + 2ahkz*?
_ aka*(hagsp3, — kazapaipas) + 2K e e iwy (2iws 4 ¢)moozo
(¢ + 2wsi) [2wai(2woi + K. + a — K.e~2iw27e) + a(kz* — b)] + 2ahka*?’
as3hp3) — kazapaipas + 2ha* hgy
¢ + 2iws ’

3
h0020 -
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Bl k(kx*ass — case)(pa1p23 + p21P23) + 2hpai1pai (cass — kx*ass)
0oLt c(kz* — b) + 2hkx*> ’
5 2hagspaipar — kaga(P21p2s + paibas) — (kz* — b)hioy
hOOll - ke ’
1 2h,p11}_)21 [aCLQg (wli — wgi —|— C) — akx*agg + alg(wli — wgi) (wli — wgi —|— C)]
h1001 = Rs
n k(P21p13 + p11D2s)[akz*ase — (aa2z + a1owii — a1awel) (w1l — wei + ¢)]
R3
Kceiszc_iwch (iwl — i(Ug)(iwl —iws + c)m1001
+ )
R3
T 2hasspr1p21 — kase(P21p13 + pr1Pes) + 2ha*higg,
1001 — )

w1l —weol+ ¢

1 — D1i01: — D1ad1s — Doilos — Doidos. 1 =1
where aij = { DP1iq1j P1iq1j D2iq2; P2iq2j, I (Z — 172,3; ,7 — 17273)

P1iq1y + Pridiy + P2ide; + P2id2;, i # 7,
m = 2hp11p21p1igas — kpiigia(p21Pis +]511p23)](ei“’2"'c*2iw17c —1)
0110 T
 [2hplipoidis — kpui@ia(pa1pas + Pripas)](ev2m — 1)
iu}g
+ [Qhﬁllp%ﬂI% - kp21QQ2(p21]§13 +2§11p23)](67iw1‘rc _ 1)
iwl
n [2hP11 P21 P21 23 — kD21 G2z (p21D13 + Prapas)] (€22 Te—iwime 1)
i(-‘)1 - 21W2 9
_ (hp3,q13 — kp3yp13qie) (17 — 1)
ma2000 = g
—1lwq
_ (hp%1ﬁ11613 - kp11p131511612)(€3iw17-c _ 1)
3i(,¢)1
+ (hp%1P21QQ3 - kp11p13p21q22)(eziwch*iszc _ 1)
iw? - 21(,()1
_ (hp%1ﬁ21§23 - kp11p13p21q22)(einlchriwy-c —1)
in + 21(,()1 )
_ [2hp%1P21Q13 - kp11Q12(p21p13 +p11p23)](1 _ eiLUzTC)
mio10 = :
1w
_ [2hp11p21P11G13 — kP11Giz(p21p13 + pripes)|(eHwrTetiweme 1)
21&.}1 =+ iw2
_ [2hp11P%1Q23 - kp21q22(p21p13 +p11p23)](ei“’”c _ 1)
iwl
_ [2hp11p21P21Gs — kP21Ga2(p21p1s + praipes)] (e Tet2iwzTe — 1)
i‘-A-)l + 21W2 )
— (hP%1P11Q13 - kp21p23p11q12)(einzchiwlrc —1)
Moo20 = s d
wy — 21W2

_ (hp31g2s — kp3ip2sgen)(€?™ — 1)
i(.UQ
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(hp3,P11G13 — kpa1p2sPiiaz) (€292 Tetin™e — 1)

iwl + 21W2
_ (hp%1ﬁ2lq23 — kp21p23]§21(j22)(e3iw270 —-1)
3i(,¢)2 )
_ [2hp} Porqrs — kp11g12(P21p1s + p11Des)] (€792 — 1)
mioo1 = -
1wWo
+ [2hp11p21P11013 — kp11giz(Paipis + pripes)](€¥ 171927 — 1)
iWQ — 21&.}1
n [2hp11P21 P21 023 — kp21Goz (Pa1p1s + piiPas)] (e Te—2w2Te _ 1)
2iW2 — w1
_ [2hp11P31Gos — kP21G22 (Pa1p13 + p11p2s)] (€91 7e — 1)
iwl .

Ry =(c 4 woi — wii)[i(ws — wi)(wol — wii+ Ko + a — Kee@1792)i7e) g (kz* — b))

+ 2ahkz*?,

Ro =(c 4 woi + wii)[i(ws 4+ w1)(Ke + a 4 woi + wii — Kee~ @1F92)ime) L (kz* — b))
+ 2ahkz*?,

Rs =(c 4 wii — wai)[i(wy — w2)(Ke + a + wii — wai — Keel@2=91)i%e) g (kz* — b))
+ 2ahkz*?.
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