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RANDOM ATTRACTOR OF STOCHASTIC

ZAKHAROV LATTICE SYSTEM
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Abstract In this paper, we consider a lattice system of stochastic Zakharov

equation with white noise. We first show that the solutions of the system

determine a continuous random dynamical system with random absorbing

set. And then we prove the random asymptotic compactness on the random

absorbing set. Finally, we obtain the existence of a random attractor for the

system.
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1. Introduction

Stochastic lattice differential equations arise rapidly in a wide variety of appli-
cations where the spatial structure has a discrete character, and uncertainties or
random influences are taken into account [1, 2, 3, 4, 5, 8, 10]. The global random
attractor was first studied by Ruelle [7] to capture the essential dynamics with pos-
sibly extremely wide fluctuations. Later many researchers developed some general
theories of random attractors.

Let n be a positive integer, and write L2, l2 as

L2 = {b = (bj)j∈Zn : j = (j1, j2, . . . , jn) ∈ Z
n, bj ∈ C,

∑

j∈Zn

|bj |2 <∞},

l2 = {b = (bj)j∈Zn : j = (j1, j2, . . . , jn) ∈ Z
n, bj ∈ R,

∑

j∈Zn

b2j <∞}.

Let (Ω,F ,P) be a probability space with

{Ω = ω ∈ C
(

R, l2 × R
)

: ω (0) = 0}.

F is the Borel σ− algebra generated by the compact-open topology of Ω, P is the
Wiener measure on (Ω,F). Define (θt)t∈R

on Ω by

θtω (·) = ω (· + t) − ω (t) , t ∈ R.
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Then
(

Ω,F ,P, (θt)t∈R

)

is an ergodic metric dynamical system (see [1]).
Consider the following stochastic Zakharov equations on infinite lattices:

{

1
λ
dẋj + αdxj + (A(x+ |z|2))jdt+ βxjdt = gjdt+ ajdw

1
j ,

idzj − ((Az)j + xjzj − iγzj)dt = hjdt+ zj ◦ dw2,
(1.1)

where j ∈ Zn, z = (zj)j∈Zn ∈ L2, x = (xj)j∈Zn ∈ l2, a = (aj)j∈Zn ∈ l2, i is

imaginary unit, α, β, γ, λ are positive constants, gj and hj are given , (w1
j , w

2)j∈Zn

are independent two-side Wiener process on probability space (Ω,F ,P) , ◦ means
the sense of Stratonovich in the random term. Define the coupled linear operator

A in the following way: A =
n
∑

m=1
Am, Am = BmB

′
m = B′

mBm, where Bm, B
′
m and

Am are all linear operators acting on l2 or L2, m = 1, 2, . . . , n. defined by: for any
b = (bj)j∈Zn ∈ l2 or L2,

(Amb)j = 2b(j1,j2,...,jm,...,jn) − b(j1,j2,...,jm+1,...,jn) − b(j1,j2,...,jm−1,...,jn),

(Bmb)j = b(j1,j2,...,jm+1,...,jn) − b(j1,j2,...,jm,...,jn),

(B′
mb)j = b(j1,j2,...,jm−1,...,jn) − b(j1,j2,...,jm,...,jn).

Zakharov equation (in the form of partial differential equation) was introduced
firstly in 1972, which successfully explained the density depression problems in the
laser targeting practice from the international physics community and has received
great attention. Recently, several authors have studied the asymptotic behavior for
the determined lattice system arising from spatial discretizations of Zakharov equa-
tions without noises. Of those, Zhou, Zhao and Yin etc. have studied the existence,
upper bound of Kolmogorov ε-entropy and upper semi-continuity of the global at-
tractor, uniform attractor and kernel sections for autonomous and non-autonomous
dissipative Zakharov lattice equations, see [9, 11, 12] and the references therein.
Zhou & Zhao [10] and Han, Shen & Zhou [3] gave some sufficient conditions for the
existence of a random attractor of stochastic locally coupled lattice dynamical sys-
tem on the space of infinite sequence. Until now, as we know, there is no any result
on the long-term asymptotic behavior of stochastic Zakharov lattice equations with
white noises. In this paper, we consider the existence of a random attractor for
stochastic Zakharov lattice system by using the method in [3, 10]. Firstly, we prove
the solutions of the system determine a continuous random dynamical system with
a random absorbing set, and we then prove that this random dynamical system is
random asymptotical compact on the random absorbing set. Finally, we obtain the
existence of random attractor.

2. Continuous Random Dynamical System

Define the inner product and norm on spaces l2 and L2 as : for any x = (xj)j∈Zn ,
y = (yj)j∈Zn ∈ l2 or L2 :

(x, y) =
∑

j∈Zn

xj ȳj , (x, y)λβ =
n

∑

m=1

λ(Bmx,Bmy) + λβ(x, y),

‖x‖2 = (x, x) =
∑

j∈Zn

|xj |2, ‖x‖2
λβ = (x, x)λβ = λ

n
∑

m=1

‖Bmx‖2 + λβ‖x‖2.
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where ȳj and yj are conjugate ,and then the norms ‖·‖ and ‖·‖λβ are equivalent to
each other.

Let l2λβ be a Hilbert space with inner product (·, ·)λβ and let D = l2λβ × l2 × L2

be a Hilbert space with the inner product and norm given by














(

ϕ(1), ϕ(2)
)

D
= (x(1), x(2))λβ + (y(1), y(2)) + (z(1), z(2))

=
∑

j∈Zn

(
n
∑

m=1
λ(Bmx

(1))j(Bmx
(2))j + λβx

(1)
j x

(2)
j + y

(1)
j y

(2)
j + z

(1)
j z̄

(2)
j ),

‖ϕ‖2
D = (ϕ,ϕ)D ,

(2.1)

where z̄
(2)
j and z

(2)
j are conjugate, ϕ(l) = (x(l), y(l), z(l)) = ((x

(l)
j ), (y

(l)
j ), (z

(l)
j ))j∈Zn ∈

D, l = 1, 2.

