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Abstract In this work the existence, regularity, and finite fractal dimension-
ality of a global attractor in the L? phase space for the weak solution semiflow
of an autocatalytic reaction-diffusion system with a functional response of the
Holling type II are proved.

Keywords Reaction-diffusion system, global dynamics, autocatalysis, func-
tional response, global attractor.

MSC(2000) 37L30, 35B40, 35B41, 35K55, 80A32, 92B05.

1. Introduction

In recent years the asymptotic dynamics of autocatalytic reaction-diffusion systems
typically represented by the Brusselator system, Gray-Scott equations and Orego-
nator system have been studied by the author in [16-18,21] and the existence of
global attractors of finite fractal dimensions and the existence of exponential at-
tractors have been proved for these systems. The results have also been generalized
to the reversible cubically autocatalytic reaction-diffusion systems in [19,20,22] and
to the coupled two-cell or two-compartment models in [23,24] with a variety of
effective new methods developed.

In this paper, the following diffusive and autocatalytic model with a functional
response of Holling type II will be considered,

o] _k2[U]
% = Dy A[V] + ko[A] — k1 [U][V],

where A is the Laplace operator, [U] and [V] are concentrations of the reactants U
and V as the unknown functions of time ¢ > 0 and spatial variable z € ), respec-
tively, [4] is a constantly held concentration of a substance A, and the coefficients
ko, k1, ko and ks are positive reaction rates. Assume that €2 is a bounded Lipschitz
domain in R™ with n < 3.
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Rescaling the coefficients and reassigning the variables and parameters, it is seen
that the above reaction-diffusion system can be writiten as

ou bu

= —dA — 1.2
y di1Au + uv T+ (1.2)
ov

= — doA — 1.
v dayAv + a — uv, (1.3)

where dy, ds, a, b and p are positive constants, with the Dirichlet boundary condition
assumed in this work,

u(t,x) =v(t,x) =0, t>0, z€ o, (1.4)
and an initial condition
u(0,z) = up(z), v(0,z) =vo(z), = €. (1.5)

This model features a quadratic autocatalysis and a functional response of the
Holling type II, which is a saturation law with non-vanished initial slope and dif-
ferent from the sigmoidal functional response of the Holling type III. Mathematical
analysis and numerical simulations have been reported recently [7,8,14,15] on steady
state bifurcations and the effect of parameters on spatiotemporal pattern formation
for the models with this kind of saturation law.

Besides, the similar Lengyel-Epstein system modeling the diffusive CIMA reac-
tion, which is a significant reaction in physical chemistry, has ben studied in [4, 6]
on the Turing patterns and the related global bifurcation.

This work focuses on the global weak solutions of the problem (1.2)-(1.5) and
the existence and properties of an attractor for the solution semiflow in the L? and
H' phase spaces. The results demonstrate that global dynamics of solutions of
this significant reaction-diffusion system are determined by the finite-dimensional
dynamics on a compact and invariant set in the asymptotically attracting sense.

For this reaction-diffusion system the vector version of the asymptotically dissi-
pative condition,

lim f(s)-s<C,
[s]—o00
where C' > 0 is some constant, usually assumed in the theory of dissipative infinite
dimensional dynamical systems is not satisfied by the nonlinear terms of the equa-
tions, see (1.9) later. This is an obstacle for showing the absorbing property and
the asymptotically compact property of the semiflow of the weak solutions.

We start with the formulation of an abstract evolutionary equation associated
with the initial-boundary value problem (1.2)—(1.5) of this reaction-diffusion system.
Define the product Hilbert spaces as follows,

H=[L*(Q)f, E=[H;@Q)J and II=[H;Q)NH* Q)

The norm and inner-product of H or the component space L?(£2) will be denoted
by || - || and (-,-), respectively. The norm of LP() or [LP(Q2)]?> will be denoted
by || - |lze if p # 2. By the Poincaré inequality and the homogeneous Dirichlet
boundary condition (1.4), there is a constant v > 0 such that

IVoll> > ylel?  for ¢ € Hy(Q) or E, (1.6)
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and we shall take [|[Vy|| to be the (equivalent) norm ||¢| g of the space E or the
norm |[¢|[z; of the component space H}(2). We use | - | to denote an absolute
value or a vector norm in a Euclidean space.

Define

Hy ={p() =(p1,92) € H: pi(x) >0, 2€Q,i=1,2},

Ey={p(-) =(p1,02) € E: @i(x) >0, 2€Q,i=1,2}. (1.7)

Then H; and E are the half-spaces in H and E, respectively,
It can be checked easily that, by the Lumer-Phillips theorem and the analytic
semigroup generation theorem [11], the linear differential operator

hA 0
A= ( ; CM) D(A)(=1I) — H (1.8)

is the generator of an analytic Cy-semigroup on the Hilbert space H, which will be
denoted by {e4?,t > 0}. By the fact that H(Q) < L°(Q) — L*(f) is a chain of
continuous embeddings for n < 3 and using the Holder inequality,

lluv|| < ||ullpa|lv]|pe, foru,v € LK),

one can verify that the nonlinear mapping

__bu
flg) = (u ”““) By — H, (1.9)
a — uv

where g = (u,v), is well defined on E and the mapping f is locally Lipschitz
continuous. Thus the initial-boundary value problem (1.2)—(1.5) is formulated into
an initial value problem of the abstract evolutionary equation,

dg
— = Ag + , t>0,
a ~ A9+ (1.10)

g(0) = go = col (ug, vg).

where g(t) = col (u(t, ), v(t,-)), simply written as (u(t,-),v(t,-)). We shall accord-
ingly write go = (ug,vo)-

The following proposition will be used in proving the existence of a weak solution
to this initial value problem. Its proof is seen in [2, Theorem II.1.4].

