Journal of Applied Analysis and Computation Website:http://jaac-online.com/
Volume 1, Number 1, February 2011 pp. 69-93

EXISTENCE OF GENERALIZED
TRAVELING WAVES IN TIME
RECURRENT AND SPACE PERIODIC
MONOSTABLE EQUATIONS*

Wenxian Shen

Abstract This paper is concerned with the extension of the concepts and
theories of traveling wave solutions of time and space periodic monostable
equations to time recurrent and space periodic ones. It first introduces the
concept of generalized traveling wave solutions of time recurrent and space
periodic monostable equations, which extends the concept of periodic travel-
ing wave solutions of time and space periodic monostable equations to time
recurrent and space periodic ones. It then proves that in the direction of any
unit vector &, there is ¢*(€) such that for any ¢ > ¢*(€), a generalized traveling
wave solution in the direction of £ with averaged propagation speed c exists. It
also proves that if the time recurrent and space periodic monostable equation
is indeed time periodic, then ¢*(€) is the minimal wave speed in the direction
of ¢ and the generalized traveling wave solution in the direction of £ with
averaged speed ¢ > ¢*(§) is a periodic traveling wave solution with speed c,
which recovers the existing results on the existence of periodic traveling wave
solutions in the direction of £ with speed greater than the minimal speed in
that direction.

Keywords Monostable equation, generalized traveling wave solution, average
propagating speed, spreading speed, sub-solution, super-solution, comparison
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1. Introduction

The current paper is devoted to the study of traveling wave solutions of reaction
diffusion equations of the form,

ou
Fri Au+ SN a;(t,x)

o

N
oz, +uf(t,z,u), zeRY, (1.1)

where a;(t,x) (i = 1,2,--- ,N) and f(¢,z,u) are recurrent and unique ergodic
in ¢ and periodic in z, and f(¢,x,u) is monostable in u. More precisely, a;(t,z)
(i=1,2,---,N) and f(t,x,u) satisfy the following three assumptions.
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(H1) ({ai(t,z)} N, f(t,2,u), g—i(t,x,u)) is recurrent and unique ergodic in t (see
Definition 2.2 for detail), is periodic in x; with period p; (j =1,2,--- ,N), and is
globally Hélder continuous in t, x.

(H2) There are By > 0 and Py > 0 such that f(t,u) < —fy fort € R and u > Py
and %(’5’“) < —fy fort eR and u > 0.

(H3) The principal Lyapunov exponent of the linearization of (1.1) at 0 is pos-
itive (see section 2.2 for the definition of principal Lyapunov exponent and basic
properties).

Observe that under the assumptions (H1)-(H3), the trivial solution v = 0 of (1.1)
is linearly unstable and (1.1) has a unique positive solution v = u™ (¢, ) which is
recurrent and unique ergodic in ¢, periodic in x; with period p;, and is globally
stable with respect to positive space periodic perturbations (see Proposition 3.1).

Equation (1.1) satisfying (H1)-(H3) is hence called a monostable equation. Here
is a typical example of monostable equations,

ou_ o
ot Ox2

which was introduced in the pioneering papers of Fisher [9] and Kolmogorov, Petrowsky,
Piscunov [23] for the evolutionary take-over of a habitat by a fitter genotype, where

u is the frequency of one of two forms of a gene. Monostable equations are then
also called Fisher’s or KPP type equations in literature. They are used to model
many other systems in biology and ecology (see [1], [2], [5])-

One of the central problems about monostable equations is the traveling wave
problem. This problem is well understood for the classical Fisher or KPP equation
(1.2). For example, Fisher in [9] found traveling wave solutions u(t, ) = ¢(x — ct),
(¢p(—o0) = 1,¢(c0) = 0) of all speeds ¢ > 2 and showed that there are no such
traveling wave solutions of slower speed. He conjectured that the take-over occurs
at the asymptotic speed 2. This conjecture was proved in [23] by Kolmogorov,
Petrowsky, and Piscunov, that is, they proved that for any nonnegative solution
u(t, z) of (1.2), if at time ¢t = 0, u is 1 near —oo and 0 near oo, then lim;_, o u(t, ct)
is 0if ¢ > 2 and 1 if ¢ < 2. Put ¢* = 2. ¢* is of the following spatially spreading
property: for any nonnegative solution u(t,x) of (1.2), if at time ¢t = 0, w(0,2) > o
for some o > 0 and z < —1 and u(0,z) = 0 for > 1, then

+ u(l —u), z € R, (1.2)

inf |u(t,z) —1| —0, V¢ <c¢* and sup u(t,z) »0 Ve >c*as t— oo.
z<c't z>c't

In literature, ¢* is hence called the spreading speed for (1.2). The results on trav-
eling wave solutions of (1.2) have been well extended to general time and space
independent monostable equations (see [1], [2], [6], [12], [22], [39], [45], etc.).

Due to the inhomogeneity of the underline media of biological models in nature,
the investigation of the traveling wave problem for time and/or space dependent
monostable equations is gaining more and more attention. A huge amount of re-
search has been carried out toward the traveling wave solutions of various time
and/or space dependent monostable equations. See, for example, [3], [4], [5], [10],
[16], [24], [25], [26], [31], [33], [46], [47], and references therein for space and/or time
periodic reaction diffusion equations of KPP type, see [7], [10], [13], [32], [34], [35],
[36], [48], [49], and references therein for KPP models in random media, and see
[25], [26], [27], [46], [47], and references therein for time discrete KPP models.
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Recall that when (1.1) is time periodic in ¢ with period T, it has been proved that
for any ¢ € RY with ||¢]| = 1, there is a ¢*(£) € R such that for any ¢ > ¢*(€), there
is a traveling wave solution connecting 4™ and 0 and propagating in the direction
of £ with speed ¢, and there is no such traveling wave solution of slower speed. The
minimal wave speed ¢*(£) is of some important spreading properties and is called
the spreading speed in the direction of & (see [26], [31], [33], [47], and references
therein). Moreover, the following variational principle for ¢*(§) holds,

o V18
n>0 2

() = , (1.3)
where A*(u, ) is the principal eigenvalue (i.e. the eigenvalue with largest real part
and a positive eigenfunction) of the following periodic parabolic eigenvalue problem,

_% +A“+Zij\;1 af’g(t,x)c%‘i +a6“5(t,x)u: M, z€RN
u(t, -+ pies) = u(t,-), Vu(t, +pe;) = Vu(t,-), i=1,2,--- N (1.4)
u(t +T, ) = u(t, )

alf(tx) = ai(t,x) — 2u& (i =1,2,--- | N), av*(t,x) = ao(t, x) — p N | ai(t, 2)&;
+u2, ao(t,z) = f(t,2,0), and e; = (8;1,0i2,- -+ ,0in), 65 = Lif i = j and 0 if i # j.

However, there is little understanding of the traveling wave problem for general
time dependent and space periodic monostable equations. The objective of the
current paper is to investigate the extent to which the concepts and theories of
traveling wave solutions of time and/or space periodic monostable stable equations
may be generalized.