Let
{

ej
}

j∈Zn is the orthonormal basis on l2 and w (t) =
∑

j∈Zn

ajw
1
j (t) ej.

We consider the following Ornstein-Uhlenbeck equation
{

dX +Xdt = dw(t),
dY + Y dt = dw2(t),

(2.2)

where w(t)(ω) = ω(t), then the stationary solutions of (2.2) areX (θtω) and Y (θtω),
respectively, with properties:







lim
t→∞

|X(θtω)|
|t| = lim

t→∞

Y (θtω)
|t| = 0,

lim
t→∞

R

t

0
X(θsω)ds

t
= lim

t→∞

R

t

0
Y (θsω)ds

t
= 0,

(2.3)

X (ω), Y (ω) are tempered and X (θtω) and Y (θtω) are continuous with respect to
t for a.e. ω ∈ Ω.

Set
{

y = ẋ+ ρx− λX (θtω) (ρ = αβλ
λα2+4β

> 0),

z∗ = eiY (θtω)z (|z∗| = |z|) . (2.4)

Then














ẋ+ ρx− y = λX (θtω) ,
ẏ + (αλ− ρ) y −

(

αλρ − βλ− ρ2
)

x+Aλx =
(

λ+ ρλ− αλ2
)

X (θtω)

−Aλ |z|2 + λg,

ż∗ + iAz∗ + γz∗ = −iz∗Y (θtω) − ixz∗ − iheiY (θtω).

(2.5)

Write

ϕ =





x

y

z∗



 ,

C =





ρI −I 0
(

βλ+ ρ2 − αλρ
)

I +Aλ (αλ − ρ) I 0
0 0 iA+ γI



 , (2.6)

ψ (θtω, ϕ) =





λX (θtω)
(

λ+ ρλ− αλ2
)

X (θtω) − λA |z∗|2 + λg

−iz∗Y (θtω) − ixz∗ − iheiY (θtω)



 . (2.7)

Then system (1.1) can be written as

ϕ̇+ Cϕ = ψ (θtω, ϕ) . (2.8)
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Lemma 2.1. For a. e. ω ∈ Ω, the mapping ψ (θtω, ϕ) : R
+×D → D is continuous

with respect to t and ϕ, and for a. e. ω ∈ Ω, t ∈ [0, T ], T > 0, ψ (θtω, ϕ) is locally
Lipschitz in ϕ.

Proof. Let B is a bounded set in D. For ϕ(1), ϕ(2) ∈ B, for a. e. ω ∈ Ω, t ∈ [0, T ] ,

‖ψ(θtω, ϕ
(1)) − ψ(θtω, ϕ

(2))‖2
D

= ‖(0,−λA(|z∗(1)|2 − |z∗(2)|2),−iY (θtω)(z∗(1) − z∗(2))

−i(x(1)z∗(1) − x(2)z∗(2)))⊤‖2
D

≤ λ2‖A‖2
D‖z∗(1) − z∗(2)‖2

D‖z∗(1) + z∗(2)‖2
D + ‖x(1)z∗(1) − x(2)z∗(2)‖2

D

+‖Y (θtω)(z∗(1) − z∗(2))‖2
D

≤ 64nλ2L(B)‖z∗(1) − z∗(2)‖2
D + ‖z∗(1)(x(1) − x(2)) + x(2)(z∗(1) − z∗(2))‖2

D

+Y 2(θtω)‖z∗(1) − z∗(2)‖2
D

≤ ((64nλ2 + 1 +
1

λβ
)L(B) + Y 2(θtω))‖ϕ(1) − ϕ(2)‖2

D

≤ M‖ϕ(1) − ϕ(2)‖2
D,

where M = ((64nλ2 + 1 + 1
λβ

)L (B) + maxt∈[0,T ] Y
2 (θtω)), L (B) = supϕ∈B ‖ϕ‖2

D

are positive constants. So the operator ψ is locally Lipschitz with respect to ϕ in
D. The proof is completed.

Theorem 2.1. For a. e. ω ∈ Ω and ϕ0 ∈ D, there exists a unique solution
ϕ(·, ω, ϕ0) ∈ C1([0,+∞), D) to system (2.8) with initial data ϕ(0, ω, ϕ0) = ϕ0.
Furthermore, ϕ(t, ω, ϕ0) is continuous with respect to t and ϕ0, and measurable in
ω.

Proof. According to the existence and uniqueness of solutions of differential equa-
tions [6], for ϕ0 ∈ D, there exists a unique local solution ϕ(·, ω, ϕ0)∈C1 ([0, Tmax), D)
of system (2.8) with ϕ(0, ω, ϕ0) = ϕ0. Then we prove Tmax = +∞. We take the
inner product between z∗ and the third equation of (2.5) and take the real part, we
have

1

2

d

dt
‖z∗‖2

+ γ ‖z∗‖2
= Im(heiY (θtω), z∗),

where

Im(heiY (θtω), z∗) ≤ 1

γ
‖h‖2

+
γ

4
‖z∗‖2

.

Thus,
d

dt
‖z∗‖2

+ 2γ ‖z∗‖2 ≤ 2

γ
‖h‖2

+
γ

2
‖z∗‖2

.

By Gronwall’s inequality, we get

‖z∗‖2 ≤ ‖z∗ (0)‖2
e−

3
2
γt +

4

3γ2
‖h‖2

. (2.9)
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Taking inner product (·, ·)D of equation (2.8) with ϕ, and taking the real part, we
have

Re (ϕ̇, ϕ)D + Re (Cϕ,ϕ)D = Re (ψ (θtω, ϕ) , ϕ)D . (2.10)

In fact

Re (ϕ̇, ϕ)D =
1

2

d

dt
‖ϕ‖2

D . (2.11)

Re(Cϕ,ϕ)D =

n
∑

m=1

λρ(‖Bmx‖2 + β‖x‖2) + ρ(ρ− αλ)(x, y)+(αλ − ρ)‖y‖2+γ‖z∗‖2.

