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MINIMUM WAVE SPEED FOR A
DIFFUSIVE COMPETITION MODEL
WITH TIME DELAY

Wenzhang Huang® and Yinshu Wu &1

Abstract In this paper we study mono-stable traveling wave solutions for
a Lotka-Volterra reaction-diffusion competition model with time delay. By
constructing upper and lower solutions, we obtain the precise minimum wave
speed of traveling waves under certain conditions. Our results also extend the
known results on the minimum wave speed for Lotka-Volterra competition
model without delay.
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1. Introduction

Diffusive competition models are widely used in Agricultural pest control, dispersal
dynamics of populations, disease transmission dynamics, chemical reaction, and so
on. Nowadays the time delay effect has been considered as an important factor in
modeling the functional response, or the reaction to a population growth because
in general this functional response or reaction not just depends on the current
state but is an accumulated effect over a previous time period. The following is a
Lotka-Volterra competition model with time delay which has been studied by many
authors( [1], [8]).

0
us(x,t) = Au(x,t) + u(z, t) {1 —u(x,t) —ay / v(x,t + 0)dm (9)}

—0

(1.1)

0
ve(x,t) = dAv(z,t) + ro(a, t) {1 —v(z,t) — ag/ u(z,t + 9)d772(9)}

—0

where u(x,t)and v(z,t) are densities of two populations at time ¢ and location
zreR", A=3", 02 /022 is the Laplace operator, aj, as, d, r, and o are positive
constants, for i = 1,2, n; : [-0,0] — R is nondecreasing, and is of bounded vari-
ation with fi)a dn;(#) = 1. The system (1.1) is a modification of the well known
Lotka-Volterra competition model with the consideration of time delay effect. The
system (1.1) has two equilibrium points (1,0) and (0, 1) that represent the state of
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extinction of one population. One of the important and interesting problems for
the system (1.1) is the existence of traveling wave solutions connecting these two
equilibrium points, which gives a strong evidence of the principle of competitive
exclusion in evolution ecology. In the case of bistable case, that is, both the equi-
libria (1,0) and (0, 1) are stable with respect to the corresponding reaction system
(equivalently a; > 1 and ag > 1), the existence of a bistable traveling was studied
previously in [6]. While in the mono-stable case, i.e., the equilibria (1,0) and (0, 1)
have the opposite stability, the research on the existence of traveling wave solu-
tions, in particular, finding exact minimum wave speed, has not yet been conducted
carefully.

The purpose of this paper is to study the traveling wave solutions for mono-
stable (1.1). (1.1) is mono-stable if either a3 < 1 < ag or a3 > 1 > ag. Without
loss of generality we suppose throughout this paper that

a1 <1< as.

With this assumption, the equilibrium (1,0) is stable and equilibrium (0,1) is
unstable. Hence it is natural to expect that there exist traveling wave fronts moving
from (0,1) to (1,0). The existence of such mono-stable traveling wave solutions for
the Lotka-Volterra competition system without delay has been studied by several
authors [2], [3], [5]. In this paper, we shall extend the results for non-delay systems
to our system (1.1). In particular, we will give sufficient conditions under which the
minimum wave speed is precisely equal to ¢, = 2v/1 — a;.

This paper is organized as follows. In Section 2 we provide some preliminary
results for traveling wave solutions of a monotone time-delayed reaction-diffusion
system. In Section 3 we establish our main theorems on the existence and minimum
wave speed of traveling wave solutions for the system (1.1). Although our approach
is standard monotone iteration arguments, the construction of upper solutions for
time delayed system is nontrivial.

2. Preliminaries

Consider the time delayed n-dimensional reaction-diffusion system

Ou(z,t) 0

—5 = DAu(z,t) + F (u(m,t),/

—0

dn(0)u(x,t + 9)) : (2.1)

where u(x,t) € R", F: R" x R"” — IR" is a smooth function, D = dig(dy,- - ,d,)
is a nonnegative and nonzero diagonal matrix, 1 : [—0,0] — IR™*" is of bounded
variation with o > 0. We further suppose that

H1 There is a strictly positive vector UT € IR™ such that
F(0)=FU*,n*U") =0, where n* = f?g dn(9).