To this end, we first introduce the concept of generalized traveling wave solu-
tions, which generalize the classical concept of traveling wave solutions. Roughly, a
solution u = u(t, z) of (1.1) is called a generalized traveling wave solution of average
propagating speed c in the direction of ¢ € SN~ if it is an entire solution of (1.1)
and

u(t, z) = ®(x — ()¢, 1, ¢(1)E) (1.5)
for some ¢ : R — R and ® : RV x R x RY — R+ satisfying that

lim (®(x,t,2) —ut(t,z+2)) =0, lim ®(x,t,2)=0

z-£——00 z-£—00

uniformly in t € R, z € RV,

‘I)(ﬂf,t,Z—:E):(I)(l‘/,t,z—z,) vx,l’IGRN,g:-fle.g,
O(z,t, 2+ piey) = ®(z,t,2), i=1,2,---,N,
and

tlim =c¢ uniformly in s€R
(see Definition 4.1 for detail).
Note that if u = ®(z — ((t)€,t,((t)€) is a generalized traveling wave solution of

(1.1) in the direction of &, then it is also of the following form,

Ct+s) = Cs)
t

u(t,z) = V(x-&—C(t),t,x) (1.6)
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for some ¥ : R x R x RY satisfying

lim (¥(rt, z)— ut(t,2)) =0, lim ¥(r,t,2z)=0
and
\I/(T7ta < +piei) = \Ij(ratv Z)

(see Remark 4.1).
To state the main results of the paper, for given ¢ € SV=1 and p > 0, let A\(u, &)
be the principal Lyapunov exponent (see Definition 2.4) of
u N 5 u L,
9u— Au+3y;, al £(t>m)ngi +abf(tx)u, xeRN (L.7)
u(t, -+ piei) = u(t,-), Vu(t, -+ p;e;)Vu(t,-), i=1,2,--- N,

where, as in (1.4), af’é(t,x) =a;(t,z)—2p& (1=1,2,--- | N), ag’g(t,x) = ap(t,z)—
,uZivzl a;(t,x)& + p?, and ag(t,z) = f(t,7,0). Observe that principal Lyapunov
exponent of (1.7) is the analogue of the principal eigenvalue of the periodic parabolic
problem (1.4) (see section 2 for basic properties of principal Lyapunov exponents
of time recurrent parabolic equations). When «a,(t, z) and aq(t, z) are periodic in ¢
with period T, A(u, §) equals the principal eigenvalue A*(u, ) of (1.4).

For given & € SV~1, let p*(&) > 0 be such that

A (€),8) _ . ¢ M)

() R0
e Mps€) | A (€),8)
H, I ) f *
. > () or 0<p<pu ()
(the existence of p*(§) follows from Theorem 2.6). Let
wey = M), €)
“O="e

Among others, we prove (see Theorem 4.1 for detail)

(a) For any ¢ > ¢*(§), (1.1) has a generalized traveling wave solution u(t,x) =
O(x — C(t)&,t,C(t)€) in the direction of & with average propagating speed c.
(b) The generalized traveling wave solution u(t,x) = ®(x — ((t)&,t,{(t)E) in (a)

has uniform exponential decay rate p at oo, where p € (0, w*(&)) is such that

Aw,6)
no

CcC =

(c) If a;(t,x) and f(t,x,u) are periodic in t with period T, then the generalized
traveling wave solution u(t,x) = ®(x — ()€, t,(()E) in (a) is periodic in t in
the sense that ®(x,t+T,z) = ®(x,t,2) and  (t+T) = ¢ (t). Moreover, it can
be written as u(t,z) = ®(x—ct,t,ct) for some function & : RN xRxRN — R*
with similar properties as ®(-,-,-).

As mentioned above, if a; (¢, z) and f(¢,x,u) are periodic in T, it has been proved
(see [31], [47]) that for any ¢ > ¢*(§), (1.1) has a periodic traveling wave solution
in the direction of £. The results of the current paper recover the existing results
on periodic traveling wave solutions with speed ¢ > ¢*(§). It should be pointed
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out that the approach used in this paper is different from the approaches in other
papers.

When (1.1) is recurrent and unique ergodic in ¢ but independent of z, it has
been proved in [43] that for any ¢ > ¢*(€), (1.1) has a generalized traveling wave
solution in the direction of £ with averaged speed c. Hence the results of the current
paper also recover the existing results on generalized traveling wave solutions with
average propagating speed ¢ > ¢*(£).

Observe that when (1.1) is periodic in ¢ or is independent of z, it has been proved
that ¢*(&) is the spreading speed as well as the minimal average propagating speed
of generalized traveling wave solutions of (1.1) in the direction of & (see [42], [43],
[47]) (the reader is referred to [15], [42] for the studies of spreading speeds of time
recurrent monostable equations). However it remains open whether in general ¢*(€)
is the spreading speed of (1.1) in the direction of £ (if exists) and is the minimal
average propagating speed of generalized traveling wave solutions in the direction
of &.

The rest of the paper is organized as follows. In section 2, we collect some
fundamental properties of principal Lyapunov exponent of (1.7), which together
with comparison principles for parabolic equations are the main tools for the proofs
of the main results of the paper. We also recall the concepts of recurrent and unique
ergodic functions and compact minimal flows in section 2. We prove the existence,
uniqueness, and stability of space periodic and time recurrent and unique ergodic
positive solutions of (1.1) and construct some important super- and sub-solutions
of (1.1) in section 3. In section 4, we study the existence of generalized traveling
wave solutions of (1.1) and prove the main results.

2. Preliminary

In this section, we first recall the concepts of compact minimal flows and recurrent
and unique ergodic functions. We then collect some fundamental properties of
principal Lyapunov exponent of (1.7).

2.1. Compact flows and recurrent functions

In this subsection, we recall the definitions of compact flows and recurrent functions
and collect some basic properties.

Definition 2.1. Let Z be a compact metric space and B(Z) be the Borel o-algebra
of Z.

(1) (Z,R) := (Z,{0+}ter) is called a compact flow if o0 Z — Z (¢t € R) satisfies:
[(t, 2) > oy2] is jointly continuous in (¢, z) € RX Z, 09 = id, and o500, = 0444
for any s,t € R. We may write z - t or (z,t) for oz.

(2) Assume that (Z,{o;}ier) is a compact flow. A probability measure p on
(Z,B(Z)) is called an invariant measure for (Z,{o}1er) if for any E € B(Z)
and any ¢t € R, u(o¢(F)) = p(E). An invariant measure u for (Z,{o;}ier) is
said to be ergodic if for any E € B(Z) satisfying u(o; '(E) A E) = 0 for all
teR, u(E)=1or u(E)=0.
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(3) Assume that (Z, {0 }1er) is a compact flow. (Z, {04 }ier) is said to be uniquely
ergodic if it has a unique invariant measure (in such case, the unique invariant
measure is necessarily ergodic).

(4) We say that (Z,{ot}ter) is minimal or recurrent if for any z € Z, the orbit
{oz|t e R} is dense in Z.

