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Integrability conditions for complex
systems with homogeneous quintic
nonlinearities
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Abstract In this paper we obtain conditions for the existence of a local ana-
lytic first integral for four eight-parameter families of quintic complex system.
We also discuss computational difficulties arising in the study of the problem
of integrability for these systems.
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1. Introduction

The problem of integrability of systems of differential equations is one of central
problems in the theory of ODE’s. Although integrability is a rare phenomena and
a generic system is not integrable, integrable systems are important in studying
various mathematical models, since often perturbations of integrable systems exhibit
rich picture of bifurcations.

Starting from the beginning of the last century many studies have been devoted
to investigating the integrability of two-dimensional autonomous polynomial sys-
tems of differential equations. Most of the works (see, for instance, [1, 3, 4, 12, 17]
and the references therein) deal with local integrability of the real systems of the
form

n n
i=—vt Y agut! = —vtU(ww), v=ut Y fyute! = utV(uw). (L1)
i+j=2 i+j=2

If in a neighborhood of the origin system (1.1) admits a local analytic first integral
of the form

B(u,v) = u® + v + Z djx ulvF, (1.2)
j+k=3
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then all solutions close to u = 0,v = 0 are periodic, that means the corresponding
trajectories are closed, and the singular point at the origin is called a center.
Setting © = u + v we can write system (1.1) as a single complex equation

i =iz + X(2,7) =iz + Y Xp(z,7), (1.3)

where each X} is a homogeneous polynomial of degree k. It turns out it is easier
and more convenient from the computational point of view to study the integrability
problem not only for system (1.3), but also for more general complex system

z = iz+ X(z,y) =iz + Z Xk zyF,
Jrkh=2 | (1.4)
g o= —iy+Y(ry) =—iy+ Y Vi alyF,
J+k=2

where X5, and Yj; are complex parameters. System (1.4) is equivalent to system
(1.3) in the case x = § and X5, = Yy;. If we apply the change of time ¢ — it, (1.4)
becomes a system of the form

n n
b=x— Y ap Yt =x+Py), g=-y+ Y bixaly" =—y+Q(x,y).

Jk=2 j+k=2
(1.5)
For system (1.5) one can always find a function of the form
U(z,y)=zy+ »_ i1k yF, (1.6)
J+k=>3
such that v o
T . _ s+1
V.= %(934'13) + Fy(_y+ Q) = ng,s(iﬂy) ;

s>1

where gs s (s = 1,2,...) are polynomials of a;; and by; with rational coefficients.
The polynomial g5 s is called the s-th focus quantity. In the case that U = 0 we say
that the origin of system (1.5) is a (complex) center. If (1.5) is a complexification
of a real system (1.1), then going back to the coordinates u,v we obtain from ¥ a
first integral of (1.1) of the form (1.2).

Conditions for existence of a complex center (that is, for existence of a first
integral (1.6)) have been found for the case of quadratic system (n = 2 in (1.5))
[5, 8], for the case when P and @ in (1.5) are homogeneous cubic polynomials [5, 18],
for some particular cubic systems [6, 13].

It was found that for the case of the linear center with homogeneous quadratic
or cubic perturbations (P and @ in (1.5) are homogeneous polynomials of degree 2
and 3, respectively) each system with a center at the origin is of one of the following
three types: Hamiltonian, time-reversible or Darboux integrable. Computations for
these cases are very difficult but still can be performed without making use of a
computer.

With the center problem for these cases resolved the next problem arising nat-
urally is the classification of centers for systems (1.5) with P and @ being homo-
geneous polynomials of degree 4 and 5. As it is known, the case of homogeneous
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perturbations of odd degree is easer to tackle than the case of homogeneous per-
turbations of even degree, so it appears worthwhile to study the system (1.5) with
P and @ being homogeneous quintic polynomials first, that is to study the center
problem for the system