We look for a traveling wave front of (2.1) connecting the equilibrium points 0 and
U™, ie., a solution of the form u(z,s) = U(x - k + cs) satisfying the boundary
condition

U(—o00) =0, U(x)=UT, (2.2)

where £ € IR™ is a unit vector and ¢ € IR is a wave speed. A straightforward
substitution yields that U(t) with ¢t = x - k + cs satisfying the system



Minimum wave speed for a diffusive competition model with time delay 207

cU(t) = DU(t) + F(U(t),/o dn(H)U(t—i-cG)). (2.3)

—0

Let R be a rectangle region:
R={0<u<U"}
We further suppose that

H2 7(0) is non-decreasing and n* : R — R.

H3 the function F(u,v) = (Fi(u,v),- -, F,(u,v)) satisfies the monotone condi-
tion in R x R. That is, for u,v € R,

Fi(u, - L
w 205 ’Lv]:lv"'anvl¢jv
Ui
) ! (2.4)
7Fi(u’v) >0, 4,57=1,---.
an

H4 F(u,n*u) # 0 for all 0 < u < U™ and there is a positive vector h € IR" and
a positive number sy such that F(sh,sn*h) > 0 for all 0 < s < s¢. (Here for
u=(uy, - ,Up)v=(v1, - ,0,) ER"uKvifu <wv fori=1,--- n.)

Theorem 2.1. Under Assumptions H1 - H4, there is a ¢, > 0 such that the system
(2.1) has a nonnegative traveling wave solution connecting 0 and U if and only if
c > cy. Here c, is called the minimum wave speed.

We shall omit the proof of this theorem because the proof is essentially similar
to the proof for non-delay system (see Theorem 4.2 in [7]).

By the monotone condition (2.4), we can pick a sufficiently large number p such
that the function

FP(U,V) = pU + F(U,V)

is monotone increasing for U, V € R. It is well known that U (t) = (U1(t), - - , Un(t))
is a bounded solution of (2.3) if and only if for i =1,--- | n,

. [/ eit=3) P (17 (s), [° s+ cb))ds
U = g | [ U, UG+ )i

[ W), 1, o) s + o)) s 29

def

= F(U)(),
where a; < 0 and 3; > 0 are two roots of the equation
diX?> —eh— p=0.
Definition 2.1. A function U € C(IR;IR"™) is an upper (lower) solution of (2.5) if

Ui(t) = F(U)(t)  (U:(t) < F(U)(1), teR.
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It is obvious that, if U € C?(IR,IR"™) and

0
cU(t) < DU(t) + F(U(t),/ (@)Ut +ch)), teR,
then U(t) is a lower solution of (2.5).
In general, finding an upper solution of (2.5) is more difficult. The following
lemma provides a way for construction of an upper solution.

Lemma 2.1. Suppose ¢ > 0 in (2.5). Let U = (Uy,---,U,) € C(R,R). IfU(2)

18 nondecreasmg and there are constants t1,- -+ ,t, such that U;(t) is continuous on
(—o0,t;] and U;(t) is piecewise continuous on (—oo,t;], in addition,

U > &Ui(t) + F(Ui(t), [ dn(@)U(t + cB)), t € (—oo,ti]

2.6
Uty =Ut, t>t 2.6)
then U(t) is an upper solution of (2.5).

Proof. Since U;(t) is non-decreasing, U;(t;) > 0, here U;(t;) is the left derivative.

Define U = (Uy,--- ,U,) by

_ Ui(t), t<t;
Ui(t) = . (2.7)
{ Ut +Ui(t)(t—t;),  t>t.
Then U(t) < U(t), t € R. Fori=1,---,n, let
d:Ui(t) — cUs(t) — pUs(t) = —hi(t), te€R. (2.8)
Then (2.6)- (2.8) yield that
hi(t) > pUs(t) + Fi (U (), [°, dmi(@)U(t + ¢B)), t € (—oo,ti]. (2.9)

Recall that F;(UT,n*Ut) = 0 and U(t) < U*T. The monotonicity of F*(U,V)
implies that

pUF = pUt +E.(U+,/O dn(0)U") > Ff(U(t),/O nOU(t +ch)).  (2.10)