By ρ = αβλ
λα2+4β

> 0, we know ρ− αλ < 0. Choosing σ = λαβ

α
√

α2λ2+4λβ+α2λ+4β
< ρ,

which satisfies

4λ (ρ− σ)

(

αλ

2
− ρ− σ

)

=
α2ρ2λ2

β
.

Then

Re (Cϕ,ϕ)D − σ(‖x‖2
λβ + ‖y‖2

) − αλ

2
‖y‖2 − γ ‖z∗‖2

= λ (ρ− σ) (

n
∑

m=1

‖Bmx‖2
+ β ‖x‖2

) + ρ (ρ− αλ) (x, y) + (
αλ

2
− ρ− σ) ‖y‖2

≥ λ (ρ− σ) (

n
∑

m=1

‖Bmx‖2
+ β ‖x‖2

) − ραλ√
β

(

n
∑

m=1

‖Bmx‖2
+ β ‖x‖2

)
1
2 ‖y‖

+(
αλ

2
− ρ− σ) ‖y‖2

.

Therefore

Re (Cϕ,ϕ)D ≥ σ(‖x‖2
λβ + ‖y‖2) +

αλ

2
‖y‖2 + γ ‖z∗‖2

, (2.12)

Re (ψ (θtω) , ϕ)D = (λX (θtω) , x)λβ + λ (g, y) +
(

λ+ ρλ− αλ2
)

(X (θtω) , y)

−λ(A(|z∗|2), y) + Im(heiY (θtω) + z∗Y (θtω) , z∗).

By Young’s inequality:






















































(λX (θtω) , x)λβ ≤ σ
2 ‖x‖2

λβ + λ2

2σ
‖X (θtω)‖2

λβ

≤ σ
2 ‖x‖2

λβ + λ2(4nλ+λβ)
2σ

‖X (θtω)‖2,

λ (g, y) ≤ αλ
8 ‖y‖2

+ 2λ
α
‖g‖2

,

(X (θtω) , y) ≤ α
8 ‖y‖2

+ 2
α
‖X (θtω)‖2

,

λ(A(|z∗|2), y) ≤ αλ
8 ‖y‖2

+ 2λ
α
‖A(|z∗|2)‖2,

Im(heiY (θtω) + z∗Y (θtω) , z∗) ≤ 1
γ
‖h‖2

+ γ
4 ‖z∗‖2

+ ‖z∗‖2
Y (θtω) .

(2.13)

Put (2.9), (2.11) - (2.13) into (2.10), we get

d

dt
‖ϕ‖2

D + σ ‖x‖2
λβ + (2σ +

αλ

4
− αλ (ρ− αλ)

4
) ‖y‖2

+ (
3γ

2
− 2Y (θtω)) ‖z∗‖2

≤ (
λ3 (4n+ β)

σ
+

4
(

λ+ ρλ− αλ2
)

α
) ‖X (θtω)‖2

+
4λ

α
‖g‖2

+
1024nλ

9αγ4
‖h‖4

+
2

γ
‖h‖2

+
64nλ

α
‖z∗ (0)‖4

e−3γt +
512nλ

3αγ2
‖z∗ (0)‖2 ‖h‖2

e−
3
2
γt.
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Write






























δ = min{σ, 2σ + αλ
4 − αλ(ρ−αλ)

4 , 3γ
2 } > 0,

G = max{λ3(4n+β)
σ

+
4(λ+ρλ−αλ2)

α
, 4λ

α
, 2

γ
, 1024nλ

9αγ4 },

Q = 64nλ
α

‖z∗ (0)‖4
+ 512nλ

3αγ2 ‖z∗ (0)‖2 ‖h‖2
,

η (θtω) = ‖X (θtω)‖2
+ ‖g‖2

+ ‖h‖2
+ ‖h‖4

.

(2.14)

Thus
d

dt
‖ϕ‖2

D + (δ − 2Y (θtω)) ‖ϕ‖D ≤ Gη (θtω) +Qe−
3
2
γt. (2.15)

By Gronwall’s inequality, we have

‖ϕ‖2
D ≤ ‖ϕ0‖2

D e−(δ−2Y (θtω))t +

∫ t

0

e−(δ−2Y (θtω))(t−s)(Gη (θsω) +Qe−
3
2

γs)ds

≤ e−δt+2
R

t
0

Y (θsω)ds ‖ϕ0‖2
D +G

∫ t

0

e−δ(t−s)+2
R

t
s

Y (θτ ω)dτη (θsω) ds

+

∫ t

0

e−δ(t−s)− 3γ
2

s+2
R

t
s

Y (θτ ω)dτQds (2.16)

≤ e−δt+2
R

t
0

Y (θsω)ds ‖ϕ0‖2
D

+Ge−δt+2
R

t

0
Y (θτ ω)dτ

∫ t

0

eδs−2
R

s

0
Y (θτ ω)dτη (θsω)ds

+e−δt+2
R

t

0
Y (θτ ω)dτ

∫ t

0

e(δ− 3
2
γ)s−2

R

s
0

Y (θτ ω)dτQds

≤ e−δt+2
R

t
0

Y (θτ ω)dτ (‖ϕ0‖2
D +G

∫ t

0

eδs−2
R

s
0

Y (θτ ω)dτη (θsω)ds

+

∫ t

0

e(δ− 3
2

γ)s−2
R

s
0

Y (θτ ω)dτQds). (2.17)

Hence, for t ∈ [0, Tmax), ϕ (t) = (x (t) , y (t) , z∗ (t))
⊤

is bounded, which implies that
Tmax = +∞.The proof is completed.

Theorem 2.2. The solution of system (2.8) ϕ : R+ × Ω×D → D is a continuous
random dynamical system.

Let Ψ = (x, y, z)⊤ ∈ D , then Ψ(t, ω,Ψ0) = P−1(θtω)(ϕ(t, ω, P (ω)Ψ0 − η(ω)) +

η(θtω)) , where P (θtω) =





I 0 0
ρI I 0

0 0 eiY (θtω)I



 and η (θtω) = (0, λX (θtω) , 0)
⊤

.

Obviously, P (θtω) is reversible .

