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EXPLICIT SOLITON SOLUTIONS OF
THE KAUP-KUPERSHMIDT EQUATION
THROUGH THE DYNAMICAL
SYSTEM APPROACH*

Jibin Li%*? and Zhijun Qiao®

Abstract In this paper, we study the traveling wave solutions of the Kaup-
Kupershmidt (KK) equation through using the dynamical system approach,
which is an integrable fifth-order wave equation. Based on Cosgrove’s work
[3] and the phase analysis method of dynamical systems, infinitely many soli-
ton solutions are presented in an explicit form. To guarantee the existence
of soliton solutions, we discuss the parameters range as well as geometrical
explanation of soliton solutions.
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1. Introduction

Recently, we studied the bifurcation and traveling wave solutions [10] of the KdV6
equation

2 —
Urzrrrx + AQUzUgrze + bumxuxxm + Cug;uxx + dutt + CUgxrt + fuxuzt + JUU gy = O; (1)

where a,b,c,d, e, f and g are real constants.This equation was derived by Karasu-
Kalkani and his coworkers [7] and has Lax pair and soliton solutions. As we did
in [10], letting u(z,t) = u(x — vt) = u(§) and ¢ = u¢ and integrating equation (1)
with respect to & once, then we have

o) + agg + @W —evg’ + §¢3 N W& +dv’d+ B =0, (2)

where (3 is an integral constant and “/” stands for the derivative with respect to &.
ev

The transformation y = —(¢ — <) sends (2) to the following fourth-order ordinary
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differential equation:

iv b—a c
Y = ayy + L 5 )(y’)2 —gy -l tay+ 5 (3)
where N = _%_’_ 'u(f;rg)7 o = _(cejz'uz . ev2(({+g) +dU ) and ﬁ cgag ezv‘;g];rg) 4
dev®
=t Do

In fact, there are a number of nonlinear wave equations with physical back-
ground, such as Sawada-Kotera-Caudrey-Dodd-Gibbon equation [13, 2], Kaup-
Kupershmidt equation [8, 9, 6] and other higher order integrable equations [5],
whose traveling wave equations are able to be the special forms of equation (3). In
this paper, we study the traveling wave solutions of the Kaup-Kupershmidt (KK)
equation [8, 9]:

d 45
ut o (Mm + 71@ + 30Uty + 60u3) =0, (4)

through using the bifurcation approach.
Letting u(z,t) = u(x—vt) = ¢(£), integrating once with respect to £, and taking
¢ = —¥%, we obtain the following four order ordinary differential equation

. 45
y) = 15yy" + S W) =15y + vy + 5, (5)

which is apparently a special form of equation (3). The first integrals and some
solution formulas of equations (5) have been studied by Cosgrove [3], where (5)
corresponds to the F-IIT form of the higher-order Painleve equations in Cosgrove’s

paper [3].
Let 21 =y, 2 =2y =y, x5 =24 =", x4 = 25 = y"”. Then, equation (5) is
equivalent to the following four dimensional system

5
Ty =x9, xh=1x3, Th=u1z4, T)= 151123+ Z:z:% — 1523 vz + 8,  (6)

which has the following conservation laws [3]:

Py (w1, 22, 3,24) = (24 — 122122)? — 3w12% + (323 4 3003)w3 — 92323 — 7227
—v(2z123 — 23 — 82%) — 2B(x3 — 623) — 3v8 = K3
(7)
and
Dy (z1, 2, T3, T4) = 3:13:4 (3 + 182%)z074 + Ig 6z3x% + (27331:172 + 30x1) w3
Zag + Batad — 4525 — v(2
z123 — 221) — B2z 23 — 23 — 6a3)

—i—lvzx%—i— 2uBzy — grv® — B2 = Ko,

Toly — 53:3 + 23:1:173
_E

(8)
where K1 and K> are real constants.
We shall study dynamical behaviors and exact solutions of (6) in the four di-
mensional phase space R* = (x1, x2, 3, 24) for the case 3 = 0.