Given g € C(R x R™,R™), let
H(g) =cl{g-7|T € R},

where g - 7(t,z) = g(t + 7,2) and the closure is taken under the compact open
topology. H(g) is usually called the hull of g. Let (H(g), {o¢}+er) be the translation
flow defined by o4(g) = g(t + -,-) for g € H(g). If g is bounded and uniformly
continuous on R x E for any bounded subset E C R™, then H(g) is compact and
metrizable under the compact open topology and hence (H(g), {0t }ter) is a compact
flow (see [40]).

Definition 2.2. (1) A function g € C(R x R™,R™) is said to be recurrent in the
first independent variable if it is bounded and uniformly continuous on R x
for any bounded subset E C R™ and (H(g), {ot}ter) is minimal.

(2) A function g € C(R x R",R™) is said to be unique ergodic in the first inde-
pendent variable if it is bounded and uniformly continuous on R x E for any
bounded subset E C R™ and (H(g), {0t }+er) is unique ergodic.

Remark 2.1. If g € C(RxR™,R™) is periodic or almost periodic in the first indepen-
dent variable and is bounded and uniformly continuous on R x E for any bounded
subset £ C R", then it is both recurrent and unique ergodic in the first variable.
The reader is referred to [8] for the definition and basic properties of almost periodic
functions.

Theorem 2.1. If g € C(R x R™,R) is recurrent and unique ergodic in the first
independent variable, then the limit lim;_ 5 . i fst g(7,x)dT exists for any x € R.

Proof. It follows from the results contained in [21]. O

2.2. Spectral theory for linear recurrent parabolic equations
with periodic boundary conditions

In this subsection, we collect some fundamental properties of the principal spectrum
for time recurrent parabolic equations with periodic boundary conditions. The
reader is referred to [42] for detail. The reader is also referred to [17], [18], [19],
[20], [28], [29], [37], [42] for the studies of principal spectral theory for general time
dependent parabolic equations with Dirichlet, or Neumann, or Robin boundary
conditions.

We first consider a family of linear parabolic equations of the form,

N
ug = Au + Zbi(t,x)% +bo(t,2)u, z€RN (2.1)
i=1 ‘

complemented with the periodic boundary condition

u(t, -+ piei) = u(t,-), Vu(t, -+ p;e;) = Vu(t,-), i=1,2,--- N, (2.2)
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where p; >0 (j =1,2,--- ,N), b:= (b;, bo) := ({b;}}¥1, bp) € Y, and Y is a subset
of C(R x RN, RN*1). To emphasis the dependence of (2.1) on b, we may write it
as (2.1)y.

We make the following standard assumption on Y.

(H-Y) For any b = (b;,by) € Y, b(t,x) is recurrent in t and periodic in x;
with period p; > 0 (j = 1,2,---,N) and are globally Hélder continuous in t,
x. Moreover, Y is translation invariant in t (i.e. for any b € Y and t € R,
otb:=b-t:=b(t+-,-) €Y) and is connected and compact under open compact
topology.

In the following, we assume that Y satisfies (H-Y) and Y is equipped with the
open compact topology. Then (Y, (0¢)ier) is a compact flow. For a given Banach
space X, || - ||x denotes the norm in X.

Let

Xr ={ue CRY,R) |u(z + pie;) = u(z), i=1,2,--- ,N} (2.3)

equipped with uniform convergence topology. Let £(Xp,Xr) be the space of
bounded linear operators from X to X . Let

X} ={ue Xpu(z) >0, 2 c RV} (2.4)

and
Int(X}):= X}t = {ue X} |ux) >0,z e RV} (2.5)

For uy,us € Xy, we write
ur < ug (Ul > UQ) if wus—wup € Xz_ (u1 — U € Xz_)

and
up L ug  (ug >ug) if ws—up € Xer (ug —ug € XZFJF).

Let
ou
1 Ny _ c
Cper(]R )_{HGXL|8xi € Xr,i=1,2,--- N},

It follows from [14] that —A is a sectorial operator on X, denote it by —A|x, .
Let X¢ be the fractional power space of —A on X, (0 < o < 1). Note that X9 = X,
and X} = D(—Alx,). Let 0 < ap < 1 be such that X7 is compactly imbedded
into CJ,.(RY). Then by [14], for any b € Y and ug € X7°, there is a unique solution
u(t,-;up,b) € X7 of (2.1)+(2.2) with initial condition «(0, -;up,b) = ug(-). Put
U(t,b)up = u(t,-;uo,b) for up € X7°. Following from the results in [14] and
classical theory for parabolic equations, we have
Theorem 2.2. (1) (Joint continuity). The map [[0,00) x X;° XY 3 (t,up,b) —

U(t,b)ug € X;°] is continuous.

(2) (Norm continuity). For anyt >0, the map [Y 3 b+ U(t,b) € L(X}°, X]°)]
18 continuous.

(8) (Strong monotonicity). For anyt > 0 andb e Y, U(t,b) is strongly monotone
in the sense that if ui,us € X7° and uy < ug, uy # uz, then U(t,b)u; <
U(t,b)ug for anyt >0 andbeY.

(4) (Compactness). For any t > 0, U(t,-) is compact in the sense that for any

bounded set E C X}°, {U(t,b)uglb € Y,ug € E} is a relatively compact subset
of X7°.
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By Theorem 2.2, (2.1)+(2.2) generates a skew-product semiflow on X7 x Y
S X0OKY > X0OxY, t>0,

Zt(UOa b) = (U(ta b)u()v b- t)
The following Theorem follows from [38] (see also [28], [29]).

Theorem 2.3 (Exponential Separation). There are subspaces Xgo’l(b), szo,2 (b) C
X7 for any b €Y, Xz‘o’l(b), Xg°’2(b) are continuous in b € Y, and satisfy the
following properties:
(1) X80 = X7 (b) @ X7 (b) for any be Y.
(2) XM (b) = Span{w(b)}, w(b) € Wt(X N X;\) and is continuous in b,
||ﬁ)(b)||Xgo =1 foranybeY.
(3) X22(b)NInt(X° N X)) =0 for anybe Y.

(4) U(t,0) XN (b) = X0 (a4b) and U(t,0)X5°2(b) € X002 (0b) for any beY
and t > 0.

(5) There are M,~ > 0 such that

Ul
[0 D@0 [ yzo

foranyt>0,beY, we Xz‘o’Q(b) with ||wHXZO =1.