; 5 4 3,2 2,3 4 5
T =T — Q40T — 31T Y — 22T Y — 13T Y — QoaTY — A-15Y

. (1.7)
U= —y+bs,12° + by y + ba123Yy* + baax®y® + bizzy® + boay®,

where x,y, a;;j, bj; € C. It turns out the computations involved to the determination
of the necessary conditions of integrability for the full family (1.7) are so heavy
that they cannot be completed even using powerful computers and the modern
computer algebra systems. Thus, it is reasonable to study some subfamilies of
system (1.7). Recently, the center conditions for the subfamily of (1.7), where
a_15 = bs,_1 = 0, have been obtained in [9]. By a linear transformation, system
(1.7) with a_15b5,_1 # 0 can be written as

T=x— a40x5 — 0,31.1342/ — a22x3y2 — a13x2y3 - a04xy4 - y5, (1 8)
y=—y+2° + baox'y + bs12°y® + booa®y® + bizay® + boay’. '

In this paper we find necessary conditions for existence of a center at the origin
for the following eight-parameter subfamilies of system (1.8):

(C1) aso =bos =0, (C2) az1 =biz =0, (C3)aiz=>bs1 =0, (C4) aps = bso =0.
For the most of cases we show that the obtained conditions are sufficient conditions
for the existence of center.
2. Preliminaries

We remind briefly some results related to two main mechanisms which provide local
integrability of polynomial systems.
By the definition the Darboux factor of system (1.5) is a polynomial f(x,y) such

that of of

o R PRI 3¢
where K(z,y) is a polynomial of degree n — 1 (K(z,y) is called the cofactor). A
simple computation shows that if there are Darboux factors fi, fo, ..., fr with the

cofactors K1, Ko, ..., K} satisfying

k
Z OéiKi = 0,
i=1

then H = f{" --- f'* is a first integral of (1.5), and if

k
> K+ P+ Q) =0,
=1

then the equation admits the integrating factor p = f** - -- fi'*.
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If a system (1.5) has an integrating factor of the form p = 14 h.o.t then it has
also a first integral of the form (1.6) (see, e.g. [1, 3]) and, therefore, a center at the
origin.

It is said that a system of the form (1.5) is time-reversible if for some o € C

aQ(ay,x/Oz) = *P(fﬂ,y), QQ(xay) = 7P(Oéyax/a) .

It is well-known (see e.g. [14, 15, 16, 17]) that time-reversible systems (1.5) have
a center at the origin.

Computing with the algorithm of [16] we find that the Zariski closure of all
time-reversible systems in the family (1.7), denoted by R, is the variety of the ideal

2 2
S = (a2 — bz, aspaos — baoboa, aziaiz — bs1bis, asobis — a3 boa,
2 2 9 2 2 2 3 3
C113b40 - a04b31a G31004 — b40b137 aqoay3 — b31b047 algbs,fl - a71,5b317

3 3 332 2 3 3 2 2 3
a31a-1,5 — by —1b73, ao4b5,—1 - a—1,5b2()a Ag00_15 — b5,—1b04>-

3. The center conditions

In this section we give conditions for the existence of the first integral (1.6) for
subfamilies (C7) — (C4) of system (1.8), that is, for the existence of a center at
the origin for the systems. To obtain the conditions, for system (1.8) using the
algorithm of [17] we computed 22 first focus quantities, g1,1, ..., 22,22, and found
that g, s = 0 for s odd and

g22 = a2 — bay,
gas = a13031 + apadao — bi3bzr — bosbao,
g6 = 192ai3a90a31 + 36a35a40 + 5Tapsaz2a40 + 8aziaso — 27a22a40bos

—144a2a31b13 — 12a13a40b13 — 168a13a31b22 — 33a04a40b22
+27a40boabaz + 144a31b13b2o — 216a13a22031 + 36apsa31b31
—|—36a40b31 + 12@31b04b31 + 168&22b13b31 + 216&13b22b31 + 32b22
—192b13b22b31 - 12(1041)%1 - 36b04b§1 + 12@%31)40 - 63a04a22b4o
+24a31b40 + 33a22b04bs0 — 36a13b13b4g + 63a04b22bag — 57bosb22bao
—20b31bag + 20a04a13 — 32a22 — 36a13bos — 24a9ab13 — 8boabi3.

The size of the polynomials g ; sharply increases so we do not present the other
polynomials here, but the interested reader can easily compute them using any
available computer algebra system.