Hence for t > t;,
hi(t) = Ui(t:) + pUi(t)
> pU;
(2.11)
=pU + F,(U", n*U")
> pUi(t) + F; (U, [°, dn0)U(t + ), t> t;.
From (2.9) and (2.11) it follows that for ¢ < ¢;,
Ui(t) =U;(t)

1 t [e%}
=— {/ e (=) h(s)ds +/ eﬁi(t*s)hi(s)ds} (2.12)
j j ¢
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Now for ¢ > t;, by (2.10) we have

Uity =0t
-1 [ / t e =) Ut ds + / it U*ds} (2.13)
di(Bi — i) L) e ¢ s
> Fi(U)(t).
(2.12) and (2.13) therefore imply that U(¢) is an upper solution. O

The following lemma is an immediate consequence of monotone iteration argu-
ment.

Lemma 2.2. Under Assumptions H1 - H4, if (2.5) has a nondecreasing lower
solution Uy(t) and a nondecreasing upper solution U°(t) such that

0< Up(t) <Ut) <UT, teRR,

then the system (2.1) has a traveling wave solution of wave speed ¢ connecting 0
and UT.

3. Minimum wave speed of traveling waves for com-
petition model

Let us now turn to the time delayed competition system (1.1). If we let
w(x,t) =1—wv(zx,t),

then (1.1) is transformed to the system

0
u(z,t) = Aulz, t) + u(z, t)[1 — u(z, ) —ar (1 — L w(z,t + 0)dn (0))] 5.1)

wi(z,t) = dAw(z,t) + r(1 — w(z, t))[asz ffg u(x,t 4 0)dn2(0) — w(x,t)]

The equilibrium points (0,1) and (1,0) are transformed to the equilibrium points
(0,0) and (1,1) of (3.1), respectively. For system (3.1), the corresponding reaction
function F' = (F}, Fy) are given by

0
Fi (u, ffo_ w(t+0)dn(0)) =u [1 —a —u+am / w(t + 0)dm (9)} ,

—0

. (3.2)

Ba( 2, ult + 0)dns(0),w) = r(1 = w)|as / u(t + 0)dns(9) — w).
A straightforward verification indicates that, under the assumption of a; < 1 < ag,
the functions F; and Fy expressed in (3.2) satisfy all Assumptions H1 - H4. Let

u(z,s) =U(k-x+cs),
(3.3)
w(z,s) =W(k-z+cs)
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be a traveling wave solution connecting the equilibrium (0,0) and (1,1). Substituting
(3.3) into (3.1) and letting t = x + ¢s yield that

Ut)=Ut) + UG —Ut) —ar(1 = [ Wt + cf)dn ()]
(3.4)
W (t) = dW () + r[1 = W(B)][az [, U(t + cf)dns(8) — W (t)]

with the boundary condition

The linearizion of (3.4) at (0,0) is
U =U+1—a)U

. ) 0 (3.6)
cW  =dW +rag / U(t 4+ c8)dn2(0) — rW.
In order that (3.4) has a nonnegative solution (U(t), W(t)) connecting (0,0) and

(1,1), it is necessary that (3.6)) has at least one positive eigenvalue. The first equa-
tion of (3.6) implies that the eigenvalue A is the solution of the equation

A=X+(1-a)

or
ct /2 —4(1 —ay)
5 .

Hence ) is real and positive if and only if ¢ > 4(1 —a;) and ¢ > 0, equivalently
¢ > 2y/T —ay. That is, a necessary condition that (3.1) has a nonnegative traveling
wave solution connecting (0,0) and (1,1) is that the wave speed ¢ > 24/1 —a;. In
other words, 24/1 — a; is a lower bound of the minimum wave speed. The interesting
question is whether the minimum wave speed is equal to 24/1 — a;. We shall find
sufficient conditions that guarantees that 24/1 — a1 is the minimum wave speed.

Throughout the rest of the paper we let

)\02\/1—(11, 0*22\/1—a1:2/\0.

The above equalities implies that

A=

)\00* = 2(1 — al).