Proposition 1.1. Consider the Banach space
W(0,7) = {¢(-) : ¢ € L*(0,7; E) and 8,¢ € L*(0,7; E*)} (1.11)

with the norm
I<llw = 1I¢llz20,75) + [10:CllL2(0,7: %)

Then the following statements hold:

(a) The embedding W (0,7) — L2(0,7; H) is compact.

(b) If ¢ € W(0,7), then it coincides with a function in C([0,7]; H) for a.e.
te0,7].
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(c) If ¢, € € W(0,7), then the function t — (((t),£(t)) g is absolutely continuous
on [0,7] and

%(((t),f(t)) = (ﬁ,f(t)) + <<(t)7 Zf)  a-e-t €[0,7],

where (-,-) is the (E*, E) dual product.

By conducting a priori estimates on the Galerkin approximate solutions of the
initial value problem (1.10) and through extracting the weak and weak* convergent
subsequences in the appropriate spaces, we can prove the local and then global
existence and uniqueness of the weak solution g(¢) of (1.10) in the next section, and
we can prove the continuous dependence of the solutions on the initial data and the
regularity properties satisfied by the weak solution. Therefore, the weak solutions
of (1.10) for all initial data in H form a semiflow in the phase space H.

We refer to [11,13] and many references therein for the concepts and basic facts
in the theory of infinite dimensional dynamical systems.

Definition 1.1. Let {S(¢)};>0 be a semiflow on a Banach space X. A bounded
subset By of X is called an absorbing set in X if, for any bounded subset B C X,
there is a finite time ¢y > 0 depending on B such that S(t)B C By for all ¢ > .

Definition 1.2. A semiflow {S(¢)};>0 on a Banach space X is called asymptot-
ically compact if for any bounded sequences {z,} in X and {t,} C (0,00) with
t, — o0, there exist subsequences {z,,} of {u,} and {t,,} of {t,}, such that
limy 00 S(tn, )@n, exists in X.

Definition 1.3. Let {S(¢)}:>0 be a semiflow on a Banach space X. A subset .27
of X is called a global attractor for this semiflow, if the following conditions are
satisfied:

(i) & is a nonempty, compact and invariant subset of X in the sense that

S(t)of = o/ for any ¢ > 0.
(ii) & attracts any bounded set B of X in terms of the Hausdorff distance, i.e.

distx (S(t)B, &) = sup inf ||S(t)z —y||lx — 0, as t — oc.
zcBYES

The following proposition states concisely the basic result on the existence of a
global attractor for a semiflow, cf. [11,13].

Proposition 1.2. Let {S(t)}i>0 be a semiflow on a Banach space or an invariant
region X in it. If the following conditions are satisfied:

(i) {S(t)}+>0 has a bounded absorbing set By in X, and

(i) {S(t)}i>0 is asymptotically compact in X,
then there exists a global attractor o/ in X for this semiflow, which is given by

o =w(Bo) ¥ () Che | J(S(1)Bo).

720 t>7

In Section 2 we prove the local existence and uniqueness of the weak solutions of
the evolutionary equation (1.10) and in Section 3 we shall prove the global existence
of the weak solutions and the absorbing property of this solution semiflow. In
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Section 4 we shall prove the asymptotic compactness of this solutions semiflow and
show the existence of a global attractor in the space H for this semiflow. In Section
5 we show that the global attractor has a finite Hausdorff dimension and a finite
fractal dimension. In Section 6 we prove further regularity and attraction properties
of the global attractor.

2. The local existence of weak solutions

In this paper, we shall write u(t,x),v(t, ) simply as u(t),v(t) or even as u,v.
Similarly for other functions of (¢, ).

The local existence and uniqueness of the solution to a system of multi-component
reaction-diffusion equations such as the IVP (1.10) with certain regularity require-
ment is not a trivial issue. There are usually two different approaches to get a
solution in a Sobolev space. One approach is the mild solutions provided by the
?variation-of-constant formula” involving the linear semigroup {e!};>0, but the
parabolic theory of mild solutions requires that g € E instead of g9 € H assumed
in this work. The other approach is the weak solutions through the Galerkin ap-
proximations and the Lions-Magenes type of compactness treatment, cf. [2,5].

Definition 2.1. A function g(t,x), (t,x) € [0,7] x Q, is called a weak solution to
the initial value problem (IVP) of the parabolic evolutionary equation (1.10), if the
following two conditions are satisfied:

(i) 4(g.¢) = (Ag,9) + (f(9), ¢) is satisfied for a.e. t € [0,7] and for any ¢ € E,

where (-, -) stands for the (E*, E) dual product.
(i) g € L*(0,7;E) N Cyw([0,7]; H), where C([0,7]; H) denotes the space of
weakly continuous functions on [0, 7] valued in H, such that g(0) = go.

Lemma 2.1. For any given initial datum go € H,, there exists a unique, local,
weak solution g(t) = (u(t),v(t)), t € [0,7] for some 7 > 0, of the evolutionary
equation (1.10) such that g(0) = go, which satisfies

g e C([0,7]; H)nC*((0,7); H) N L*(0,7; E). (2.1)

Proof. Using the orthonormal basis of eigenfunctions {e;(z)}52; of the Laplace
operator with the homogeneous Dirichlet boundary condition:

A63+A]€j:01HQ, ej|8§2:0, .]':172’...7771’...7

we consider the solution
gm(t.x) = q'()ej(z), te0,7], z€Q, (2.2)
j=1

of the approximate system

9gm
= — Agy, + P f(gm), >0,
5t g flgm) (2.3)

gm(o) =Pngo € Hy,

where each ¢]*(t) for j = 1,---,m is a three-dimensional vector function of ¢
only, corresponding to the three unknowns w,v, and w, and P,, : H — H,, =
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Span{ey, -+ ,en} is the orthogonal projection. Note that for each given integer
m > 1, (2.3) can be written as an IVP of a system of ODEs, whose unknown is
a 3m-dimensional vector function of all the coefficient functions of time ¢ in the
expansion of g, (¢, z), namely,

The IVP of this ODE system (2.3) can be written as

% = Ang™ () + fm(q™ (1)), t >0, (2.4)

q™(0) = col(Pruo;, Pmvoj; j=1,---,m).