3.1. Case (C})

Conditions for existence of a center for systems of this case are given in the following
theorem.

Theorem 1. For case (Cy), system (1.8) is integrable if ass = bag and one of the
following conditions holds:

() aps — bap = a13 — b31 = az; — biz =0;

(B) bag = aps = 2b13 — a1z = 2a3; — b3 = 0;

(v) a3, + aoabao + b3y = bs1aos + ar3bag + bs1bag = ar3a0s — b1bag = a3y + aizbsr +
b3, = asibao — bisaos = aziaos + bizaos + bisbsg = bizarz + azibsy + bigbs =
az1a13 — bizbs1 = a3y + asibiz + b5 = 0.
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Proof. Since g2 2 = a2z — bea = 0 is the necessary condition for integrability of
system (1.8) from now on we assume that asa = bea. Then, using the routine
minAssGTZ* [7] of Singular [11] and performing computations over the field of
characteristic 32003 (we were not able to complete computations over the field of
characteristic 0 on our computational facilities), we found that the minimal asso-
ciate primes of the ideal I1g = (g2,2, ..., g15,18) are
J1 = (aos — bao, a13 — bz1,az1 — biz),
J2 = <b13 + 16001(113, asy + 16001b31, b4()7 a04),
Js = (ady + aosbao + b3y, bs1aos + aisbao + b31bao, a13aos — bsibao, ais + aisbsi +
b31, —bisaos + a31bao, as1aos + bisaos + bisbao, bisars + asibsy + bisbsi,aziars —
bizbs1, a3y + azibiz + bis).
Since 16001 = —1/2 mod 32003 we obtain from Jy, Js, J3 the conditions (a)—(7y) of
Theorem 1. However as it is known modular computations provide a result which is
not necessary correct, but it is correct with high probability. To perform a check we
computed the intersection J of the ideals Jy, J3 and (2b13 — a13, 2az1 — b31, bag, aoa)
in the ring Q[a31, b13,a13, b31,a04, b407 bgg} and using the radical membership test
(see e.g. [17]) we checked that V(J) C V(I1g). This means that under conditions
(a)—(7y) of Theorem 1 all polynomials g 2, ..., g1s,18 vanish.

To check the opposite inclusion, V(I1g) C V(J), we need to show that for each
f € J the reduced Groebner basis of the ideal (1—wf, I) C Q[w, as1,b1s, @13, b1, aoa,
bao, baz] is {1}. We were not able to complete computations of the Groebner bases
over Q. However the computations over fields of characteristics 32003 and 4236233
shows that all bases are {1} in the corresponding rings. That means that V(I15) C
V(J) with the probability close to one.

We now prove that under each of conditions (a)—(7y) there is a center at the
origin.

If (o) or () holds, then all polynomials defining the ideal S vanish. It means
the corresponding systems are time-reversible.

When () holds, system (1.8) is written as

i =2 —azxty — bar’y® — 2bi32%y° — P,
§=—y+2° +2a312°y° + boaz®y® + brsay’.
It is Hamiltonian with the Hamiltonian

O(z,y) = (6ay — 2% — 3ag12ty? — 2b99z3y> — 3bygiyt — yﬁ)/6.

3.2. Case ((s)

In case (Cy), that is when ag; = b3 = 0, substituting in the polynomials of the
ideal I8 ags = bos and computing with minAssGTZ of Singular in the field of
characteristic 32003 using the degree reverse lexicographic order with a3 > b3 >
aogs > bag > ago = bos = boy we found the following components of the variety
V(Ilg)Z

1) a3y + aaobos + b3y = baoaso + aoabos + baobos = agsaso — baobos = ady + aoabso +
b3y = —bsiaso + aizbos = arzaso + bsiaso + bsibos = bsiaos + aisbao + bsibao =

*which finds the minimal associate primes of a polynomial ideal using the algorithm by Gianni,
Trager and Zacharias [10]
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a13a04 — b31bao = afs + aizbs + b3 = 0;

2) ago — bos = aps — bso = a13 — b3y = 0;

3) bao = ago + bos = bso = aps = b3y +1 =a;3+1=0;