Corollary 2.1. The solution Ψ : R
+ × Ω ×D → D generated by system (1.1) is a

continuous random dynamical system .

3. Random attractor

The existence of random absorbing set and random attractor of random dynamical
system ϕ will be discussed in this section.
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Definition 3.1. (Tempered random set) A random bounded set K(ω) ⊂ D , is
tempered in (θt)t∈R , if for a.e. ω ∈ Ω ,

lim
t→∞

e−νt sup {‖b‖D , b ∈ K(θ−tω)} = 0, ∀ν > 0.

Theorem 3.1. There exists a bounded, closed, tempered random absorbing set ω →
ℜ (ω) of random dynamical system ϕ, that is to say , for any tempered set ω → K (ω)
in D, there exists TK (ω) > 0, such that for t ≥ TK (ω), ϕ (t, θ−tω,K (θ−tω)) ⊂
ℜ (ω).

Proof. Assume ω → K (ω) was a tempered random set in D. For any ϕ̂ (ω) ∈
K (ω) ⊂ D, it follows from (2.16) that

‖ϕ (t, ω, ϕ̂ (ω))‖2
D ≤ e−δt+2

R

t
0

Y (θsω)ds ‖ϕ̂ (ω)‖2
D

+G

∫ t

0

e−δ(t−s)+2
R

t
s

Y (θτ ω)dτη (θsω) ds

+

∫ t

0

e−δ(t−s)− 3
2
γs+2

R

t
s

Y (θτ ω)dτQds.

Making the pullback mapping θ−t : ω → θ−tω and integral transformation, we
obtain

‖ϕ (t, θ−tω, ϕ̂ (θ−tω))‖2
D

≤ e−δt+2
R

t
0

Y (θs−tω)ds ‖ϕ̂ (θ−tω)‖2
D +G

∫ t

0

e−δ(t−s)+2
R

t
s

Y (θτ−tω)dτη (θs−tω) ds

+

∫ t

0

e−δ(t−s)− 3
2
γs+2

R

t
s

Y (θτ−tω)dτQds

≤ e−δt+2
R

0

−t
Y (θsω)ds ‖ϕ̂ (θ−tω)‖2

D +G

∫ 0

−t

eδs+2
R

t
s+t

Y (θτ−tω)dτη (θsω) ds

+e−
3
2
γt

∫ 0

−t

e(δ− 3
2

γ)s+2
R

0

s
Y (θτ ω)dτQds

≤ e−δt+2
R

0

−t
Y (θsω)ds ‖ϕ̂ (θ−tω)‖2

D +G

∫ 0

−∞

eδs+2
R

0

s
Y (θτ ω)dτη (θsω) ds

+e−
3
2
γt

∫ 0

−t

e(δ− 3
2

γ)s+2
R

0

s
Y (θτ ω)dτQds.

Recall Y (ω)’s properties and ϕ̂ (ω) ∈ K (ω), there exists T1 (ω) > 0, such that for
t > T1 (ω),

e−δt+2
R

0

−t
Y (θsω)ds ‖ϕ̂ (θ−tω)‖2

D <
1

2
.

Furthermore, because
(

δ − 3
2γ

)

s > 0 (s ∈ (−t, 0)), there surely exist T2 (ω) > 0,
such that for t > T2 (ω),

e−
3
2
γt

∫ 0

−t

e(δ− 3
2
γ)s+2

R

0

s
Y (θτ ω)dτQds <

1

2
.

Denote

r0 (ω) = G

∫ 0

−∞

eδs+2
R

0

s
Y (θτ ω)dτη (θsω) ds,
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then for any ν > 0,

e−νtr0 (θ−tω) = e−νtG

∫ 0

−∞

eδs+2
R

0

s
Y (θτ−tω)dτη (θs−tω) ds

= e−νtG

∫ −t

−∞

eδ(s+t)+2
R

−t
s

Y (θtω)dτη (θsω) ds.

Then
lim

t→∞
e−νtr0 (θ−tω) = 0. (3.1)

So ω → r0 (ω) is tempered random variables. Write r (ω) = r0 (ω) + 1, then
r (ω) is also tempered random variables. Denote a bounded closed ball ℜ (ω) =

OD(0, r
1
2 (ω)) with radius r

1
2 (ω) and centered at origin, which indicate that ℜ (ω) is

a bounded, closed, tempered random set. For any tempered random set ω → K (ω)
in D, choose TK (ω) = max {T1 (ω) , T2 (ω)} , then for t > TK (ω),

‖ϕ(t, θ−tω, ϕ̂(θ−tω))‖2
D < r(ω) (∀ϕ̂(θ−tω) ∈ K(ω)).

Therefore, ω → ℜ (ω) is the random absorbing set of random dynamical system ϕ.
The proof is completed .

Now let us consider the random asymptotic compactness of ϕ on the absorbing
set ω → ℜ (ω).

Theorem 3.2. Let ℜ (ω) be the absorbing set as in Theorem 3.1. If g ∈ l2, h ∈ L2,
then for any ε > 0, a. e. ω ∈ Ω, there is T (ε, ω,ℜ) > 0, J (ε, ω) > 0, such that
the solution (xj (t) , yj (t) , z∗j (t))⊤ of equation (2.8) with initial data ϕ̂ ∈ ℜ (ω),
satisfies

∑

|j0|>J(ε,ω)

‖ϕj (t, θ−tω, ϕ̂ (θ−tω)) ‖2
D < ε, ∀t ≥ T (ε, ω,ℜ(ω)) ,

where |j0| = max1≤k≤n {|jk|}, |j (m)| = max {|j0| , |jm| + 1}.
Proof. Choose a smooth function f ∈ C (R+,R) as follows:



















f (a) = 0, 0 ≤ a ≤ 1,

f (a) = 1, a ≥ 2,

0 ≤ f (a) ≤ 1, 1 ≤ a ≤ 2,

|f ′ (a)| ≤ f0, f0 > 0, ∀a ∈ R
+.