Note that A,, is a matrix and f,, is a 2m-dimensional vector of a quadratic polyno-
mial and a continuous rational function of 2m-variables, which is certainly a locally
Lipschitz continuous vector function in R?™. Thus the solution of the initial value
problem (2.4) exists uniquely on a time interval [0, 7,,], for some 7, > 0. Substi-
tuting all the components of this solution ¢ (t) into (2.2), we obtain a unique local
solution g,,(t,x) of the initial value problem (2.3), for any m > 1.

By the multiplier method we can conduct a priori estimates based on

%”gm(t)H%{m +{AVgm(t),Vgm () i,, = (P f(gm(t)), gm () H,., t € [0, 7],

where d = diag(dy, da,ds) is a diagonal matrix. These estimates are similar to what
we shall present in Lemma 3.1 in the next section. Note that ||g..(0)]| = ||Pngol <
llgo|| for all m > 1. It follows that (as implied by the proof of Lemma 3.1) we can
make 7,,, = 7 for some 7 > 0 and for m > 1 such that

{gm}2°_, is a bounded sequence in L*(0,7; E) N L>(0,7; H),
and, since A : E — E* is a bounded linear operator,
{Ag,,}2°_, is a bounded sequence in L*(0, 7; E*), where E* = [H~*(Q)]%.
Since f : Ey — H is continuous,
{P.f(gm)}S5_, is a bounded sequence in L?(0,7; H) C L*(0,1; E*). (2.5)

Therefore, by taking subsequences (which we will always relabel as the same as the
original one), there exist limit functions

g(t,") € L*(0,7; E)N L>=(0,7; H) and ®(t,-) € L*(0,7; H) (2.6)
such that
gm — g weakly in L?(0,7; F),
gm — g weak® in L>°(0,7; H), (2.7)
Ag,, — Ag weakly in L?(0,1; E*),
and

P f(gm) — ® weakly in L*(0,7; H), (2.8)
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as m — 00. To estimate the (distributional) time derivative sequence {9ygm }oo_;,
we take the supremum of the (E*, E') dual product of the equation (2.3) with any
n € E and use the fact that (h,n) = (h,n) for any h € H to obtain

10egm (D)l = < C (1Agm Ol 2= + 1P f (gm (O] zr) , - ¢ € [0, 7], m =1,

where C'is a uniform constant for all m > 1. Thus by the boundedness in (2.7) and
(2.8) it holds that

{019 }55_, is a bounded sequence in L?(0, 7; E*),

and, by further extracting of a subsequence if necessary, it follows from the unique-
ness of distributional time derivative that

Oigm — Org weakly in L*(0,7; E*), as m — oo. (2.9)

In order to show that the limit function g is a weak solution to the IVP (1.10),
we need to show ® = f(g). By Proposition 1.1, item (a), the boundedness of {g,,}
in L2(0,7; E) and {8,9,,} in L*(0,7; E*) implies that (in the sense of subsequence
extraction)
gm — g strongly in L*(0,7; H), as m — oo. (2.10)
Consequently, there exists a subsequence such that
gm(t,x) — g(t,z) for a.e. (t,x) € [0,7] x £, as m — oo. (2.11)
Due to the continuity of the mapping f, we have
flgm(t,x)) — f(g(t,z)) for a.e. (t,z) € [0,7] X 2, as m — oo. (2.12)

According to [5, Lemma I1.1.3] or [2, Lemma II.1.2] and by the triangle inequality
in terms of the H-norm, the two facts (2.5) and (2.12) guarantee that

P f(gm) — f(g) weakly in L2(0,7; H), as m — oo. (2.13)

By the uniqueness, (2.8) and (2.13) imply that ® = f(g) in L?(0,7; H).
With (2.7), (2.9) and (2.13), by taking limit of the integral of the weak version
of (2.3) with any given ¢ € L?(0,7; E),

/OT ((9(99?"?) dt = /0 [(Agm, @) + (P f(gm), 9)] dt, asm — oo,

we obtain
" (9y ! 2
[ (%)= [1a0.0)+ (@) olar, forany o€ OB (200
0 0

Let ¢ € E be any constant function. Then we can use the property of Lebesgue
points for each integral in (2.14) to obtain

d

%(g, ®) = (Ag,9) + (f(9), ¢), for a.e. t € [0,7] and for any ¢ € E. (2.15)

Next, dyg € L?(0,7; E*) shown in (2.9) implies that g € C, ([0, 7]; E*). Since
the embedding H < E* is continuous, this g € Cy,([0,7]; E*) and g € L>®(0,7; H)
shown in (2.7) imply that

g € Cyu([0,7]; H).
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due to [2, Theorem II.1.7 and Remark II.1.2]. Now we show that g(0) = go. By
Proposition 1.1, item (c), for any ¢ € C1([0,7]; E) with ¢(7) = 0, we have

/0 " (—g,000) dt = / "[(Ag.9) + (F(9). 8)] dit + (9(0), H(0)),

and

/0 (s 1) dt = / " (Aguns @)+ (P (g) )] dt + (Pragn, 6(0))-

Take the limit of the last equality as m — oo. Since P,,g0 — go in H, we obtain
(9(0), ¢(0)) = (go, #(0)) for any ¢(0) € E. The denseness of F in H implies that
g(0) = go in H. By Definition 2.1, we conclude that the limit function g is a weak
solution to the initial value problem (1.10).

The uniqueness of weak solution can be shown by estimating the difference of
any two possible weak solutions with the same initial value gy through the weak
version of the evolutionary equation (or the variation-of-constant formula) and the
Gronwall inequality.