By classical theory for parabolic equations and the continuity of w(b) in b € Y

with respect to the || - ||o,-norm, there are constants C1,Co > 0 such that
1, . . _
o 10O)lxze < [0O)llzo0) < Crllo®)lxzo
and )
&, 1PO)lxge < lw@)llx, < Collw(®)llxpe
forany b e Y.
Let
w(b) = w(b)/[[@(b)]|L(D)- (2.6)
Let D = [0, p1] X [0, p2] X ---[0,pn] and (-, ) be the inner product in Lo(D). Let
ow(b
w(8) = (aw(b) + 2 15,0,2) 200 b)), (2.7
Theorem 2.4. (b) is continuous inb €Y.
Proof. See [42, Theorem 2.3]. O

Let
n(t,b) = Ut 0)w®d)|l L. (D)-

Then we have
nt(ta b) = K(Utb) 77(757 b)
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Therefore \
77(157 b) _ e-[o/ r(orb)dr
bet U(t, b)w(b)
) w j—
’U(t,l'7 b) = m = w(Utb)(.’E)
We have that v(t, z; b) satisfies
v = Av 4+ 2N bi(t, x)@ + bo(t,z)v — k(opb)v, x € RN, (2.8)

8$i
Theorem 2.5. If (Y, (01)ier) is unique ergodic, then

. 1 . 1 t
t_l;riloomln”[](t_ Svo-sb)HOzo = t_l;lllmm/s K(UTb)dT
for all b €'Y and the limit is independent of b and is uniform inb €Y.

Proof. It follows from Theorems 2.3, 2.4, and the results in [21]. O

Definition 2.3. Assume that (Y, (0¢)icr) is unique ergodic. A(Y) is called the
principal Lyapunov exponent of (2.1)4+(2.2), where

AY)= lim L

I [[U(t = s,05b) (a0
t—s—oo{ — 8
for any b € Y
We now consider a single linear parabolic equation

ou

uy = Au + Zai(t,x) o

i=1

+ag(t,x)u, xcRY (2.9)

complemented with the periodic boundary condition (2.2), where ({a;(t,z)}, ao(t, x))
is recurrent and unique ergodic in ¢ and periodic in z; with period p; (j = 1,2,--- ,N),
and are globally Holder continuous in ¢, x.

For any p € R and £ € SV~1 = {¢ € RV | ||¢]| = 1}, consider also

up = Au + Eﬁilaffﬁ% + ag’g(t,:r)u, e RN (2.10)
7

complemented with the periodic boundary condition (2.2), where aé"g = a; —

2ué;, 1= 1,2,--- N and ag’f = ag — quvzl a;& + p?. Note that if p = 0,
then a/* = a; and a"* = ag for any £ € SN,
Let a := (a;,a0) = ({a;},,a0) and

Y(a) =cla- s|s € R},

where a - s(t,z) := osa(t,z) := a(t + s,z) and the closure is taken under the open
compact topology. Then (H-Y) is satisfied with Y = Y (a). Hence for any ug € X7°
and any s € R, (2.9)+(2.2) has a unique classical solution u(t, z; s, ug, @) with initial
condition u(s, z; s, ug, a) = ug(x).
Similarly, let
Y (a"%) = cl{a"* - s|s € R},
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where € = (a6 af€) = (a0, al€), @€ -5 = oual€ = ahE(- + 5,),
and the closure is taken under open compact topology. Then Y (a*¢) satisfies (H-
Y) with Y being replaced by Y (a*¢). Hence (2.10)+(2.2) has a unique classical
solution u(t, x; s, ug, a*) with u(s, z; s,ug, a**) = ug(z) for any uy € X7°.

Note that Y (a%¢)(= Y (a)) and Y (a*¢) are unique ergodic and minimal for any
p € Rand ¢ € SN~1. Theorems 2.3 to 2.5 can then be applied to Y = Y (a**).
Put

A ) 1= Ala€) 1= A(Y (@)

and
(L ) 1= (o) ().
Definition 2.4. We call A\(y, &; a) the principal Lyapunov exponentof (2.10)+(2.2).

Observe that A(u, &;a) and w4 (t,-;a) are analogs of principal eigenvalues and
principal eigenfunctions of elliptic and periodic parabolic problems, respectively.
In literature, {span(w(o;a"*))}ier is call the principal Floguet bundle of (2.10)
associated to the principal Lyapunov exponent.

Theorem 2.6. (1) \(u,&;a) is continuous in p € R, € € SN, and a with
respect to uniform convergence topology.

(2) Fiz a. There is 3 > 0 such that

A, & a) > By’

for any € € SN and > 1.

(3) Fiz a and assume that A(0,&;a) > 0 (note that X\(0,&;a) is independent of
¢ € SN=U). There are g > 0 and pg > 0 with py < pgd, and By > 0 such

that
inf MusGia) _ inf Ani0) < Boug
n>0 M o Su<png M
for any € € SN7L,
Proof. See [42, Theorem 2.7]. O

Observe that for any uy € C(RY,R) with
lu(z)] < Ce® it Il

for some «,C > 0, (2.9) has also a unique solution wu(¢,x;s,ug,a) with u(s,z;
s, ug,a) = ug(x) (see [11]). Regarding solutions of (2.9) without the periodic bound-
ary condition, we have

Theorem 2.7. For any given £ € SN=1 and p > 0,

L k(oratoSdr

u(t,z) = e_u<m.£_“ : )w(ata“’f)(:c)

is a solution of (2.9).

When a; and ag are periodic in ¢ with period T, let \*(u,&; a) be the principal
eigenvalue of the periodic parabolic eigenvalue problem (1.4) and w*(t, x; u, &, a) be
an associated positive principal eigenfunction. Then
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Theorem 2.8. For any given £ € SVN=1, u >0,

zE— A*(p,€5a)t

u(t,x) = 67#( ! )w*(t,x;u,&a)
is a solution of (2.9).

Note that w(ozat*t) w* (t,51,€,a)

= lwr (,50.650) | Ly (D)

3. Positive recurrent solutions and super-,
sub-solutions

In this section, we first prove the existence, uniqueness, and stability of space peri-
odic and time recurrent positive solutions of (1.1). Then we construct some impor-
tant super- and sub-solutions of (1.1) to be used in the proofs of the main results
in next section. Throughout this section, we assume (H1)-(H3).

First of all, let a = ({a;}}¥,) and let H(a, f) be the hull of (a, f), i.e.

H(f):d{(a7f)'t('7'7') = (a('+t7')’f('+t7'7'))|tER}

with the open compact topology, where the closure is taken under the open compact
topology. For any (b, g) = ({b;}Y.1,9) € H(a, f), consider

% = Au+ Eﬁlbi(t,x)g—; +ug(t,z,u), xcRVN. (3.1)
For any z € RV, consider also
ou ou

— = Au+ 3N a;(t,x + 2)

T +uf(t,z+ z,u), =RV, (3.2)

(9.IZ'
Let

X ={u:RY - R|u is uniformly continuous and  sup |u(z)| < oo}  (3.3)
z€RN

equipped with uniform convergence topology. For given ui,us € X, we write
up <up  (up <wg) if wy(x) <wg(z) (ui(x) < ug(x)) for xRN,

Let
Xt ={ueX|u>0}
Let X, and X; be as in (2.3) and (2.4), respectively.

By the classical theory for parabolic equations (see [11], [14]), for any ug € X,
(3.1) has a unique (local) solution u(, -; ug, b, g) with initial condition u(0, -; ug, b, g) =
uo(+). A function u(t, x) is called an entire solution of (3.1) if it is a solution of (3.1)
for t € R and x € RY. Note that if ug € X, then u(t, -; ug, b, g) exists for all ¢ > 0
and if ug € X, then u(t, ; ug, b, g) € Xr, for t > 0 at which u(t, -; ug, b, g) exists.