(3.2)

Let J be a positive integer and φ = (p, q, v)
⊤
,

(φj)j∈Zn = ((pj) , (qj) , (vj))
⊤
j∈Zn = (f(

|j0|
J

)xj , f(
|j0|
J

)yj , f(
|j0|
J

)z∗j )⊤j∈Zn .

Taking the inner product of system (2.8) with φ = (p, q, v)
⊤

, and taking the real
part, we have

Re (ϕ̇, φ)D + Re (Cϕ, φ)D = Re (ψ (θtω) , φ)D . (3.3)

(i) Consider the first term of (3.3), we have

Re (ϕ̇, φ)D =
∑

j∈Zn

(λ

n
∑

m=1

(Bmẋ)j (Bmp)j) +
∑

j∈Zn

(λβ(ẋj , pj) + (ẏj , qj) + (ż∗j , vj)).

(3.4)
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where

(Bmẋ, Bmp) =
∑

j∈Zn

f(
|j0|
J

) (Bmẋ)j (Bmx)j

+
∑

j∈Zn

(f(
|j(m)|
J

) − f(
|j0|
J

))(ẋ(j1,...,jm+1,...,jn) − ẋj)

·x(j1,...,jm+1,...,jn). (3.5)

It is easy to check that

∣

∣

∑

j∈Zn

(f(
|j (m)|
J

) − f(
|j0|
J

))
(

ẋ(j1,...,jm+1,...,jn) − ẋj

)

x(j1,...,jm+1,...,jn)

∣

∣

=
∣

∣

∑

j∈Zn

f ′(
|ĵ|
J

)
1

J

(

ẋ(j1,...,jm+1,...,jn) − ẋj

)

x(j1,...,jm+1,...,jn)

∣

∣

≤ f0r (ω)

λβJ

(

2ρ2 + 1 + 2λβ
)

+
2λ2f0

J

∑

|j0|>J

|Xj (θtω)|2, ĵ ∈ [j0, j(m)]. (3.6)

and

1

2

d

dt

∑

j∈Zn

f(
|j0|
J

) ‖ϕj‖2
D

=
∑

j∈Zn

f(
|j0|
J

)(λ

n
∑

m=1

(Bmẋ)j (Bmx)j) + λβ (ẋ, p)

+ (ẏ, q) + (ż∗, v) . (3.7)

Synthesize (3.4)-(3.7), we obtain that

Re (ϕ̇, φ)D =
∑

j∈Zn

f(
|j0|
J

)(λ

n
∑

m=1

(Bmẋ)j (Bmx)j) + λβ (ẋ, p) + (ẏ, q) + (ż∗, v)

+λ
∑

j∈Zn

n
∑

m=1

(f(
|j (m)|
J

) − f(
|j0|
J

)
(

ẋ(j1,...,jm+1,...,jn) − ẋj

)

·x(j1,...,jm+1,...,jn)

≥ 1

2

d

dt

∑

j∈Zn

f(
|j0|
J

) ‖ϕj‖2
D
− 2nλ3f0

J

∑

|j0|>J

|Xj (θtω)|2

−nf0r (ω)

βJ

(

2ρ2 + 1 + 2λβ
)

. (3.8)

(ii) Estimate the second term of (3.3) :

Re (Cϕ, φ)D = λρ

n
∑

m=1

(Bmx,Bmp) − λ

n
∑

m=1

(Bmy,Bmp) + λ

n
∑

m=1

(Bmx,Bmq)

+λβρ (x, p) +
(

ρ2 − αλρ
)

(x, q) + (αλ − ρ) (y, q) + γ (z∗, v)

+Re (iAz∗, v) . (3.9)

In fact










(x, p) =
∑

j∈Zn

f( |j0|
J

)x2
j , (y, p) =

∑

j∈Zn

f( |j0|
J

)yjxj = (x, q),

(y, q) =
∑

j∈Zn

f( |j0|
J

)y2
j , (z∗, v) =

∑

j∈Zn

f( |j0|
J

)|z∗j |2.
(3.10)
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(Bmx,Bmp)

=
∑

j∈Zn

(Bmx)j(f(
|j (m)|
J

)x(j1,...,jm+1,...,jn) − f(
|j0|
J

)xj)

=
∑

j∈Zn

(Bmx)j(f(
|j0|
J

) (Bmx)j + (f(
|j (m)|
J

) − f(
|j0|
J

))x(j1,...,jm+1,...,jn))

=
∑

j∈Zn

f(
|j0|
J

)|(Bmx)j |2

+
∑

j∈Zn

(f(
|j (m)|
J

) − f(
|j0|
J

))(x(j1,...,jm+1,...,jn) − xj)x(j1,...,jm+1,...,jn)

≥
∑

j∈Zn

f(
|j0|
J

)|(Bmx)j |2 −
3f0r (ω)

λβJ
. (3.11)

(Bmx,Bmq) − (Bmy,Bmp)

=
∑

j∈Zn

(x(j1,...,jm+1,...,jn) − xj)(f(
|j (m)|
J

)y(j1,...,jm+1,...,jn) − f(
|j0|
J

)yj)

−
∑

j∈Zn

(y(j1,...,jm+1,...,jn) − yj)(f(
|j (m)|
J

)x(j1,...,jm+1,...,jn) − f(
|j0|
J

)xj)

=
∑

j∈Zn

(f(
|j (m)|
J

) − f(
|j0|
J

))(yjx(j1,...,jm+1,...,jn) − xjy(j1,...,jm+1,...,jn))

≥ −f0r(ω)(1 + 2λβ)

λβJ
. (3.12)

Re (iAz∗, v) = −Im (Az∗, v) = −Im

n
∑

m=1

(Bmz
∗, Bmv)

= −Im

n
∑

m=1

∑

j∈Zn

(z∗(j1,...,jm+1,...,jn) − z∗j )(f(
|j (m)|
J

)z∗(j1,...,jm+1,...,jn) − f(
|j0|
J

)z∗j )

≥ −Im

n
∑

m=1

∑

j∈Zn

(f(
|j (m)|
J

) − f(
|j0|
J

))|z∗(j1,...,jm+1,...,jn)||z∗j |

≥ −nf0r(ω)