By Proposition 1.1, item (b), and the fact that the weak solution g € W(0, ),
the space defined in (1.11), we see that g € C([0,7]; H), which also infers the
continuous dependence of the weak solution g(t) = g(t; go) on go for any t € [0, 7].

Moreover, since g € L?(0,7; E), for any t € (0,7) there exists an earlier time
to € (0,t) such that g(to) € E. Then the weak solution coincides with the strong
solution expressed by the mild solution on [tg, 7], cf. [2,11], which turns out to be
continuously differentiable in time at ¢ strongly in H, cf. [11, Theorem 48.5]. Thus
we have shown g € C*((0,7); H) and the weak solution g satisfies the properties
specified in (2.1). O

3. Absorbing property

In this section, we shall prove the global existence of the weak solutions and inves-
tigate the absorbing properties of the solution semiflow.
The following proposition [2, Theorem II1.4.2] provides the necessary and suffi-
cient conditions for a semilinear parabolic system
o€

5= Ao AE+Y(€) +0(x), t>0, z€Q, (3.1)

on a bounded Lipschitz domain Q C R™ with the homogeneous Dirichlet (or Neu-
mann) boundary condition to have the positive cone ]R_IX as an invariant region
[12]. Here Ap is an N x N symmetric and positive definite matrix, £(t,x) =
col (&1,&a,--€N),0(x) = col(f1,0s,---,0N) € [L2(Q)]Y is a given vector func-
tion, and 1 = col (1,2, - ,¥n) = [HEQ)]N (or [HY(Q)]V) — [L2(Q)]V is locally
Lipschitz continuous.

Proposition 3.1. The positive cone Rf ={¢eRN :¢>0,i=1,--- N} is an
invariant region for (3.1) if and only if the following two conditions are satisfied:
(i) Ao is a diagonal matriz; and
(ii) for every i =1,2,--- | N, it holds that
Vi€, -5 &i-1, 0, &ivny oo, €N) +0i(w) >0, (3.2)

foranyx € Q and & > 0,7 # 1.
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Lemma 3.1. For any initial datum go = (ug,vo) € Hy, there exists a unique,
global, weak solution g(t) = (u(t),v(t)),t € [0,00), of the initial value problem
of the evolutionary equation (1.10) and it becomes a strong solution on the time
interval (0,00). Moreover, the mapping g : (t, go) — g(t; go) is jointly continuous
on [0,00) X Hy.

Proof. By checking the conditions of Proposition 3.1 it is easy to see that the cone
R? is an invariant region for the reaction-diffusion problem (1.2)-(1.5). For any
go = (up,vo) € Hy, the local weak solution will also be confined in the invariant
conic region H;. By Lemma 2.1, there is a maximal interval of existence, denoted
by Imaz = [0, Tmaz )s Tmaz > 0, for the corresponding weak solution g(t) = g(t; go)
such that for any [0, 7] C Inae,

g € C([0,7]; Hy) N CH((0,7); Hy) N L2(0, 73 B ). (33)
Taking the inner-product ((1.3),v(¢,-)) (meaning for each term of (1.3)), we get

2
2 2 9 a?|Q| dﬂ/ )

d dx — dx < dr.

2dt||v|| + do|| V| /Qav x /qu x 2y + 5 Qv s

Hence, by the Poincaré inequality (1.6),

2
A Ry G\ e L (3.4)
By the Gronwall inequality, we obtain
llo(t)]|? < e |uo||® + ] , for t €0, Thax)- (3.5)
(@77

In order to deal with the u-component, we can add up (1.2) and (1.3) and get
the following equation satisfied by y(t,z) = u(t, z) + v(t, z),

Jy bu

—= =d1A dy — di)Av — . 3.6
g; — GAy F+a+(dy —di)Av T+ (3.6)
Taking the inner-product ((3.6),y(t,-)) we have
1d, 9 buy
d d dy —d Avdz —
3l Vol = [ epdos (2= ar) [ yhvdo— [ s
a®l | diy, oo, ldi—daf 2, 2
< am + = Iyl +d7||Vv|| + - IVl
1 bu dg'y
b [ () e
diy Ja \1+ pu
where it is easy to find that i(s) = 1-&1‘9 satisfies ¥'(s) > 0 for s > 0, and
2 2 _ b
sup [¢(s)|” = Tim [¢(s)|" = 5.
s>0 $—00 2
Then we can deduce that, for ¢ € [0 Timaz),
||y||2 + d17||y||2 7 L+ d1||Vy||2
(3.7

2b2 Q  2di— o2, .,
( 2>dw+d”v [
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Integration of the above inequality yields the estimate

t|Q| 202 2|dy — dy|? [?
H|? < 2y (20 + = 7/ \Y% 2d
IO < o+ wol? + 52 (202 + 220 ) 4 2DZ2E [ouioeas

for t € [0, Thnaz). From (3.4) we see that

t 2 Q‘
d 2 g5 < flug|2 + S12,
o [Pt s < ol + %
Thus we obtain
2ld, — d
WO <o +woll? + 28 =2l 2
dids
2 b? 2a%|d; — dy| (3:8)
L9 [ <a2+) +], £ 0. Tomas).
Since u(t) = y(t) — v(t), (3.5) and (3.8) imply that
2ld; — d a?|Q
Ju(t) 2 < fluo + wo + (1 4+ D= 21 2 4 12
didy (d2) (3.9)
2 b2\ 2a2|dy — dy '
L9 { (au) +], £ 0. T,
i diy 1 dyd3y | )

Therefore, for any go € H,, the weak solution g(t) = (u(t,-),v(t,-)) of the initial
value problem (1.10) will never blow up at any finite time so that Tq. = +00.
This proves the global existence and uniqueness of a weak solution of (1.10) for any
initial data.