We show the existence of traveling wave solution by constructing of upper and
lower solutions. We shall construct upper and lower solutions for the cases d < 2
and d > 2 separately.

3.1. Minimum wave speed under condition d < 2.

For the case of d < 2, we first establish the following lemma.
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Lemma 3.1. Suppose that
2—d)(1—
[Al] a [IEU 62(1_a1)0d771 (9)} [IEU 62(1_a1)0d772 (9) + ( Ta)z( al) )
Let (UY(t), WO(t)) be defined as follows:
Aot
0 J owee™t, t<t
o ={ 1 LS 7)
Aot
0/ _ ) woe™", t <ty
e = { 10 S (3.5
where
" :r+(2—d)(1—a1)
0 ras )
0 0
wo = [ @) = [ o), (3.9)

—0 —0

t1 = )\ioln(ulo), to = )\ioln(ljo)'

Then (U°(t), WO(t)) is an upper solution of (3.4) with ¢ = c. = 2(1 — ay).

Proof. It is obvious that U°(t) < uge?ot, WO(t) < wpe?t for all ¢ € IR. Hence for

t <,

UO(t) — ay 2, WOt + c.0)dm (6)

Ug — a1 Wo f eroc<Odn, (9)} erot

_ 0 0
Y(1—ai) —a1/ e2(1—a1)0d,’71(9)/ 62(1_“1)%172(6‘)}

—0 —0

2|
=

>0

Noting that )
U%t) — c.U(t) + (1 —a)U°(t) =0, t<t,

from (3.10) and (3.11) it follows that
U0(t) — e, U(t) + U°(t) [1 —Ut) —ar +ar [0, WO+ ce)dm(o)]
= UO(t) — e, U°(t) + (1 — ay)UO(t)
—UO(t) [U%) —ay [° WOt + c.0)dm (9)}
— U°@t) [UO(t) —ay [0 WOt + c.0)dm (9)}

<0.

(3.10)

(3.11)

(3.12)
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Similarly, we have U%(t) < uge*? for t € IR. Hence, for t < to,
r [ag fBU UC(t + c.0)dnz () — Wo(t)}
<r {azuo ffg 200y (6) — wo] Aot (3.13)
= (2—=d)(1 — a1)wpeot
Since 1 — WO(¢) > 0 and
dWO(t) — e, WO(t) = wo(d — 2)(1 — ay)e?, t <tg,
we have
dAWO(t) — e WO(t) + r[1 — WO(t)] [a2 J° UO(t + c.f)dna(6) — WO(2)

< wo(d —2)(1 — ag)e*? + [1 — WO ()]wo(2 — d)(1 — aq)ere?
(3.14)
=-(2-d)(1—a)[V ()

<0.

Hence (U°(t), W°(t)) is an upper solution by Lemma 2.2. O
Next we shall construct a lower solution of (3.4). First, it is well known that
the following boundary value problem

i — et +u(l —a; —u) =0,

(3.15)
u(—o0) =0, u(oo) =1—ay
has a monotone increasing solution Uy (t). Moreover, Uy(t) has the property
Up(t) = e 4 o(eM?) as t — —o0. (3.16)

Lemma 3.2. Let Wy(t) = 0. Then (Up(t), Wo(t)) is a lower solution of (3.4).
Moreover, let F(U, W) be the integral operator defined in (2.5) that is associated to
the system (3.4). Then 0 < F(Uy, Wp)(t) fort € R.

Proof. The lemma follows a straightforward verification. (|

Theorem 3.1. Suppose that d < 2 and Condition [Al] is satisfied. Then the
system (3.1) has a nonnegative traveling wave solution connecting equilibria (0,0)
and (1,1) if and only if ¢ > c.. That is, the minimum wave speed is ¢, = 2y/1 — ay.