Proposition 3.1 (Positive recurrent and unique ergodic solution). There is a con-

tinuous function q : H(a, f) — X\ {0} such that u(t,-;q(b,g),b,9) = q((b,g) - t)

and u(t, -;q(b, g),b, g) is globally stable in the sense that for any ug € X; \ {0},
[u(t, s uo,b,9) —q((b, g) - 1)) x =0 as t—o0

uniformly in (b,g) € H(b, f). Let ut(t,z) = u(t,z;q(a, f),a, f). Then u™(t,z) is
recurrent and unique ergodic in t.
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Proof. It follows from the arguments in [30, Theorem A] and [44, Theorem 3.5]
(see also [29, Theorem 7.1.12]). O

In the following, we write u(t, x; q(a, f),a, f) asu™ (¢, x;a, f) or simply as u™ (¢, z)
if no confusion occurs. Let

ul, = sup ut(t,z), (3.4)
teR,zeRN
+ : +
ul.= inf uT (¢, z). 3.5
inf tER.ZERN ( ) ( )

Observe that uiJrrlf > 0.

Similarly, for any ug € X, s € R, and z € RY, (3.2) has a unique (local) solution
u(t, s, 2, up) with u(s,z; s, z,ug) = ug(z). If ug € X1, u(t,-;s,2,up) exists for all
t > s. The following proposition follows easily.

Proposition 3.2. Assume that u,,ug € X, ||un|| < M forn=1,2,--- and some
M >0, and up(x) — up(x) as n — oo uniformly for x in bounded subsets of RY.
Then for any t > 0, u(t, x; s, z,un) — u(t, x; s, z,u9) as n — oo uniformly for s € R
and x in bounded subsets of RYV.

Let
SN ={e e RV |l¢] = 1}. (3.6)

Consider the linearization of (1.1) at 0, i.e.,

ou

al‘i

uy = Au + Zai(t,x) +ao(t,z)u, xeRY, (3.7)

i=1
where ag(t,z) = f(t,2,0). For any z € R, consider

ou

=A § i(t, t, , e RV, 3.8
Uy u—«—i:la( x—i—z)axi—l—ao( T+ 2)u, x (3.8)
For any i € R and & € SN~ consider
N € 8“’ € N
up = Au+ X al” . +ays(t,x)u, zeR (3.9)
£

complemented with the periodic boundary condition
u(ta' +piei) = u(ta')a Vu(t,~ +piei) = Vu(t,'), 1=1,2,--- N, (31())

where af’g =aqa; —2u&, i=1,2,--- N and ag’g = ag — qu\Ll a;&; + p?. Note
that if 4 = 0, then aé"g = a; and ag’g = ag for any £ € SN,

Let 0a*8(,-) = a4(- +t,-) = ({a -+, )} 1, aly (- +t,-)). Let My, €) =
A, &;a) be the principal Lyapunov exponent of (3.9)+(3.10) (see Definition 2.4
for the definition of A\(u, &;a)). Let k(oa*t) be as in (2.7). Let w(o;a**) be as in

(2.6). Then
1 S+t
Ap, &) = tlim 7 k(orat)dr

uniformly in s € R and

It m(orat€)dr
u(t,z;z) = e M@ z w(oa ) (z + 2)
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is an entire solution of (3.8).
By Theorem 2.6, for any & € SN¥=!, there is u*(¢) > 0 such that

A (€).8) _ . M)
G S (3.1)

and

A, ) S A(p* (), €)
0 w*(§)

Fix ¢ € S¥~! and ¢ > ’\(’;*7((?)5) There is 0 < p < p*(§) such that

for 0<p<p*(&). (3.12)

and ¢ > y for p<p < w*(€).

Put
ku(t) = K(owals).

For any given T > 0 and s € R, let

1 S+T
w(uis) =7 [ mabdr
S
By the unique ergodicity of a**¢(t, ) in t,
lm Az (s s) = A, €)
T—o0

uniformly for s € R and p in bounded subsets of R. Hence there is T' > 0 such that
for any s € R, there is u7 ;> 0 (s € R) such that

AT (K58 A (fi;
T(M*iT’) = inf M7 (3.13)
/’LT,s >0 y2
inf puh, — 3.14
inf pup —p>0 (3.14)
and Ar( )
(e TS
Ar(ps) sup % >0, (3.15)
H s€R Hr s
Ar(p; A ;
ing (ATU58) _Ar(mis)y (3.16)
s€R M M1
for some p1 with p <y < min{infser p7 , 20}
In the following, we fix a T'> 0 and p; such that (3.13)-(3.16) hold.
Let +nT +nT
n 1 fs+(n_1)T o (t)dt n 1 fs+(n_1)T Foy (£)dt
S o= =
C/L,S T ,U/ ’ 1,8 T /,l/]_ Y
and . .
T]Z(t, T; s, z) = ejer(n—1)T('{u(T)fp‘cu,s)dTw(o-taﬂvé)(m + Z), (317)

7721 (t,x; s, Z) — e.[‘:ﬁ»(n—l)T(Nul(7)7“1621vs)dTw<0-talt17£)(x + Z) (3.18)
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fors+(n—1)T<t<s+nTandn=1,2,---. Then
inf  (ch ., —¢, o) >0, (3.19)

seR,n>1
and for any n > 1,

N (s +nT, 258, 2) = UZH(S +nT,x;5) = w(ospnra®)(z + 2),

ne (s 4 nT w58, 2) = it (s + T, 23.8) = w(osnra ) (@ + 2).

Let
o(t, a8, 2) = e MEE-Xi] Cﬁ,s'T*CZ,S'(t*(”*l)T’s))nZ(t,:E; 8, 2),
o1 (t,z;8,2) = o—h (@€ 0] Cﬁ,s-T—CZ,S-(t—(n—l)T—S))nZ1 (t,z;8,2),
and
’(/Jl(t,x,S,Z) =d¢(t,x,s,z), (320)
wQ(ta €5 s, Z) = d¢(t7 Z;s, Z) - dld)l (tv €58, Z) (321)
fors+(n—1)T <t<s+nT and n=1,2,---, where d and d; are some positive
constants.
Let
Ky=2 sup | fu(t, 2, )], (3.22)

0<u<ud,,+1,tER,z€RN

where uf,, is as in (3.4). Let §o > 0 be such that

do Ko < se]}%{ljzlﬂl(cz’s —Cpys)- (3.23)

It is not difficult to see that there is a C' function f(t,z,u) such that

~ ) ft,z,u) for w>0
ftu) = {f(ax,O) for u < —4§ (3:24)
and .
fult,z,u) > —Ko/2 for u<0. (3.25)

Proposition 3.3. (i) For anyt > s and v € RV,

N w(r)dr)

Bt w3 s,2) = e M w(0yat ) (@ + 2)

and ¢(t,x;s,z) (hence also ¥1(t,x;s,2)) is a solution of (3.8) fort > s.
(i) For any d,dy > 0, ¥o(t,z;8,2) is continuous in t and is a sub-solution of
B8) ons+(n—1)T<t<s+nT forn=1,2---.