According to (3.3), for any go € Hy and any t > 0, since the weak solution
g(-) € L?(0,t; E), there is a time ¢, € (0,¢) such that g(f) € E;. Then the
variation-of-constant formula of the mild solution shows that this g(t),¢ € [to, 00),
turns out to be a strong solution, cf. [11,13]. As a result, any weak solution with
go € H, becomes a strong solution on the time interval (0, 00).

The strong continuity of the weak solution ¢(t; gg) on go can be shown by making
estimates on the equation satisfied by the difference of any two trajectories and a
further argument of the joint continuity with respect to (¢, go). Here the details are
omitted. O

The family of all the global weak solutions {g(¢;g0) : go € Hi} defines a
semiflow on H, i.e.

S(t): g0+ g(t;g0), go € Hy, t >0, (3.10)

which will be briefly called the solution semiflow of (1.10).

Lemma 3.2. There exists an absorbing set By in Hy for the solution semiflow
{S(t)}+>0 of (1.10) defined by (3.10),

By={g€Hy :|g|* <Ko}, (3.11)

where Ky is a positive constant independent of initial data.
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Proof. From (3.5) and Lemma 3.1 we see that for any initial status go € H,

||2 a2|Q‘

limsup [Jv(t)]|* < p1 = +1. (3.12)
t—o0

From (3.7) we have the inequality

d 2|d1 — da?
& (o)) < 2ty

(3.13)
b2\ 2|9
n (az n M2> d|17|edlﬁ/2'
Integrating (3.13) over [0,t], we obtain
b2 4|Q

ly(@)]1* < e 72 lug +vol|* + <a2 + 2) | |2
p?) (di) -
20di — daol® [* _gieryo , (3.14)

# 2ATEE [t wate Par

To treat the integral term in (3.14), we multiply the second inequality of (3.4) by
e417t/2 and then integrate it to get

/t ed177/2i||U(T)||2 dr + do /75 ed”T/QHVU(T)HQ dr < 2@2‘Q| edyyt/?
0 dr 0 - dldQ'}/z ’
which implies that

K 2a%|Q)| K d
d diyT/2 2d < divyt/2 _/ diyT/2 2 d
o [t i < e [ (e R ) ar

> e
= 20 gt (enrtr2 o)~ uol?) + Sain [ e ar
dyday? 2 0

2a2|Q| 1 ¢ a?|Q| (3.15)
< divyt/2 2 Zd / diyT/2 —doyT 2 d
Sady® Il g foe el Gy
2 1Y a?|Q diyt/2 1 2
=|—+—)— 1+ -diy0(t t>0,
(5 + ) i+ (14 S o)) ol
where (3.5) is used and
2 - .
¢ [ —2da]y el =220 /2 it dy > 2dy,
0(t) = / eld1=2d2)v7/2 g — Ly ifd; = 2ds, (3.16)
0 .
m, lfd] < 2d2
Substituting (3.15) and (3.16) into (3.14), we find that
b2\ 4]
DII? < e D2 ||lug + v, 2+(a2+)
Iy < [[uo + vo| 2 ) i)
2[dy — do|? —dyvt/2 2 1Y a?|Q] dit/2 1 2
_— —+ = — 14+ —diy0(t )
+ didy € dy + dy ) dory? € + + 9 1y 0(t) | [[voll

(3.17)
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where, as seen from (3.16),
—dirt/2 1
0<e 7 1+§dn9(t) — 0, as t— oo
From (3.17) and the above limit it follows that
limsup [[y(6)[|* < pe, (3.18)
t—o0

with

2\ 4Q|  2a?|dy—da? (2 1
=(a*+ 5 Z )9+ 1.
P (a - H2> (d17)? - did3ry? dy - do 1+

Finally, from (3.12) and (3.18) we can conclude that, for any initial data go =
(up,vp) € Hy, the weak solution g(t; go) satisfies

lim sup lg®)II* = lim sup (@I + o))

= lim sup (Jly () - v(®)* + o (®)I*) < Ko = 3p1 + 2p2.

With this positive constant Ky, the set By in (3.11) is an absorbing set for the
solution semiflow of (1.10). The proof is completed. O

4. Asymptotic compactness and global attractor

In this section we shall prove that the solution semiflow {S(t)}:>0 of (1.10) is
asymptotically compact in H and has a global attractor. The following proposition
is about the uniform Gronwall inequality, which is an instrumental tool in the
analysis of asymptotic compactness, cf. [11,13].

Proposition 4.1. Let 3,(, and h be nonnegative functions in L} .[0,00;R). As-

loc
sume that B is absolutely continuous on (0,00) and the following differential in-

equality is satisfied,
dp

T <¢B+h, fort>0. (4.1)

If there is a finite time t1 > 0 and some r > 0 such that

t+r t+r t+r
/ C(r)ydr < A, B(t)dr < B, and (r)dr <C, (4.2)
t t t

for any t > t1, where A, B, and C are some positive constants, then

B A

Bt)<|—=+4+C|e”, foranyt>t;+r.

r

Lemma 4.1. There is a constants M > 0 such that
t+1 t+1
[ s ar= [ QP + etr) |y dr < 0, (43
t t

for any t > To, go = (ug,v0) € Bo, where Ty = Ty(Bo) is a positive constant
depending only on the absorbing ball By.
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Proof. Note that the absorbing set By shown in (3.11) absorbs itself. Thus there
is a finite time Ty = Tp(By) > 0 such that

S(t)By C By, for any t > Tp.

From the second inequality in (3.4) we see that

/;H vutr)?ar < 5 (Il + df')

(4.4)
1 a?|Q|
<M =—|Ky+ , fort>1Ty, go € Byp.
da dary
From the second inequality in (3.7) and (4.4) we see that
t+1
[ Ivuolrar
¢
2 ) ) b2) 21Q| | 2|dy — dy /t“ 9 ]
— +(a”+ — + Vo(r)||* dr (4.5)
< 2 o+ (@ 5) 32+ A= [T o)

IA

2 b2\ 29 = 2|dy — do| ( a2|Q|>}
M Ko+ (a®+ = + Ko+ —— |1,
2 d { ’ ( /~L2) diy didy 0 day
for ¢t > To, go € By. Since u(t) = y(t) —v(t), (4.3) follows from (4.4) and (4.5) with

the constant M given by
M = 3M;y + 2M-.