Let f(x1) = 1523 — vz; — 8. Then %111) = 4522 —v. For 3 = 0, and v >

0, (6) has the following three equilibrium points E; ( MiBe 0,0 0) , E5(0,0,0,0)



Soliton solutions for the Kaup-Kupershmidt equation 245

and E3 ( V15v 0 0 O) . Let M (z,.,0,0,0) be the coefficient matrix of the linearized

5
system of (6) at the equilibrium point F;(j = 1,2,3). Then we have

150

0 1 0 o0
0 0 1 1

M(z,,,0,0,0) = 0 0o o0 1 ©)
v — 453:?]_ 0 15z, O

At these three equilibrium points, one can easily calculate the eigenvalues of
M(z,.,0,0,0),j=1,2,3

1;17

T4, £hoi;  Evi, £oii A, ), (10)

1
where A = Y224 (VI + 7)¥, Ay = Y24 (VT5 — v/7)F

Therefore, equilibrium point EJ, j= 1, 2,3 is a center-center, center-saddle and
saddle-saddle, respectively.

In our earlier paper [10], one of our results showed the dynamics of (6) at the
equilibrium point Fs and some explicit solutions. In the current paper, we are
dealing with the dynamics of (6) at the equilibrium point E; and E3 and discuss
the orbits that are homoclinic to the equilibrium points F5 and E;. We will give
the parametric representations of these orbits. Furthermore, we find infinitely many
soliton solutions of the KK equation, which are different from the typical solitons of
the original KdV equation. Those solitons lie in a two dimensional global homoclinic
manifold assigned by the equilibrium points F3 and FE; in four dimensional phase
space through the two conservation laws @1, ®5.

2. Explicit soliton solutions of (4)

Let K7 and K> be two arbitrarily given constants. Then, the two level sets, defined
by @1 (21, x2, 23, 24) = K1 and ®o(z1, 22, 23, 24) = K2, determine two three dimen-
sional invariant manifolds of system (6). Their intersection is a two dimensional
manifold.

For our convenience in the following context, let us take v = p?,p > 0. Then, at
the equilibrium point Fy and Es, the values of K; and K5 in equations (7) and (8)
are given by

_16V15 . 64

K1 = ®,(E;3) = Kot — ®o(Fr) — —
11 1(E3) 1125 21 2(E3) = 2025P

_ 16415 5 _ _ 64 4
Klg = (I)l(Eg) 1125 K23 = (1)2(E3) = ——2025]9 .

We investigate the solutions on the intersectional manifold of the two level sets
Oy (21,9, 23, 24) = K1 and Po(x1, x2, 23, x4) = Koj, which pass through the equi-

V15 (0

librium point F; (:I: T

) ,j = 1,3. In this section, we first consider the

equilibrium point Fj3.
By Cosgrove’s results [3], we have

(U'() +V'(€)?

OO +VE)? U?(§) — VZ(€) — 24s, (11)

y=mr1(§) =
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where U and V are defined through inversions of the following two hyper-elliptic
integrals

U 1% U 1%
I E/ dr +/ dr —cn L E/ Tdr +/ Tdr Oyt
o VP3(T) Jeo v/ Ps(7) oo VP3(1) Joo A/ P3(7)
(12)

1 1
Py(t) = (* + A3)” = 2p*(t* + As) + Bst + 25 (13)

with B? = Klg, Az = é;?% = 4‘27ﬁp, and C7 and Cs are integral constants.

Under the assumption of v = p?, 3 = 0, P3(t) can be cast into the following form

1
v 4(5v/15)2 5 V5
Psy(t) = 65— 4 915pt4 + %pzﬁ + X 225)2p2t+ 465611)3

2
_ o | 18(45vTBp)E o 945vIBp)E, 215
= Toom3 (27t +%t+5\/15p> (27t - ==t — 22
= (t+r3)(t+ra)[(t —r)(t —r2)]?,

(14)
where 7y = 198 (LTS 5 1y2) 5. 7, = 9 (VT - Lva) o5
rs = 15)4 (\/_+ 1\/_) \/_7 T4 = (11521 (\/_— g\/—) v/P- One can easily check

the followmg relationships rl + 17 (7‘4 +rg)tryry = /\%, 7‘% +ro(ra+rs)+rary = )\3.
Lete; = %(T’4—|—T3—|—2T1) 15)4 ( V45 + 1\/ ) /P and ez = %(T4+T3+2T2) =
1
(152)4 (£V/45 — 5V21) \/p. Then, by (12) and (14), we obtain
(>€+€1 Ur+A14/UZ+2e1 U1+>\§) (>\§+€1 Vi4+A1y/V32+2e1 V4 +)\?) _ 0167)‘15, (15)