Proof. (i) It follows from a direct calculation.
(ii) The continuity also follows easily. For s + (n — 1)T < ¢t < s +nT, we have

Os(t, x; 8, 2)
ot
- aO(ta T+ 2)1/12@, z;s, Z)
n—1 k n
= *dLLlll(CZ’s - 02175)6*11«1 (262 CM’STic“"S(ti(nil)Tis))nzl (ta z;s, Z)

<0, zeRN.

s (t, x; 8, 2)

N
—Az/Jg(t,x;s,z)—Zai(t,x—&-z) D

i=1
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Hence v3(t, z;s,2) is a sub-solution of (3.8) on s+ (n — 1)T < t < s + nT for
n=1,2,--. O

Proposition 3.4. (i) For anyd >0 and n > 1, ¢1(t,x; s, 2) is a super-solution
of 32)ons+(n—1)T <t<s+nT.

(11) For any d > 0 and any ug € X+ with ug < min{yy(s,z;s,2),u(s,z + 2)},
u(t,z; s, 2, up) < min{y (t, 258, 2),u’ (t,x +2)} for t>s, xRV,

Proof. (i) For any d > 0, 9 (t,7;8,2) > 0 for t > s and z € RY. By (H2),
uf(t,z 4+ z,u) < uf(t,x + 2,0) = ao(t,x + z)u for v > 0. It then follows from
Proposition 3.3 (i) that v (¢, ; s, z) is a super-solution of (3.2) on s+ (n — 1)T <
t<s+nT forn=12---.

(i) First, we have uo(-) < u™(s,- + 2) and uo(-) < ¥1(s,5s,2). By (i) and
comparison principle for parabolic equations again, u(t, x;s,z,ug) < ut(t,z + 2)
and u(t, z; s, 2,up) < Y1 (t,x;8,2) for t > s and x € RN, (ii) then follows. O

Proposition 3.5. (i) There is dy > 0 such that for any d, dy with 0 < g <d
and d < dy, Pa(t, z;8,2) is a sub-solution of (3.2) with f being replaced by f
ons+(n—1)T<t<s+nT forn=1,2,---.

(ii) For any d, di with 0 < % < dj and d < dy and any ug € Xt with ug(z) >
max{s(s,z;s,2),0},

u(t,z; s, 2, ug) > max{ts(t, x;5,2),0} for t>s, xRN,

Proof. The proposition can be proved by the arguments similar to those in [43,
Lemma 3.3]. For the completeness and the reader’s convenience, we provide a proof
in the following.
(i) First of all, it is clear that for d sufficiently small we have q(t, x;8,2) <
ufo (< ufy,+1) fort > s and 2 € RN, where uf,, and v, are as in (3.4) and (3.5),
respectively.
Observe that for s+ (n — 1)T' <t <s+nT and n > 1,

N

381”752 AwQ—;ai(t,x—i-z)an F(t, @+ 2, 12)
o wz—zazth)‘?’ (6 + =)o

—o(f(t,x + 2,92) — f(t, 2+ 2,0))
:_dllul(cz p,l s)¢1(t €T;s Z) 1/)2(f~(t,$—|—27’(/)2)—f(t,.%‘—I—Z,O)), .’L‘ERN.
If Yo(t,2;5,2) < =60, then by (3.24), f(t,x + z,¢(t,255,2)) = f(t,x + 2,0) =
f(t,x 4+ 2,0) and hence

Oty
ot
:—dl,ul(c# Ms)éfh(t x;8,2) <0.
If —dg < a(t,x;s,2) <0, then
0 <dip1(t,z;8,2) —do(t,z; s, 2) < do.

s

Albg—Zaltx—l—z)a w2f(ta:+zw2)
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Hence

8;? A¢2—Zaz (t $+Z)871/}2 — o f(t, + 2,12)

= —din(c) =, Dot w;s,2) — alt, m; s, 2) (F(t, @ + 2, 9a(t, 255, 2))
- f(ta T+z O))

<—dip(cy s — Cm Dot xss,2) + Kgpi(t,z;s,2) (by (3.25))

<—dip(cy s —cpy o1t z;s ,2) + Kodyé1(t, x5 8, 2)dg

< —did(t, a8, 2) (el o — € o) — Kodo)  (by  (3.23))

<0.

If ¥(t,x;s,2) > 0, then do(t,x;s,2) > dig1(t,x;s,z). This together with dy > %
implies that

S-S p Tt ek T (t—(n-1)T-s) o Ta (73 5:2)
200 (t, x5 s, 2)

and then

1 I nm(t x; 8, 2)
p— g 2t s, 2)

n—1
x-f—Zcﬁ,sT—cﬁs(t—(n— Nr—s)>
k=1

Hence
P N
gf—Awg—;ai(t,x-i-z)awz Ft, @+ 2,1b)
< 7d1lu’1( Cus — C/Ll 9)¢1(t71'; S,Z) + K0¢2
< —dipi(ey s — ey 501t @58, 2) + Kod?¢*(t,x; 5, 2)

S—dle_*‘l(zf SRl eh T—cl (t—(n—1)T—s))

)

In gm0
. [/,L]_(CZ 'ul 8)77“1 (t T8, Z) _ 2dK (Hl 2/");11 wn 2np (t,@5s,2) (T]Z(t,l‘; s, Z))Q]
<0

for 0 < % dy and d < 1. Therefore, there is dy > 0 such that for 0 < & < d;
and d < do, ¥2(t,x; s, z) is a sub-solution of (3.2) on s+ (n—1)T <t <s +nT for
n=1,2,--.

(ii) If wp > max{ts(s,;s,2),0}, then ug > 0 and ug > 12(s,;s,2). By com-
parison principle for parabolic equations, u(t,-; s, z,ug) > 0 and u(t, s, z,ug) >
pa(t, 58, z) for s > t. (ii) then follows. O

Proposition 3.6. Assume that ug € X+ and ug > 0 and
de " Sw(ogat ) (z 4 2) — die "7 Sw(oat 0 (z + 2)
< uo()
< de " Sw(oat®) (x + 2)
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or T € and some d,dy > 0 wit < 5 <di an < dp, where dg is as in
f RN and d,di > 0 with 0 < ¢ < dy and d < dy, where d
Proposition 3.5. Then

eHeEy(t + s, 1 + ng_s

_ (T)dT; s, z,up)
_hm i
@-§—00 w(0t+s)(x +z+ f (7)dr)

— d uniformly in s € R, ¢ > 0.