The proof is completed. O
According to Lemma 3.1, any weak solution g(¢;go), t > 0, becomes a strong
solution on (0,00) and we have

S(t)go € By = [HI(Q))?  [L5(Q))? € [LY(Q)]? fort > 0.
There exists a constant n > 0 such that the following embedding inequality holds,
Vel > nllel7s, forp e Hy(Q) or E. (4.6)

Lemma 4.2. The solution semiflow {S(t)}+>0 of (1.10) is asymptotically compact
in the invariant cone Hy of the phase space H.

Proof. Taking the L? inner-product {(1.2), —Au), by the homogeneous Dirichlet
boundary conditions, we get

|Vul]? + di||Aul)* = /uvAuda:+/ bu Audx
Q 1+ pu

dl 2 1 / 2 b2|Q‘
< Au d .
= ( 2 ) IAull”+ g, | wvide+ 5

By the Cauchy inequality and (4.6), it follows that, for ¢ > 0,

2dt|

1 G B2l0|
2 o & 2,2 20(11,,2
GIvulP < 3 [ ot 0 < R+ g

b2|9|
dip _d 2

4.7
10| (4.7)
1#2.

IVul?[[Vol* +

= R P+
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The above inequality (4.7) can be wriiten as

d

where
v
dyp?”

Bu(t) = |Vu(t)]?, C1(t)=%772||Vv(t)||2, and =

By Lemma 4.1 and applying the uniform Gronwall inequality in Proposition 4.1 to
(4.8), we obtain

2 2|Q| M
IVu(@®)|]* < [ M+ TV exp i) fort > Ty + 1, go € B, (4.9)

where M and T are the constants shown in Lemma 4.1.
Then take the L? inner-product ((1.3), —Awv) to get

HVUHZ—l—dgHAUHQ /aAvdm—l—/uvAudx
th o

do 2 ‘Q| / 2,2
< .
< (2 )A 1P+ g+ 5g; [ w0t de

Again by the Cauchy inequality and (4.6), it follows that, for ¢t > 0,

d 1 a?|Q| |
GVl < - [ utvtda+ S < et + 0
dt d2 d2 d2 (4 10)
_ ! |Q| 1 2 2, @’ -
~ Ll < ol Vel ve + 2
The above inequality (4.10) can be wriiten as
d
P <GPt ha, >0, (4.11)
where
1 2?9
- 2 _ 2 _
Bo(t) = V@7, C(t) = WHVW)H , and by =—.

By Lemma 4.1 and applying the uniform Gronwall inequality in Proposition 4.1 to
(4.11), we obtain

210 M
Vo(t))? < <M+ adL |) exp <d2772> , fort>1Ty+1, go € Bo, (4.12)

where M and Tj are the constants shown in Lemma 4.1.
The inequalities (4.9) and (4.12) yield the following estimate of boundedness,

lg@®IE = IVu@®|? + [Vo@)|* < M*,  fort > Ty +1, go € Bo, (4.13)

b2|)| M a2|9)| M
M= (M - M .
( +du >eXp (d1n2)+( - do )eXp<d2n2>

where
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The boundedness shown in (4.13) combined with the absorbing property shown
in Lemma 3.2 confirms that, for any given bounded set B C H, there exists a
finite time T'(B) > 0 such that {S(¢)B :t > T(B)} C By and

{S(t)B:t>T(B)+To+ 1} is a bounded set in F,

which in turn is a precompact set in H; due to that E is compactly embedded
in H. Therefore, by Definition 1.2 the solution semiflow {S(¢)};>0 of (1.10) is
asymptotically compact in H. O

Finally we can prove the main result on the existence of a global attractor for
this semiflow {S(¢)}¢>0.

Theorem 4.1. For any positive parameters dy, ds, a,b and u in the reaction-diffusion
system (1.2)~(1.3) with the Dirichlet boundary condition (1.4), there exists a global
attractor o7 in Hy for the solution semiflow {S(t)}i>0 generated by (1.10).

Proof. Lemma 3.2 and Lemma 4.2 demonstrate that the two conditions in Proposi-
tion 1.2 are satisfied by this solution semiflow {S(t)};>¢ generated by (1.10), where
we let X = H,. Therefore, there exists a global attractor .o/ in H for this solution
semiflow. O

Moreover, we can show that the global attractor < is actually a bounded set in
the more regular space [L>(Q)]?.

Theorem 4.2. The global attractor o/ of the solution semiflow of (1.10) is a
bounded subset in [L>(2)]%.

Proof. By the (LP, L) regularity of the analytic Cy-semigroup {e4*},>, cf. [11,
Theorem 38.10], one has e : [LP(Q)]? — [L>=(Q)]? for t > 0, and there is a
constant C'(p) > 0 such that

el e (o roey < C(p) t72%, t >0, wheren = dimQ. (4.14)

Note that there is a constant steady state g = (4,?0) € o, where

a

U= v =0b—apu,

b—ap’

and without loss of generality assuming that b # au. Thus f(g) = 0. By the
variation-of-constant formula satisfied by the mild solutions, certainly valid for the
strong solutions associated with any g € & (C E), we have, for ¢t > 0,

t
1S@®)gllz= < lle* ez, gl + [ e le @z, i) 1/(S(0)g) = f()] do
0

P t -
<c@e g+ [ c@t- o) LWAS(0) - iz do
0
(4.15)
where the space dimension n < 3, C(2) is specified in (4.14) with p = 2, M* is the
constant in (4.13) and L(v/M*) is the Lipschitz constant of the nonlinear map f on
the closed bounded ball in F centered at the origin and with radius v M*. By the
invariance of the global attractor 7, we have
{S(t)oZ :t>0} =/ C By={g€ Hy :||g|* < Ko} C Hy,

4.16
{St)o :t>0}=o C By ={g€ E; :|glls < M*} CE,. (4.16)
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Then from (4.15) we get

1809l < COVER L+ [ COUTVIEG o) tdr

= C©2)[VKot™ 1 +8L(VM*)VM*ti], fort>0.