Proof. By Lemmas 1 and 2 we have an upper solution (UY W?°) and a lower
solution (Uy, Wy) of (3.4) with wave speed ¢ = c,. Note that both U®(t) and Up(t)
are monotone increasing and any translation Uy(t + 7) of Up(t) is a solution of
(3.15). By (3.16), without loss of generality we can suppose U%(t) > Uy(t) for all
t € R. Hence (Up(t), Wo(t)) < (U°(t), WO(t)), for t € R. Noticing that F(U, W) is
a monotone operator for U, W € C(IR, R), Lamma 3.2 implies that

0 < F(Uo, Wo)(t) = (Ur(t), Wy (t)) < (U°(t), W°(t)), teTR. (3.17)
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It is obvious that (U (t), W1(t)) is a lower solution of (3.4) with ¢ = ¢,. Therefore
Theorem 3 follows from (3.17), Theorem 2.1 and Lemmas 2.3. O

3.2. Minimum wave speed under condition d > 2.

Now let us study the case when d > 2. We suppose r—(d—2)\% > 0 and define the
following numbers and functions which will be used to construct an upper solution.

0
K, :/)&@ﬂﬂ%41—mw+1umw%

3 _ 7”_(d_2))\3K2—17
ras
Ao(d—2) ,
=" “/.2/(d-2)
o 2(d—1)° ’
(3.18)
2
te =——
Ao(d —2)
2 ot
§t) = (=t+ e,
Ao
9.2
t) =(—t+~—) et
u) =(~t+y)
Straightforward computations yield that
£t) = (1 - At)e,
() = —Agte, (3.19)
2
. _ _ _ - Aot
i) =( &@( t+AJe .
From (3.19)) it follows that
GE(1) - c.€(t) = (d — 2)A2E(1) — 20(d — 1), (3.20)

and p(t) is monotone increasing for ¢ < 0. Moreover, by the definition of t., we
have

2
wol(t) < wol(ty) = wo(—t. + —)etot =1, t<t,,
Ao (3.21)

wou(t*)(d — 2)/\(2) = 2/\0(d — 1)

In addition, we have

>r—rafB [ MY —5— + 1)diz(6) (3:22)
(7 9))\2
=r— T(Lgr (d=2)% = (d—2)\}



214

W. Huang and Y. Wu

(3.22) yields that

rle(t) — asfB [°_ &t + c.f)dnz(6))]

0
=7 [g(t) —asf3 e dny (0) (—t)etot

/\06*9

0 2
—as 3 eA“C*H(———i- 1)dn2(6) )\—OeA“t]

0
= [r=rasB [ 0dn(0)](~t)e>!

—0

0 Aocx6
+{T — rasf3 eA“C*e(——O

—0

2
> (d—2)N\5(—t + /\—)e*%
0

= (d = 2)A3&(t)
Now we define the function WO(t) as

. { wo(t), —oo <t <t
wo(t) =

1, t> 1y

and we define U°(¢) depending on two cases:
Case 1. If there is a t; < 0 such that

U’Oﬁf(tl) = 17

then we define

{ wofE(t), t<t
U°(t) =

1, t >t
Case 2. If woB¢(t) < 1 for all ¢ < 0. We define

U}()ﬁf(t), t S 0
U°(t) = § woB(0) +woBE(0)t, 0<t<ty

1, t>t,

where

_ 1 — woB¢(0)
woBE(0)

2
+ l)dng(G)] )\—eA“t

(3.23)

0

(3.24)

(3.25)

(3.26)
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Lemma 3.3. Suppose that

== %% (d- 2))\(2) > max < a1 Ky (d—1) e~2/(d=2) L(d _ 1)672/((172)
- "2(d —2) T (d—2) '

A2
[ ] T(IQKQ

Then (U°(t), WO(t)) defined by (3.24), (3.25) or (8.24), (3.26) is an upper solution.

Proof. For either Case 1 or Case 2, we have
U°(t) < woBE(t), <0,

Hence by (3.20), (3.21), (3.23), for t < t,,

dAWO(t) — e, WO(t) — r(1 — WO () (WO(t) — ay /_ Oa U°(t + c.0)dnz(0))
= wold€(t) — e.€(t) = (1 = wol())r(§(t) — az [, &(t + c.0)dna (6))]
< wo[(d — 2)AGE(t) — 2Xo(d — 1)e* — (1 — wo&(t))(d — 2)AFE(t)]
— wo[~2X0(d — 1)e* +wy(d — 2)A3€2(#)] (3.27)

= wo[—2Xo(d — 1) +wo(d — 2)AFu(t)]e

< wo[—2Xo(d — 1) +wo(d — 2)AGpu(t)]e "

=0.