J
. (3.13)

Substituting (3.10)-(3.13) into (3.9), we get:

Re (Cϕ, φ)D ≥
∑

j∈Zn

f(
|j0|
J

)(λρ

n
∑

m=1

|(Bmx)j |2 + λβρ |xj |2 + (ρ2 − αλρ)xjyj

+(αλ− ρ)|yj |2 + γ|z∗j |2) −
nf0r (ω)

J
(
3ρ+ 1

β
+ 2λ+ 1). (3.14)
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Since

Re(Cϕ, φ)D −
∑

j∈Zn

f(
|j0|
J

)(σ(λ

n
∑

m=1

|(Bmx)j |2 + λβ|xj |2 + |yj |2)

+
λα

2
|yj|2 + γ|z∗j |2)

≥
∑

j∈Zn

f(
|j0|
J

)((ρ− σ)(λ

n
∑

m=1

|(Bmx)j |2 + λβ |xj |2) + (
αλ

2
− ρ− σ)|yj |2

+ρ(ρ− αλ)xjyj) −
nf0r(ω)

J
(
3ρ+ 1

β
+ 2λ+ 1)

≥
∑

j∈Zn

f(
|j0|
J

)((ρ− σ)λβ|xj |2 + (
αλ

2
− ρ− σ)|yj |2 − ραλxjyj)

−nf0r(ω)

J
(
3ρ+ 1

β
+ 2λ+ 1)

≥ −nf0r(ω)

J
(
3ρ+ 1

β
+ 2λ+ 1),

Re(Cϕ, φ)D ≥
∑

j∈Zn

f(
|j0|
J

)(σ(λ

n
∑

m=1

|(Bmx)j |2 + λβ|xj |2+|yj |2) +
αλ

2
|yj |2

+γ|z∗j |2) −
nf0r(ω)

J
(
3ρ+ 1

β
+ 2λ+ 1). (3.15)

(iii) Estimate the third term of (3.3):
Taking inner product between v and the third equation of (2.5) and take the

real part, we have

1

2

d

dt

∑

|j0|>J

f(
|j0|
J

)|z∗j |2 − Im (Az∗, v) + γ
∑

|j0|>J

f(
|j0|
J

)|z∗j |2

= Im(heiY (θtω), v) ≤ γ

4

∑

|j0|>J

f(
|j0|
J

)|z∗j |2 +
1

γ

∑

|j0|>J

f(
|j0|
J

)|hj |2.

by (3.13),

d

dt

∑

|j0|>J

f(
|j0|
J

)
∣

∣z∗j
∣

∣

2
+

3

2
γ

∑

|j0|>J

f(
|j0|
J

)|z∗j |2 ≤ 2

γ

∑

|j0|>J

f(
|j0|
J

)|hj |2 +
2nf0r(ω)

J
.

By Gronwall’s inequality, we find

∑

|j0|>J

f(
|j0|
J

)|z∗j |2 ≤
∑

|j0|>J

f(
|j0|
J

)|z∗j (0)|2e− 3
2
γt

+

∫ t

0

e−
3
2
γ(t−s)(

2

γ

∑

|j0|>J

f(
|j0|
J

)|hj |2 +
2nf0r(ω)

J
)ds

≤ r(ω)e−
3
2
γt +

4

3γ2

∑

|j0|>J

f(
|j0|
J

) |hj |2 +
4nf0r(ω)

3γJ
. (3.16)
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In fact

Re(ψ (θtω) , φ)D =

n
∑

m=1

(λ2BmX(θtω), Bmp) + (λ2βX(θtω), p) −
(

λA|z∗|2, q
)

+((λ+ ρλ− αλ2)X(θtω), q) + (λg, q)

+Im(heiY (θtω) + z∗Y (θtω), v), (3.17)

where

(λ2BmX(θtω), Bmp)

=
∑

j∈Zn

λ2(X(j1,...,jm+1,...,jn)(θtω) −Xj(θtω))(f(
|j(m)|
J

)x(j1,...,jm+1,...,jn)

−f(
|j0|
J

)xj)

≤
∑

j∈Zn

λ2(X(j1,...,jm+1,...,jn)(θtω) −Xj(θtω))f(
|j(m)|
J

)x(j1,...,jm+1,...,jn)

+
∑

j∈Zn

λ2(X(j1,...,jm+1,...,jn)(θtω) −Xj(θtω))f(
|j0|
J

)xj

≤ σλβ

4n

∑

j∈Zn

f(
|j0|
J

)x2
j +

16nλ4

σλβ

∑

|j0|>J

‖X(θtω)‖2, (3.18)

(λ2βX(θtω), p) =
∑

j∈Zn

f(
|j0|
J

)(xj , λ
2βXj(θtω))

≤ σλβ

4

∑

j∈Zn

f(
|j0|
J

)x2
j +

λ4β2

σλβ

∑

|j0|>J

‖Xj (θtω)‖2
, (3.19)

(λA|z∗|2, q) =
∑

|j0|>J

f(
|j0|
J

)(yj , λA|z∗|2j )

≤ 3λ2

2σ + αλ

∑

|j0|>J

f(
|j0|
J

)(A(|z∗|2))2j +
2σ + αλ

12

∑

j∈Zn

f(
|j0|
J

)y2
j

≤ 48nλ2

2σ + αλ

∑

|j0|>J

f(
|j0|
J

)|z∗j |4 +
2σ + αλ

12

∑

j∈Zn

f(
|j0|
J

)y2
j

≤ 48nλ2

2σ + αλ
r(ω)

∑

|j0|>J

f(
|j0|
J

)|z∗j |2 +
2σ + αλ

12

∑

j∈zn

f(
|j0|
J

)y2
j

≤ 48nλ2

2σ + αλ
r2(ω)e−

3
2

γt +
64nλ2

(2σ + αλ)γ2
r(ω)