Ui Va

and

(,\§+62U2+>\2./U§+282U2+A§) (A§+e2v2+A2,/V22+262V2+>\§) _ Ce-at (16)
)

Uz V2

where U; =U(§) —rj, V; =V () —rj, j=1,2.
To solve for U(€) and V() from equations (15) and (16), let

)\% +eV1 + /\1\/‘/12 + 2e1V1 + /\% = ai, /\g + esUs + )\2\/U22 + 2e5Us + )\% = a2,

where a; and as are two constants, which are given through equations (24) and (25)
below. Therefore, equations (15) and (16) admit the following solutions

Cl/\l

U§) =Ual&) =m + —2e1C1 + Cre=21€ + (e3 — \2)eMé’

V(&) =Va=r1+ Vio,
(17)

arer—\/aTe? (a7 —2Nan) (e D)

where Vig = Sy ; and
€1 AT

Co o
—2e305 + Cae™ 226 + (€2 — \3)er2t’

V() =Ve(§) =m2+ U(&) = Uy =ra + Usp,

(18)
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_ 2,2 __ )\2 )\
where Uy = 22 Vezed— Af saz)(e5=25) . Apparently, one can easily calculate the

derivatives of U,(¢) and Vb({)

CiA2[Cre M8 — (€2 — A2)eM€]
[—2e1C + Cre=ME + (2 — \2)eME]?

Ua(§) = (19)

and
CQ)\%[0267>Q£ — (6% — )\%)6)‘25]

[—2e2C05 + Coe 228 + (€2 — A\3)er2€)2”

So, by equation (11), system (6) has the following three classes of explicit solutions:

Vi) = (20)

N /13, s, VTS
21(8) = y(§) = 211(§) = [(AGESADE (Val©))” = (V)" + —=p,  (21)
7O =20 =ru©) = G - 2+ B (22)

(VA0 + Vi(©)? Wi

z1(§) = y(§) = 213(§) = AGEAGER (Ua§))® = (Vu(6))* + 57 Do (23)

It is not hard to see that the above three solutions (21), (22) and (23) have the
following asymptotic behaviors as £ — oo or £ — —o0

8v15

l‘ll(f) — l—27‘% — 2T‘1V10 — V120 + 7p‘| = $11(:|:OO),
8v15

$12(§) — [—27‘% — 2T2U20 — U220 + Tp] = $12(:|:OO)

and

8\/512\/@9

r13(&) — [_(7’%4‘7”%)4' o7 P 5

In order that z11(+00) = z12(+00) = ‘/1;”, solving the above first two equations
for Vip and Usyg leads to

31
Vip=—-r1+ 1—35\/15]9—7“%,

31
U = —r2 + T3z v 15p — r3.

Therefore, the earlier two constants a; and as should be given by

a1 =X +e1Vip+ M \/V120 +2e1Vig + A3, (24)

as = )\g+62U20+)\2\/U220+2€2U20+)\%. (25)

Obviously, three solutions x11(€), z12(§), and z13(§) of (6) with 8 = 0, given
by (21), (22), and (23), respectively, depend on integral constants Cy; or Cy or
both. In general, these three solutions have singularities at some points where the
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denominators of U, (£) and V() are equal to zeros. However, when we choose the
two constants C7 and Cs satisfy the following conditions:

AP A3
0<01<1—?%0.0173,0<02<1—e—2%0.0855,
1 2

(21), (22) and (23) will yield the smooth soliton solutions. That is only the case
where solitons happen. For example, for some fixed pairs (C1,C3), we have the

graphs of z13(¢), decaying to a non-zero constant \/11?” (See Fig. 1 (1-1)-(1-5)).

(1-1) (1-2) (1-3) (1-4) (1-5)
Fig.1 The graphs of the function z13(§) given by (23) for p = 1.

(1-1) C; = 0.0008, Cy = 0.008. (1-2) C; = 0.001, Cs = 0.01. (1-3) C; = 0.003, Cy = 0.03. (1-4)
€y = 0.005, Cy = 0.05. (1-5) Cy = 0.007, Ca = 0.07.

The solution z13(€) of equation (6) depends on two integral constants C; and
(5, and generates a two dimensional homoclinic manifold pertain to the equilib-

rium point Fjs Visp ,0,0,0) of (8). The manifold is a global flow, which is deter-
15 g

mined by the intersection of the two conservation laws ®; (21, z2, 23, 24) = K13 and
Oy (21, 2, 73, 74) = Ko3.