Now for U°(t) with Case 1, since WO(t) < woé(t) for t < tq, for t < tq,

UO(t) — e.U%(t) + UO($)[1 — a1 — UO() + a1 [°, WOt + ¢.0)dn (6)]

= UO(t) — e.UO(t) + NUO(t) — UO()[UO(t) — a1 [°, WOt + c.0)dm (6)]
< woﬁg( f(t) —ax f_OU(—t —c.0+ )%)e)\oc*ednl (e)ekot]

= —udBe() {18 — a1 [, Po-Cdm (B))(~ 1)t +

2 Aocsb
Il —a1f eoesd(_ o¢

+ 1) (0)]e*'}

(3.28)
By the assumption [A2], we have
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0,\c0 O,\ce Aoc 0
ﬁ—al/ e™0%dny(0) > ﬁ—al/ e (—T—f—l)dm(ﬁ)
1 r—(d—2)\2 (3.29)
= E[T— a1 K1 K>
> 0.

(3.28) and (3.29) immediately imply that, for ¢ < ¢y,
UO(t) — e, U(t) + U () [1—a1—U%%) +a f_OU WOt + c.0)dn (6)] <0. (3.30)

For Case 2, first it is obvious that (3.30) still holds for ¢ < 0. Let us first suppose

1
that a; < 7 then by Assumption [A2] and definitions of 5 and wy (see 3.18), we

have

2 1
U°(0) = woBE(0) = wof— > =. (3.31)
Ao 2
Moreover,
. A2 11— 1
22U0(0) = 2w > = = — > = (3.32)
2 2 4
. 1
By the definition of U°(t), U%(t) = 0 and 1 > U°(t) > U(0) > 3 for 0 < t < ty.
Thus (3.31) and (3.32) imply that for all ¢ > 0 with U%(¢) < 1,
UO(t) — e, U%(t) + U°(t) (1 — U(t) — ay[1 — ffg WO(t + c.0)dni (9)))
1
< - HUB-U®)
(3.33)

IN
|
|
_|_
|
_
|
|

1
Next suppose a; > 3 then from Assumption [A2] and definitions of wy and 3
it follows that for 0 < ¢t < tq,

1> 00 > U°(0) = woﬁ% > ay. (3.34)
0

(3.34) yields that
U')(1 - U°(t) < a1 — ax). (3.35)

Note that 2¢,U°(0) = (1 — a;)U°(0). From (3.34) and (3.35) we deduce that for
0<t<ty,



Minimum wave speed for a diffusive competition model with time delay 217

U0(t) — e.U0(t) + UO() [1 = UO(t) — ar (1 = [°, Wt + c.60)dmy (9))]

< —2¢,U%0) + U (H)[1 — U°(¢)]

(3.36)
< —(1—a)U%0) +a1(1 —ay)
<0.
Hence (U°(t), WO(t)) is an upper solution by Lemma 2.2. O

By using the same argument for the proof of Theorem 3.3 we immediately have
the following

Theorem 3.2. If d > 2 and Assumption A2 hold, then the system (3.1) has a
nonnegative traveling wave solution connecting equilibria (0,0) and (1,1) if and
only if ¢ > c.. That is, the minimum wave speed is cx = 24/1 — a;.

Remark. Note that, if

m(®) =n2(0) =0, 0¢€[-0,0), m(0) =n2(0) = 1,

then (1.1) is reduced to a non-delay system. In this case, we have K3 = Ky = 1.

A2 | r—(d-=2)1-al) Zmax{ah d—1 62/(d2)}.

d
Moreover, d > 2 implies that 1-1 < 1. Hence Assumption A2 is reduced to

ras 2(d—-2)
We have
(d—2)2e(@=2 > (- 2)? [1 + % + ﬁ}
=(d-2)*+2(d—2)+2 (3.37)
=d?—2d+2
> (d—1)%
From (3.37) it follows that
%6_2/ (d-2) < %. (3.38)

(3.38) implies that Condition [A2’] is an improvement of Condition[C4]

r—(d —rii(l %) 5 {‘”’ %}

given in [3].
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