Specifically one can take ¢t = 1 in (4.17) and use the invariance S(t)«/ = &7 to
obtain

lgllLe < C(2)(v/ Ko+ 8VM*L(VM*)), foranyge .
Thus the global attractor <7 is a bounded subset in [L°°(£2)]2. O

5. Finite dimensionality of the global attractor

Now consider the Hausdorff dimension and fractal dimension of the global attractor
2/ of the solution semiflow {S(¢)};>0 of (1.10) in Hy. Let gy, = limsup,_, o gm/(%),
where, cf. [13],

t
i) = s sw (4 [T SO e Quinar) )
goEA gifz}{’ugiul’?l 0

in which @,,(t) stands for the orthogonal projection of space H on the subspace
spanned by Gi(t),---,Gn(t), with G;(t) = L(S(t),90)gi,¢4 = 1,---,m. Here
f'(S(7)go) is the Fréchet derivative of the map f at S(7)go, and L(S(t),go) is
the Fréchet derivative of the map S(t) at go, with ¢ fixed. The definitions of Haus-
dorff dimension and fractal dimension can be seen in [13, Chapter 5] as well as the
following proposition.

Proposition 5.1. If there is an integer m such that q,, < 0, then the Hausdorff
dimension dy (/) and the fractal dimension dp (/) of < satisfy

d(/) <m, and dp(«/)<m max (1 + (qj)+) <2m. (5.2)
1<j<m—1 |gm|

It is standard to show that for any given ¢ > 0, S(¢) on H is Fréchet differen-
tiable and and its Fréchet derivative at gg is given by

L(S(t),90)Z0 < Z(t) = (U(1), V(1))

for any Zy = (Ug, Vo) € H, where (U(t),V(t)) is the weak solution of the follow-
ing initial-boundary value problem of the variational system associated with the
trajectory {S(t)go : t > 0},

au b

a = dlAu + U(t)u + u(t)V - m )

ov

i da AV —v(t)U — u(t)V, (5.3)

U loe="V |ap=0, t>0,
U0) = Uy, V(0) = V.
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Here (u(t),v(t )) ( ) = S(t)go is the weak solution of (1.10) satisfying the initial
condition g(0) = go. The initial-boundary value problem (5.3) can be written as

az
o = AFf(519) 2, t>0, (5.4)

Z(0) = Z,.

Theorem 5.1. The global attractors </ for the solution semiflow {S(t)}i>0 of
(1.10) has a finite Hausdorff dimesion and a finite fractal dimension.

Proof. By Proposition 5.1, we shall estimate Tr (A + f/(S(7)go)) 0 Qm (7). At any
given time 7 > 0. Let {¢;(7) : j = 1,--- ,m} be an H-orthonormal basis for the
subspace

QM(T)H = Span {Zl(T)v t ﬂZm(T)}7

where Z1(t), -, Zn(t) are the weak solutions of (5.4) with the respective initial
data Z19, -, Zm,0 and, without loss of generality, assuming that Z1 9, -+, Zm 0
are linearly independent in H.

Note that Zy(t), -+, Z,(t) turn out to be strong solutions for ¢ > 0. By
the Gram-Schmidt orthogonalization, ¢;(1) = (¢}(7),¢3()) € E for 7 > 0,
j =1,---,m, and ¢;(7) are strongly measurable in 7. Set dy = min{d;,d2}.
Then

Tr (A + f/(S(7)g0) 0 Qum(T)

= > ((Api(7),05(1)) + (£'(S(T)g0)p; (1), 05(T)))

J=1

IN

- dOZ IV (D> + i+ J2, 7> 0,
where the two terms J; and J are respectively given by
- b 1/y|2 - / 1 2
- —— — (7)) @i (7)|" dx + u(t)p; (1)ps (1) dx
Z/Q((HW(T»Q ) leb(o) > [ uoeso
<3 [, OISO+ a0 (gir) e
and
Z/ 4,0] ‘pJ dx_Z/ ‘90] 7)|? da
3 [ oo @) e
=le

By the generalized Holder inequality and the invariance of the global attractor <7,
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j=1
<> 18@goll (o5 (MZa + e (Il 03 ()24 <2\/KoZII<PJ )72
j=1

(5.6)

for any 7 > 0 and any gg € «/. Now we apply the Garliardo-Nirenberg interpolation
inequality, cf. [11, Theorem B.3],

lellwss < Clellfymallellz?,  for o € W™ (), (5.7)

provided that p,q,7 > 1,0 < 8 < 1, and
<40 (m - n) -(1- 9)27 where n = dim Q.
q r

Here let W*P(Q) = L*(Q), W™4(Q) = H(Q), L"(Q) = L*(Q), and § = n/4 < 3/4.
It follows from (5.7) that

lei(M)llze < CIVE (I s (DI 5 = CIVe;(n)IF, 1< 5 <m, (5-8)

since ||¢;(7)|| = 1,1 < j < m, where C is a positive constant. Substituting (5.8)
into (5.6) we obtain

T < 2VE C?) | Ve,(r)]|?
j=1

Similarly we can get
J < \/KOZ s (T)lI74 < JITOOZZ IV (T)]I%.