4) a3y — asobos + b3y = b31bos — aso = bz1as0 — aso + boa = b3 — bgy + 1 = byy =
bio = aps = b3, + a13 = 0;

5) bao — Baso = ags — Sbos = bz1 = a1z = 0;

6) a40b04 + 5999 = b22 = b40 — 6400@40 = Qo4 — 6400b04 = b31 = a13 = 0;

7) 8686b3 b5, + b5, — 914953, b3, — 1155865, + 1363163 4 bao + 42543, — 5589b3, +439 =
—512002,b3, — 1453263, + 12806b2,b3, + aobly + 12878b2,bag + 6407a40b3,
—2550a40 = a4pbps —91 12b§2 — 3556 = 6934b04b32 + 12830()34 + aiob§2 + 53341)04()‘;2 —
127980&0 - 106651)04[)22 = 8686b32 +a’§0 + b84 — 9149[)32 + 13631b22 = 631 b%Q + 480,30 —
8boabaz + 16b3; = 5482bosbss + b31byy + 8890a3,baz + 3630b9sb3y — 8297bs1baa +
11853bgs = —4000b31b2,b2 — 3b3, + 4806b35 + b31asg + 5778bae = 12001b31boabas +
b%l +b(2)4—12000a40b22 = byyo—3a49 = ags—3bgs = 4000b31bg4b22 +3bg4—4001a40b22+
a13 = 0.

Performing the rational reconstruction with the algorithm of [19] we obtain the
components defined by the ideals
(o) J1 = (a3 + asobos + bd,, baoaao + aosbos + baobos, apaaso — baoboa, ads + agsbao +
b0, —bs1a40 + a13bos, ar13a40 + bs1aso + bs1bos, bsraos + ai3bao + bs1bao,
a13a04 — ba1bao, ais + aizbsy + b3;);
(B) J2 = (@40 — boa, aos — bag, a13 — ba31);
(77) J3 = (b22, as0 + boa, bao, ao4, b31 + 1,a13 + 1);
(6) Ja = (aFo—aa0boa+b34, bs1boa—aso, bs1aso—as0+boa, b3; —bs1+1, baz, bao, aos, a1+
bz — 1);
(€) Js = (bao — 540, aos — Sbos, b31, a13);
(€) Js = (16as0bos — 25, baa, Sbag + 3aso, 5aos + 3bos, bz, a13)
and the component defined by
U = < ?g b34b -l—b 37b34b 49 b6 5 b34b22 4 16598 b4 74 b2 é;lv §2 b24b
1lilib 4+24b04b22+a40b22 10332 4b22+ a40b i%ga40,a40b04 44b22 9, 60b04b22+
b +a40b22+ b04b22+ a40+ b04b227 b 2+a40+b b 2+ 54b227b31b22+
48a40 — 8boabaa + 16b31, — 35 b04522 + b31b04 + 13“40522 + 97bo4b 27531522 +
27504, 85311704522 3b3,+ 210 b22+b316l40*ﬁ522, - b31bo4b22+531+b04+ a40b22, bao—
3a40, @04 — 3bos, —3b31boabaz + 3b3, — 2asobos + a13>
Using the radical membership test and computing over the field of characteristic
zero we have checked that V(J;) C V(I1g) fori =1,...,6, however V(U) ¢ V(I1s),
that is, V(U) is not a component of the center variety.

A usual recipe in such situations is to look for the decomposition of the variety
over a field of other final characteristic. We repeated the calculations in the fields of
characteristics 4256233 and 7368787. In both cases the decomposition of the variety
consists of 9 components, however after the reconstruction we obtained the compo-
nents, among which the true ones are only (), (), (¢) and (). So, the result is
worse than the one obtained computing over 32003. From our empiric observation
[2] in such cases when a component of a modular decomposition is not a true one,
the most simple polynomials defining the associate primes are usually the correct
polynomials. So we recomputed with the condition byg — 3a49 = ags — 3bgs = 0 over
the field of characteristic zero and found the components:

U, = <3b§1 + 4agobso — aq3,9a13b31 — 2b%2 — 1,6bo4b31 + a13b22 + 2&40,3@%3 +
4boabas —bs1, 6a40a13+bs1bas +2boa, 144a40bos — 5b3, — 16, b3, — 36bgsars — 36asobs +
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14b22, bglbgz +48aio 78604622%‘16[)31, a13b32 +486(2)4 78&401)224’16&13, b40 730,40, apgqs —
3boa);

Uz = (a13 — b1 = a0 — bos = bao — 3aso = aos — 3bos = 0);

Us = (afs + a13bs1 + b3y, boaa1z — aaobsi, asoarz + asobsr + boabs1, ady + asobos +
b2, bao — 3a40, aps — 3bos)-

Then, with intersect of Singular we computed J = N¢_, J;NU; NU2NU3 and with
minAssChar found that the minimal associate primes of J are the ideals Jy,..., Jg
and
(n) Jr = (4a3; + 3a3;b3; + 6aisbsy + 4b3; — 1,2b3, — 9ai3bs1 + 1,108b40b3, —
4b4o — 12[)%2&13 — gbggbgl — 12()22&13 — 108[)22()%1,4()40&13 — 12b40b§1 + 5b%2b31 +
6b220€3 - 181)22(1131)%1 + 16b22b31,4b40[)22 - 3&13 + gbgl, 161)4210 + 24b40 * b22a13 +
15()32 b31 +48b31,640a04 — 384])30{)31 + 32@%0 b§2 + 2576biob22 +4608b40 b:231 + 75b§’2 b31 +
1200b22b31, 3b04 — ap4, 3a40 - b40>.

Using the radical membership test we checked that /Tis C V/J (where J =
OZ:1J7 C Qg = Q[CL40, b()47 ais, b317 aop4, b40, bQQD yielding V(J) C V(Ilg). However
we failed to complete computation of Groebner bases in Q2 to check that

VI c Tis. (3.1)

Nevertheless computations show that (3.1) holds in the rings k[a4,bos, @13, b31,
ap4, b0, bao] with k being the fields of characteristic 32003 and 4256233. This means
that with a very high probability (3.1) holds also in Q.

Theorem 2. For case (Ca), system (1.8) is integrable if asa = baa and one of the
following conditions holds:

(o) a3y + asobos + b3y = bapaso + aoabos + baobos = apsaso — baobos = ady + aoabao +
b3y = —bsiaso + aizbos = a13a40 + bzraso + bzrboa = bz1aps + a13bag + bz1bag =
a13a04 — b31bag = ais + aizbs + b3, = 0;

(B) aso — bos = ags — bgo = a1z — bz1 = 0;

(€) bao — Sago = ags — Sbos = b31 = a1z = 0.

Proof. When condition (o) or () holds the system is time-reversible.
When condition (e) holds, the corresponding system is Hamiltonian and has a
first integral

®(z,y) = (6zy — 2° — 6a407"y — 2b2023y® — 6bgazy® — y°) /6. (3.2)

O

We note that systems corresponding to the ideal J; are written in the form

&=z + bosax”® + 2®y® — o,

. . = (3.3)
g =—y+a® —2>y% + boay®.
and those corresponding to Jy are
S.C = r — 6316041‘5 — (1 — bgl)IEng — y5, (34)

U= —y+2° + b3123y? + bosy®,

where bg; = (1 4 iv/3)/2. It is easy to see that any system of the form (3.4) is
transformed to a system (3.3) by the substitution z — ax, y — By, where a = 3°
and 8 = (b31—1)~1/8 . Therefore to complete the study of case (Cs) it is necessary to
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prove integrability of system (3.3) and of the systems corresponding to the ideals Jg
and J7. We have tried to prove integrability of these systems using various methods
but we failed. In particular we looked for algebraic invariant curves in the form
C=1+30 faimy), L =2+ 35, fairi(e,y) and £ =y + 31 fiis1(z,y) where
fai is a homogeneous polynomial of degree 44 and f4;41 is a homogeneous polynomial
of degree 4i + 1. For system (3.3) there is an invariant curve £ = 1 + bosz* — bosy*
however it is impossible to find a Darboux integral or a Darboux integrating factor
using this curve. For the other systems we were not able to find any curve.