3. Explicit quasi-periodic and periodic solutions of
(4)

In this section, we discuss a dynamical flow, which is called the center manifold
determined through the equilibrium point E;. In this case, by equations (12) and
(13) as well as Cosgrove’s work [3], Py (t) should be
4\/ 3 s 415
Pl(t): 6 +_ 2t2+ (5\/—)2 It — 3

2
s1? — o5 PP et ? (26)

Clearly, by the parameter transformation p — —p, the polynomial P;(¢) becomes
P5(t). Therefore, following the solutions (17) and (18) yields

Cli)\l

: . 27
—2e1C) + Cre=ME 4 (€2 + A\3)eiMé (27)

Ual (5) =r+

and
Cgi)\g

—2e305 + Cae~ A28 4 (e3 + \3)eiret’

Taking their real parts and imaginary parts, we obtain

CiA[—2e1C1 + (C1 — ef — A3) sin(M€)]

[—2e1C1 + (C1 + €1 + AT) cos(M€)]?2 + (C1 — € — A\1)?sin ()\1? ’)
29

Vi1 (§) = ro + (28)

Ualr(g) =r —
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01/\1[—26101 + (01 + 6% + )\%) COS(/\1§)]

[—2€1C1 + (C1 + €1 + A2) cos(A16)]2 + (C1 — €3 — \p)? Sin2(/\1§()7 )
30

Uai(§) =7 +

and
Caodi[—2e2C5 + (Co — €3 — A3) sin(A2€)]

[—2e2C5 + (Cy + ez + A3) cos(X2€)]2 + (Ca — €3 — Xg)2sin(N2f)’
(31)

Vorr(§) =12 —

Coda[~2€205 + (O + €3 + A3) cos(\af)]
[—2e2C5 + (Cy + ez + A2) cos(Ma€)]? + (Ca — €3 — Xa)2sin?(A\2f)
(32)
So, by the procedure similar to (23), system (6) has the following two real solutions
(one is the real part y,.(xi), and the other one the imaginary part y;(£)):

o) = W (O + V5, (9)2 8V15
n(&) =30 = G e~ Uar©) = (V@) - —=p  (33)

Vori(§) = r2 +

and
U, V! (6))? 8v15
7 =uie) = GO IOL (002 - vinie)? - 500 30
Because i—’: #* i—’;, (33) and (34) generally give two families of quasi-periodic so-

lutions of (6) for any real number pair (Cq,C3). However, in the special case of
C1=0,C2#00r Cy =0,C1 # 0, we are able to obtain two families of periodic so-
lutions of (6). All these solutions lie in the center manifold My = {(x1, z2,x3,24) €
RY|®1 (21, 22,73, 14) = K11, ®Pa(21, T2, 3, 24) = Ko7}, which is relevant to the equi-
librium E4 of (6).

4. Conclusion and open problems

To conclude our results, we present the following theorem.

Theorem 4.1. 1. The traveling wave system (6) with 8 = 0 of the KK equation
(4) is able to determine two two-dimensional manifolds: homoclinic one M =
{(J,'l, 2,3, $4) S R4|‘I)1(£L'1, To, X3, $4) = K13, (1)2(111, To, X3, $4) = K23}, and
center one My = {(x1, 32,23, 74) € R} ®1 (21, 22,73, 74) = K11, Pa(21, T2, 73,
x4) = Ko1}, which are relevant to the two equilibrium points Es and Eq,
respectively. The dynamical flows of (6) can be solved on homoclinic manifold
M and center manifold My by (x13(€), x15(&), x5(), 21%5(E)), where x13(E) is
given by (28) and (33) or (34) respectively.

2. The KK equation (4) has infinitely many classical soliton solutions given by
2 2

(21), (22),and (23) if two constants satisfy 0 < Cy <1—2L, 0 < Cy < 1—%,
2

=
and also has infinitely many quasi-periodic solutions ancli periodic solutions
given by (38) and (34).

In our paper we only deal with the case of 8 = 0 for the traveling wave system
(4). What about the case § # 07 It can be discussed by the same method, if P;(t)
has a double root. Any cuspon [14, 11], peakon [1, 4] or M/W-shape soliton [12]
solutions appear for the system (4) like the CH, DP, and others? We do not know
yet. Also, can (4) be written as a canonical Hamiltonian form?
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