∑

|j0|>J

f(
|j0|
J

)|hj |2

+
2σ + αλ

12

∑

j∈Zn

f(
|j0|
J

)y2
j +

64n2λ2f0

(2σ + αλ)γJ
r2(ω), (3.20)
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(λg, q) =
∑

j∈Zn

f(
|j0|
J

)(λgj , yj)

≤ 3λ2

2σ + αλ

∑

|j0|>J

f(
|j0|
J

)|gj |2 +
2σ + αλ

12

∑

j∈Zn

f(
|j0|
J

)y2
j , (3.21)

Im(heiY (θtω) + z∗Y (θtω), v) = Im
∑

j∈Zn

f(
|j0|
J

)z∗j (heiY (θtω) + z∗jY (θtω))

≤ γ

4

∑

|j0|>J

f(
|j0|
J

)|z∗j |2 +
1

γ

∑

|j0|>J

f(
|j0|
J

)|hj |2 + Y (θtω)|z∗j |2. (3.22)

It follows from (3.3), (3.8), (3.15), (3.18)-(3.22) that

d

dt

∑

j∈Zn

f(
|j0|
J

)‖ϕj‖2 +
∑

j∈Zn

f(
|j0|
J

)((2σ ‖x‖2
λβ − σ ‖x‖2

λβ) + (σ +
λα

2
)‖yj‖2

+(
3γ

2
− 2Y (θtω))|z∗j |2)

≤ (
4nλ3f0

J
+

2λ3(16n2 + β2)

σβ
+

6(λ+ ρλ− αλ2)2

2σ + αλ
)

∑

|j0|>J

‖Xj (θtω)‖2

+(
6λ2

2σ + αλ

∑

|j0|>J

f(
|j0|
J

)|gj |2 +
2

γ

∑

|j0|>J

f(
|j0|
J

)|hj |2) +
128n2λ2f0

(2σ + αλ)γJ
r2(ω)

+
128nλ2

(2σ + αλ) γ2
r(ω)

∑

|j0|>J

f(
|j0|
J

)|hj |2 +
96nλ2

2σ + αλ
r2 (ω) e−

3
2

γt

+
1

J
(
2nf0

(

2ρ2 + 3ρ+ 2 + 4λβ + β
)

β
)r (ω) .

Set

L1 =
4nλ3f0

J
+

2λ3(16n2 + β2)

σβ
+

6(λ+ ρλ− αλ2)2

2σ + αλ
,

L2 = max{ 6λ2

2σ + αλ
,
2

γ
},

L3 =
128nλ2

(2σ + αλ) γ2
,

F (ω) = (
2nf0

(

2ρ2 + 3ρ+ 2 + 4λβ + β
)

β
)r(ω) +

128n2λ2f0

(2σ + αλ)γ
r2(ω).

Then

d

dt

∑

j∈Zn

f(
|j0|
J

)‖ϕj‖2
D + (δ − 2Y (θtω))

∑

j∈Zn

f(
|j0|
J

)‖ϕj‖2
D

≤ L1

∑

|j0|>J

‖Xj(θtω)‖2 + L2

∑

|j0|>J

(|hj |2 + g2
j ) + L3r (ω)

∑

|j0|>J

f(
|j0|
J

)|hj |2

+
F (ω)

J
+

96nλ2

2σ + αλ
r2 (ω) e−

3
2
γt.
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By Gronwall’s inequality for t > Tℜ (ω),

∑

j∈Zn

f(
|j0|
J

)‖ϕj‖2
D ≤ e

−δ(t−Tℜ)+2
R

t
Tℜ

Y (θsω)ds
∑

j∈Zn

f(
|j0|
J

)‖ϕj (Tℜ, ω, ϕ̂0 (ω))‖2
D

+L1

∫ t

Tℜ

∑

|j0|>J

e−δ(t−τ)+2
R

t
τ

Y (θsω)ds |Xj(θτω)|2 dτ

+L2

∫ t

Tℜ

∑

|j0|>J

e−δ(t−τ)+2
R

t
τ

Y (θsω)ds(g2
j + |hj |2)dτ

+L3

∑

|j0|>J

|hj |2
∫ t

Tℜ

∑

|j0|>J

e−δ(t−τ)+2
R

t
τ

Y (θsω)dsr (ω) dτ

+

∫ t

Tℜ

e−δ(t−τ)+2
R

t
τ

Y (θsω)dsF (ω)

J
dτ

+
96nλ2

2σ + αλ

∫ t

Tℜ

e−δ(t−τ)+2
R

t
τ

Y (θsω)dsr2 (ω) e−
3
2
γτdτ . (3.23)

Making the pullback mapping θ−t : ω → θ−tω ,

e
−δ(t−Tℜ)+2

R

t
Tℜ

Y (θs−tω)ds
∑

j∈Zn

f(
|j0|
J

)‖ϕj(Tℜ, θ−tω, ϕ̂0(θ−tω))‖2
D

≤ e
−δ(t−Tℜ)+2

R

t

Tℜ
Y (θs−tω)ds ‖ϕ (Tℜ, θ−tω, ϕ̂0 (θ−tω))‖2

D

≤ e
−δ(t−Tℜ)+2

R

0

Tℜ−t
Y (θsω)ds ‖ϕ (Tℜ, θ−tω, ϕ̂0 (θ−tω))‖2

D .