Proof. It follows from the similar arguments as [43, Lemma 3.4]. Again, for the
completeness and the reader’s convenience, we provide a proof in the following.
By Propositions 3.3-3.5,

dw(at+é)(a:+z+€/ Ky, (T)dT)

—dye (n—p1)a-€ o= ;f;“ kp(T)dr= 1 ek T—cp (t—(n—1)T))
£

xnm(t#—sx—kz—l— (T)dT;s)
5 t+s

<etTly(t+ s,z 4+ 2 / (T)dT; s, z,up)

<dw(0tJrS x—l—z—i—g/

forz € RV, (n—1)T <t <nT and n = 1,2,---. Note that there is M > 0 such
that
1 [tts n—1
|f/ HH(T)dT—ZCZST—CZS(t—(n—l)T)l
B Js =1 ’
1 t+s
[ kundr (= (- D)
K J(s+n—1)T
<M

for seR, (n—1)T <t <nT,and n=1,2,---. It then follows that

i eHeEu(t + s, ac—&—z—l—ff (1)dT; 8, u0)

im =

rEoe (aﬂmwxx+z+ff (7)dr)

uniformly in s € R and ¢ > 0. O

4. Generalized traveling wave solutions

In this section, we investigate the existence of generalized traveling wave solutions
of (1.1). First, we introduce the notion of generalized wave solutions.

Definition 4.1 (Generalized traveling wave solution). Let £ € SV~1 be given.

(1) An entire solution u(t, ) of (1.1) is called a generalized traveling wave solution
of (1.1) in the direction of £ (connecting u™(-) and 0) with average propagating
speed ¢ (or averaged wave speed c¢) if there are ( : R — R ({(0) = 0) and
®:RY x R x RV — R* such that
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(i)

u(t,z) = ®(x — (1), 1, ¢(1)E) for tE€R, z € RY; (4.1)

(i) limg.e—oo(P(,t, 2) —ut (£, 24 2)) = 0 and lim,.¢ .o ®(z,t, 2) = 0 uniformly
inteR, zeRY;

(iii) ®(x,t,z + pie;) = ®(x,t,2), i=1,2,---,N;

(iv) ®(z,t,z —x) = <I>(x/,t,z - x/) Vo, e RN withz-E=a - &

(v) lim¢— oo M =c uniformly in seR.

(2) We say that ® : RY x R x RY — RT generates a generalized traveling wave

solution of (1.1) in the direction of { with average propagating speed c if
there is ¢ : R — R such that (1)(ii)-(v) are satisfied and u(t,z) = ®(z —
C(t)E,t,((t)€) is an entire solution of (1.1).

(3) A generalized traveling wave solution u = ®(z — ((¢)¢, 1, (t)€) of (1.1) is said
to have uniform exponential decay rate p at oo if there is yo € R such that

) el ED(x + w0, 1, 2)
lim =
w-E—oo w(arats)(x + xo + 2)
uniformly in t € R and z € RV,

(4) When (1.1) is periodic in ¢ with period g, a generalized traveling wave solution
u = ®(x — ()&, t,¢(t)E) of (1.1) is said to be periodic if ®(z,t + ¢,2) =
®(x,t,2) and ¢ (+) exists and ¢ (t +q) = ¢ (g)-

Remark 4.1. (1) Suppose that u(t,z) = ®(x — ((t),t,((t)€) is a generalized trav-
eling wave solution of (1.1) in the direction of . Let

U(r t, z) = ®(z,t, 2 — ),

where 2 € R is such that - £ = r. Then ¥(r, t,2) is well defined,

u(t,z) = V(- € —((t),t,x) VteR, z€RY, (4.2)
lim U(r,t,z) =ut(t,z), lim ¥(rt z)=0,

and
‘I](Ta ta z+ Piei) = lI/(n t7 Z)
(2) If (1.1) is periodic in ¢t with period ¢ and u(t,x) = ®(xz — ((¢)&, ¢, ((t)E)
or u(t,z) = U(z - & — ((t),t,x) is a periodic traveling wave solution with average
propagating speed c, then it can be written as

u(t,z) = ®(z — cté, t, ct) (4.3)
or ~
u(t,x) = V(x- & —ct, t, ), (4.4)
where 3
O(z,t,2) = P(x + ct€ = (1), 1, 2 + ((H)€ — ctf)
and

U(r,t,z) =U(r+ct—((t),t,2).
Note that ®(x,t+q,z) = O(z,t, 2+ pse;) = O(x,t,2) and U(r,t+q,2) = U(r,t, 2+

pi€i) = U(r,t,2). The form (4.4) for traveling wave solutions in space and/or time
periodic cases is used in [31], [47].
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The main results of the paper state as follows.

Theorem 4.1. For any given £ € SN=! and ¢ > ¢*(&) := %é))’f), let 0 < p <

w* (&) be such that ¢ = % There is ® : RN x R x RN — Rt such that

(1) ®(-,-,-) generates a generalized traveling wave solution u = ®(x—((t)&,t, ((t)€)
of (1.1) with average propagating speed c. Moreover,

1 t
)=+ /0 o (7).

(2) The generalized traveling wave solution u = ®(x — ((¢)&,t,((t)§) has uniform
exponential decay rate p at co.

(3) If a;(t,x) (i=1,2,--- ,N) and f(t,z,u) are periodic in t with period q, then
O(x,t+q,2) = P(x,t, 2)
and u = ®(x — ()&, t,((t)€) is a periodic traveling wave solution of (1.1).

Proof. First of all, let dy = % and d < dy, where dy is as in Proposition 3.5. For
any given s < t, let

1 t
C(t;s) = ;/ Ku(T)dT.
For each m € N, s € R, and z € RV let

Uy, . (2) =max{0, de M Ew(0 g0 (x + 2 — ((s; —mT + 5)€)
e (o a6z + 2 — (s —mT + $)6)}

uj;hs)z(ac) = min{ut (—mT + s, + z — {(s; —mT + 5)¢),
de™ " S w (o ysat ) (z + 2 — ((5;—mT + 5)€)}.

Then

By Propositions 3.4 and 3.5,
de™ €y @) + 2 — C(sst + 5)E)
L dye i ERC U si— e D) TH)E— (4 (0 DT))
X "t r+ 2= (st + 8)€); —mT + 5,0)
<u(t+ s,z + ¢t + s;—mT + 8)§;—mT + s,z — ((s;—mT + s)g,u%s’z)
<min{ut(t+ 5,2 + 2z — ((s;t + 5)€), de " Sw(oy 50 (x4 2 — ((s3t + 5)E)}
(4.5)

forzx € RN, (—n—1)T<t<-nTand0<n<m—1.
For given m € N, let

um,s,z(x) = U(S, T+ C(S, -mT + S)§7 -mT + 5,2 — C(87 -m1 + S)gv u:r_hs,z)'
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Observe that
N (8,25 =T + 8,2) = w(ogah)(z + ).