Substituting the above two inequalities into (5.5), we obtain
Tr (A + f(S(7)g0) © Qum(T)
S 5.9
< —do ) IViylr ||2+3\/KOC2Z||VSDJ . 9

j=1

By Young’s inequality, for n < 3, we have
ﬂ 0
3VKoC? D ||[Vg,(r)]|F < 52 IV (7)1* + K (n)m
=1 =1

where K (n) is a positive constant depending only on n = dim € and the involved
constants dy, Ko, and C. Hence, for any 7 > 0 and any gy € ., the following
inequality is valid,

Tr(A+ f/(S(7)g0) © Qm(7) < g’ZIW] TI* + K (n)m.



GLOBAL DYNAMICS OF A REACTION-DIFFUSION SYSTEM 139

According to the generalized Sobolev-Lieb-Thirring inequality [13, Appendix, Corol-
lary 4.1], since {©1(7), - ,om(7)} is an orthonormal set in H, there exists a con-
stant ¥ > 0 only depending on the shape and dimension of €2 such that

- Umits
SV (nIF > ———
J=1 |Q|n
Therefore, for any 7 > 0 and any gg € &,
’ doW 1+2
Tr (A+ f/(S(7)g0) 0 Qum(T) < _2|Q|2 m- T + K(n)m. (5.10)

Then we conclude that for ant ¢ > 0,

t
i) = s sw ([T S0 0 Q)
St - (5.11)

do¥ 2
< — 2t 4+ K(n)m.
2|Q =
Consequently,
do¥
Gm = limsup ¢, (t) < — %m“’% + K(n)m <0,

if the positive integer m satisfies the following condition,

n/2
m—1<1Q] (2?05;)> <m. (5.12)

According to Proposition 5.1, we have shown that the Hausdorff dimension and the
fractal dimension of the global attractor & are finite with the upper bounds given
by

d(/)<m and dp(o) <2m,

respectively, where m is the positive integer satisfying (5.12). O

6. Regularity and attraction in £,

In this section we show that the global attractor &7 of the solution semiflow of (1.10)
is an (Hy, Ey) global attractor. This concept was introduced in [1].

Definition 6.1. Let X be a Banach space or a closed invariant cone in a Banach
space and {X(¢)}+>0 be a semiflow on X. Let Y be a compactly imbedded subspace
or sub-cone of X. A subset A of Y is called an (X,Y) global attractor for this
semiflow if A has the following properties,

(i) A is a nonempty, compact, and invariant set in Y.

(ii) A attracts any bounded set B C X with respect to the Y-norm, namely,
there is a time 7 = 7(B) such that X(¢)B C Y for ¢t > 7 and disty(X(t)B,A) — 0,

as t — oo.
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Lemma 6.1. Let {g,,} be a sequence in E such that {gn} converges to go € E
weakly in E and {gm} converges to gy strongly in H, as m — oo. Then
lim S(t)gn = S(t)go strongly in E,
m—00

where the convergence is uniform with respect to t in any given compact interval
[to,tl] C (0,00)

The proof of this lemma is seen in [20, Lemma 4.2].

Theorem 6.1. The global attractor o/ in Hy for the solution semiflow {S(t)}i>0
of (1.10) is indeed an (Hy, EL) global attractor.

Proof. By (4.13) in the proof of Lemma 4.2 and that By is an absorbing set for
the solution semiflow {S(¢)}+>0 of (1.10) in H,, we find that

Bi={p € E; :lple = |Vel® < M} (6.1)

as in (4.16) is an absorbing set for the semiflow {S(¢)}:>0 in E4. Indeed, for any
E-bounded subset B C E, B must also be bounded in H; so that there is a finite
time T°(B) > 0 such that S(t)B C By for all t > T°. Then (4.13) implies that

S(t)B C By, forany t>T°+Ty+ 1, (6.2)

where Ty has been specified in the proof of Lemma 4.2.

Next we show that the solution semiflow {S(¢)};>0 of (1.10) is asymptotically
compact with respect to the strong topology in E. For any time sequence {t,},t, —
00, and any E-bounded sequence {g,} C E, there exists a finite time ¢y > 0 such
that S(t){gn} C Bo, for any t > t5. Then for an arbitrarily given T > to + Tp + 1,
there is an integer ng > 1 such that t,, > 2T for all n > ny.

By Lemma 4.2, it holds that

{S(tn — T)gn }n>n, is @ bounded set in E. .

Since E is a Hilbert space, there is an increasing sequence of integers {n;}32,, with
ny > ng, such that

lim S(tn, —T)gn, = g* weakly in E.

J—

By the compact imbedding E < H, there is a subsequence of {n;}, which is
relabeled as the same as {n;}, such that

lim S(t,, —T)gn, = g* strongly in H,
j—o0
because H. is a closed invariant cone of H. Moreover, the uniqueness of limit

implies that ¢g* € E. Then by Lemma 6.1, we have the following convergence with
respect to the F-norm,

lim S(tn,)gn;, = lim S(T)S(t,, —T)gn; = S(T)g" strongly in E. (6.3)
j—o0 j—o0
This proves that {S(¢)}:>0 is asymptotically compact on E..

Therefore, by Proposition 1.2, there exists a global attractor &g for this solution
semiflow {S(t)};>0 in the invariant cone E. Note that By attracts the H-absorbing
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ball By in the E-norm as demonstrated earlier in this proof, we see that this global
attractor o/ is an (H4, Ey) global attractor according to Definition 6.1. Then the
invariance and the boundedness of &7 in H and of &g in E imply that

o/ attracts &g in H,, so that @/ C &,
o/p attracts &7 in F, so that & C o7p.

Therefore, &f = o/ and, as a consequence, the global attractor o/ in H is itself
an (Hy, E}) global attractor for this semiflow {S(¢)}+>o0. O

As a remark, if we add a condition that ug(t) = & [, u(t,z) dz = 0 and vo(t) =
é fQ v(t,z)dx =0, t > 0, then the results shown in this paper are also valid for the
homogeneous Neumann boundary condition.
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