Since ‖ϕ (Tℜ, θ−tω, ϕ̂0 (θ−tω))‖2
D is bounded, for any ε > 0, there exists T1 (ε, ω,ℜ)

> Tℜ, such that for t > T1 (ε, ω,ℜ),

e
−δ(t−Tℜ)+2

R

t

Tℜ
Y (θs−tω)ds

∑

j∈Zn

f(
|j0|
J

) ‖ϕj (Tℜ, θ−tω, ϕ̂0 (θ−tω))‖2
D
≤ ε

6
. (3.24)

L1

∫ t

Tℜ

∑

|j0|>J

e−δ(t−τ)+2
R

t
τ

Y (θs−tω)ds|Xj (θτ−tω)|2dτ

= L1

∫ 0

Tℜ−t

∑

|j0|>J

eδτ+2
R

0

τ
Y (θsω)ds|Xj (θτω)|2dτ

= L1

∫ 0

−T∗

∑

|j0|>J

eδτ+2
R

0

τ
Y (θsω)ds |Xj (θτω)|2 dτ

+L1

∫ −T∗

Tℜ−t

∑

|j0|>J

eδτ+2
R

0

τ
Y (θsω)ds|Xj (θτω)|2dτ ,

where T ∗ > 0. Since ω → X (θtω) is tempered and X (θtω) is continuous with
respect to t, there is a tempered variable ξ (ω) such that

‖X (θtω)‖2 ≤ ξ (ω) e
δ
2
|t|, ∀t ∈ R.
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By (2.3), taking sufficient large T 0 > 0 such that for any τ ≤ −(T 0 + Tℜ),

δ

2
+

2

τ

∫ 0

τ

Y (θsω) ds ≥ δ

4
.

Thus for t > T 0 + Tℜ, we have

L1

∫ −T 0

Tℜ−t

∑

|j0|>J

eδτ+2
R

0

τ
Y (θsω)ds|Xj (θτω)|2dτ

≤ L1

∫ −T 0

Tℜ−t

ξ (ω) e
δ
4
τdτ ≤ 4L1ξ (ω)

δ
e−

δ
4

T 0

.

Setting T ∗ > max
{

4
δ

ln 48L1ξ(ω)
εδ

, T 0
}

, then

L1

∫ −T∗

Tℜ−t

∑

|j0|>J

eδτ+2
R

0

τ
Y (θsω)ds|Xj (θτω)|2dτ ≤ ε

12
.

Let T ∗ be fixed, by the Lebesgue’s dominated convergence theorem, there exists
J1 (ε, ω), such that for J > J1 (ε, ω),

L1

∫ 0

−T∗

∑

|j0|>J

eδτ+2
R

0

τ
Y (θsω)ds|Xj (θτω)|2dτ ≤ ε

12
.

So

L1

∫ t

Tℜ

∑

|j0|>J

e−δ(t−τ)+2
R

t
τ

Y (θs−tω)ds |Xj (θτ−tω)|2 dτ ≤ ε

6
. (3.25)

Since gj ∈ l2, hj ∈ L2, there exists J2(ε, ω), such that for J > J2(ε, ω),

L2

∫ t

Tℜ

∑

|j0|>J

e−δ(t−τ)+2
R

t
τ

Y (θs−tω)ds(gj
2 + |hj |2)dτ

= L2

∑

|j0|>J

(gj
2 + |hj |2)

∫ t

Tℜ

e−δ(t−τ)+2
R

0

τ−t
Y (θsω)dsdτ

≤ ε

6
. (3.26)

By hj ∈ L2, r (ω) is tempered random variables, therefore exists J3 (ε, ω) > 0, such
that for J > J3 (ε, ω),

L3

∑

|j0|>J

|hj |2
∫ t

Tℜ

e−δ(t−τ)+2
R

t
τ

Y (θs−tω)dsr (θ−τω) dτ

≤ L3

∑

|j0|>J

|hj |2
∫ t

Tℜ

e−δ(t−τ)+2
R

0

τ−t
Y (θsω)dsr (θ−τω) dτ

≤ ε

6
. (3.27)
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Since F (ω) is a tempered random variables, there exists T2 (ε, ω,ℜ) > Tℜ, J4 (ε, ω) >
0, such that for t > T2 (ε, ω,ℜ), J > J4 (ε, ω),

∫ t

Tℜ

e−δ(t−τ)+2
R

t
τ

Y (θs−tω)dsF (θ−τω)

J
dτ

≤
∫ t

Tℜ

e−δ(t−τ)+2
R

0

τ−t
Y (θsω)dsF (θ−τω)

J
dτ

≤ ε

6
. (3.28)

Now that ω → r (ω) is tempered random variables, there exists T3 (ε, ω,ℜ) > Tℜ,
such that for t > T3 (ε, ω,ℜ) ,

96nλ2

2σ + αλ

∫ t

Tℜ

e−δ(t−τ)+2
R

t
τ

Y (θs−tω)dsr2 (θ−τω) e−
3
2

γτdτ

≤ e−δt 96nλ2

2σ + αλ

∫ t

Tℜ

e(δ− 3
2
γ)τ+2

R

0

τ−t
Y (θsω)dsr2 (θ−τω) dτ

≤ ε

6
. (3.29)

Denote

J (ε, ω) = max {J1 (ε, ω) , J2 (ε, ω) , J3 (ε, ω), J4 (ε, ω)} ,

T (ε, ω,ℜ) = max {T1 (ε, ω,ℜ) , T2 (ε, ω,ℜ) , T3 (ε, ω,ℜ) , T ∗ + Tℜ} .
By (3.23)-(3.29), we have that for any ε > 0, each ω ∈ Ω, t > T (ε, ω,ℜ), ϕ̂ ∈ ℜ (ω),

∑

|j0|>J(ε,ω)

‖ϕj (t, θ−tω, ϕ̂(θ−tω))‖2
D ≤

∑

j∈Zn

f(
|j0|
J

)‖ϕj(t, θ−tω, ϕ̂(θ−tω))‖2
D ≤ ε.

By Theorem 2.2, Theorem 3.1, Theorem 3.2 and Theorem 3.1 in [10], we obtain
the following main result.

Theorem 3.3. There exists a random attractor ω → ̺ (ω) to random dynamical
system ϕ in D, and

̺ (ω) =
⋂

τ≥TK(ω)

⋃

t≥τ

ϕ (t, θ−tω,ℜ (θ−tω)), ω ∈ Ω,

where ω → ℜ (ω) is the random absorbing set to ϕ.

According to Corollary 2.1 , Theorem 3.3 , we know

Corollary 3.1. The random dynamical system Ψ generated by equation (1.1) pos-
sesses a random attractor ω 7→ ˜̺(ω) , and ˜̺(ω) = P−1(ω)(̺(ω) + η(ω)) , ω ∈ Ω.
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