This together with (4.5) implies that
de " Sw(ogat ) (z 4 2) — die M w(osa8) (z + 2)
< um,s,z(x)
< minf{uT (s, + 2), de " Sw (o0 (x + 2)} (4.6)
for z € RY. Hence there is dp > 0 and M; < M, such that
Ums.(2) > 00 VsER, ze RN, z e RN with My <z -& < M. (4.7)
Note that for any r > 0,
um,s,z(x - Tf)
=u(s, & — 1€+ (s —mT + )& —mT + 5,2 — (s —mT + 5)&,ush, s )
=u(s,z + ((s;—mT + 5)& —mT + 5,2 — 1€ — ((s; =mT + )&, uf, (- — 7€)
> u(s,x + ((s;—mT + 8)&—mT + s,z — ré — ((—mT + s)E, u;r%s,z_rg(-)).
This together with (4.7) implies that
Ums-(2) > VseER, z€ RN, 2 € RY with z-¢& < M. (4.8)
Observe also that

Umt1,5,2(T) < Um,s 2 (2)

for m =1,2,---. Hence there are u} ,(x) > 0 such that

. *
lm s, = us)z(x),
m— 00

uniformly for x in bounded subsets of RY. By (4.5)

de M= Sw(at ) (z + 2) — die M w(oak 0 ) (x + 2)
< ug,.(7)

< minf{uT (s, + 2), de " Sw (o0 (x + 2)} (4.9)
for € RY and s € R. By (4.8),

ul (x)>d6 VseR, zeRY xRN withz-£ < My, (4.10)

S,%

Let
D(x,s,2) = U;Z(x).

We prove that ®(-,-,-) satisfies the conclusions in the theorem.
(1) We prove that ®(-,-,-) generates a generalized traveling wave solution in the
direction of £ with average propagating speed ¢ = %

(i) We first prove that for any s < t,

u(t,x; 8,2, P(+,8,2)) = P(ax — ((t;8)€,t, z + ((t; 8)E). (4.11)
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Fix s < t. We have
ult,z +((t;8)&; s, 2,u; 4 ()
:mli_l)noou(t,x +C(t;8)E; 8, 2,u(s, - + C(s; —mT + )€ —mT + s,
2= ((si—mT + s)€, uyy, 5..))
:n}iinoou(t,x +C(t;9)&; s, z,ul(s, - + C(s; —mT + 8)&; —mT + t,z — ((s; —mT + s)&,
u(—mT +t,;—mT + s,z — ((s; —mT + s)&, ur—:,sz)))
Observe that for m > 1,
u(s, “+C(s;—=mT + s)&—mT +t,z — ((s; —mT + s)&,
u(—mT +t,-;—mT + s,z — ((s; —mT + s)&, u;;,s,z))
= u(s, x+ C(s;—mT + )& —mT +t, 2z — ((s; —mT + )&,
u(—=mT +t, -+ ((—mT + t; —mT + 8)§; —mT + s,z — ((s; —mT + )&, uﬁw’z))

and

u(=mT +t,-+ ((=mT + t; =mT + 8)& —mT + s,z — ((s; —=mT + s)&,uf, )

St ce ()

Therefore,

u(t, x4+ C(t; 8)E; s, 2, u(s, - + C(s; —mT + 5)&;

—ml + 5,2 — C(Sv —mT + 3)57 u;ir_z,s,z)))

< u(t,x + C(t;8)&; 8, z,u(s, - + C(s5—mT + )& —mT + t, 2z — ((s; —mT + t)E,
u;,t,erC(t;s)ﬁ(.)))

= u(t; x4 ((t;—mT + t)&; s,z — ((s; —mT + t)E,

u(s, 5 —mT +t,z — ((s; —mT + t)&,
u;i,z-}-((t;s)ﬁ(.)))

=u(t, x4 ((t; —mT + )& —mT +t, 2 — ((s;=mT + )€, U 1 2 ¢ (1:)¢ ()

= u(t7 T+ C(t7 —mT + t)fv —mT + ta z+ C(ta 5)§ - C(t7 —mT + t)fa u;,t,z-',-((t;s)f('))

= gel) a5 m e,

This implies that

ut, o+ C(t )65, 2,0%.) < 0 cqrmre (). (1.12)
Conversely, for any n € N, we have
UZ,2+C(t;s)§(x)
= lim u(t,sc + {(t; —mT + t); —mT + ¢,
2+ C(t8)E = C(ts—mT + )6, u) 4 e(re)
= lim u(t,x + ¢t —mT + )& —nT + s,z — ((s; —mT + )&,
u(—nT + s,;—mT +t,z — ((s; —mT + t)&, u;;’t,z_‘_c(t;s)&)).
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Observe that for m > n with —nT 4+ s > —mT + ¢,
u(t,:c +(t; —mT + )& —nT + 5,2 — ((s; —mT + t)¢E,

. . +
W(=nT 4 5,5 =T b2 = G =T+ 06 b, )

=u(t,z+ ((t; —nT + s)§ + ((—nT + s; —mT + t)&; —nT + s,z — ((s; —mT + t)§,

. . +
u(—nT + s,;—mT +t,z — ((s; —mT + t)&, um1t7z+<(t;s)§))

= u(t,x +¢(t;—nT + 8)&;—nT + s,z — ((s; —nT + s)&,

) ) +
u(=nT + s, + {(—nT + s;—mT + t)&, z — ((s; —mT + )¢, um,t,erC(t;s)g))

< u(t,x + ((t; —nT + s)§; —nT + s,z — ((s; —nT + s)f,u;{)w)

—u(t,z+((t;8)€;8,2,us ) as m — oo.

Therefore,
uf}z+<(t;s)§(x) <u(t,r +((t;5); 8, 2,u5 ) (4.13)
It then follows from (4.12) and (4.13) that

u(tv L35, %2, u:,z) = u:,er((t;s)E(x - C(t; S)&)
and
u(s, 3t uf L) = Us z—c(ts)e (T + (25 5)8)
for all s < t.
(ii) We prove that
lim (®(z,t,2) —ut(t,x+2)) =0, lim ®(x,t,2)=0

z-£——00 z-£—00

uniformly in t € R and z € RY. By (4.10) and Propositions 3.1 and 3.2, for any
€ > 0, there are T" > 0 and M > 0 such that

lu(s + T,x;5,2,8(-,5,2)) —ut (s + T,z +2)| <e VseR, zeRY, zecRY

with z - & < —M.
Note that

O(z,t, 2+ttt —T)E) =u(t,x +((t;t —T)t —T,2,9(-,t — T, 2))
and there is M > 0 such that
IC(t;t—T)| < M VteR.
It then follows that

|®(z,t,z) —ut(t,z+x) <e VteR, zeRY, 2 e RY withz-& < —(M + M).
Hence
lim |®(x,t,2) —ut(t,z+2)]=0
T-£——00

uniformly in ¢ € R and z € RY. By (4.9), lim,.¢—.o ®(,t,2) = 0 uniformly in ¢t € R
and z € RV,

(iii) It follows directly that ®(x,t, z + p;e;) = P(x, ¢, z), 1=1,2,--- ,N.

(iv) It also follows directly that ®(z,t,z — x) = ®(x ,t,z — 2 ) Va,z € RN
withz- & =2 €.

(v) By Theorem 2.5, lim;_, M = ¢ uniformly in s € R.

(i)-(v) implies that (1) holds.

(2) Tt follows from (4.9).

(3) It follows from the construction. O
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