3.3. Case (C)

Similarly as above computing with minAssGTZ the minimal associate primes of
the ideal I;g we obtain the following ten components:

(@) agp+asobos+bi, = baoaso+aosbos+baobos = aosaa0—baobos = afy+aoabao+b3y =
bizaso + az1bos + b13bos = azraso — bizboa = —b13aos + az1bao = aziaos + bizaos +
bisbao = a3y + as1biz + by = 0;

(B) as0 — boa = aps — bao = az1 — b1z = 0;

(’V) boo+1 = bi13+2a49 = —2a40b%2 +byo+ag = —2b04b%2 +agqs+bos = 8a40b(2)4b22 —
4b13b34 — 2boabas + azy = 0;

(8) bag —1 = b13 —2a40 = —2a40b3e +bao +as0 = —2boab3s + ags +bos = 8asobi,bas —
4b13b3, — 2bgabas + az; = 0;

(€) 4asobos — 1 = b1z — 2a40 = bas = bag + @40 = aga + boa = —4b13b3, + az1 = 0;
(€) 4asobos — 1 = b1z + 2a40 = baa = bao + @40 = apa + boa = —4b13b%, + az1 = 0;
(1) bao — Bago = aps — Sbos = b1z = az = 0;

(0) 16a40bos — 25 = bag = bbyg + 3as0 = Hags + 3bos = b1z = az; = 0;

(L) bao + 1 = agpbos — 1 = byg = aga = —aapbaz + b1z = —boabaa + az1 = 0;

(k) bao — 1 = a4obos — 1 = bao = aos = —asobaz + b13 = —boabaz + az; = 0.

Note that no fake component (like the one defined by the ideal U in case (C2))
appears for this case (and for case (Cy) below), so the components 1)-10) are
obtained after applying the rational reconstruction algorithm of [19] to the ideals
returned by minAssGTZ when computed modulo 32003.

Theorem 3. For case (Cs), system (1.8) is integrable if asy = bea and the coeffi-
cients of the system satisfy one of conditions (o)) — (), (v), (k).

Proof. When condition (a) or () holds the corresponding system (1.8) is time-
reversible.
In case (7y) the system (1.8) is written as

&=z — ayr’ + 2boayr® + y22® — boay'z — ¢,

. (3.5)
= —y+2° + asyr’ — y’2* — 2a40y*w + boay®.
It admits an algebraic invariant curve of degree twelve!
I, = 22+ 8a40ym11 + 24aioy2x10 — 8b04y2x10 + 32aioy3x9 — 48a40b04y3x9

— 4320 4+ 16a%yy a® + 2462,y x® — 24a40y* 2% — 9643 bosy x® — 4bgya®

Tnote that finding an invariant algebraic curve of degree 12 is a difficult computational problem,
so to obtain this curve we used computations in the field of characteristic 32003



Integrability conditions for complex quintic systems 17

48a20y5x7+96a40b84y5x77641120604@/5307 + 24boyy®z” — 16a40boayx”
—12yz” — 32a5,y°x® — 32034525 + 960303,y 2° + 96a40b0sy°2°
+6y°2° 4+ 16b2,5°2° — 52a40y?2° — 16a2yboay®2® — 64asob],y" 2°
—48b2,y" x5 + 24a40y” ° + 96a3bosy” 7 — 64a3,yPr® + 32a40b3,yP°
+56boay x5 + 16b§4y8x4 +24aﬁoysx4 —24bgaySat — 96a40b34y8$4
—16a§0y4x4 — 16bg4y4x4 + 128ay40boay iz + 24y*z* — 8ayox?
+32bg4y9x3 — 48a40b04y9x3 — élygsc3 — 64b(2)4y5m3 + 56a4oy5m3
+32a30b04y5x3 + 32bgayx® + 24[)(2)41/10552 — 8agoy*Cz? + 16ai0y6x2
716a40bg4y6x2 — 52bo4y% 2% + 16a40boay’x? + 36y%22 + 8boay*la
—16a40bosy”x — 129"z + 32a40y°x + y'2 — dagoy® — Sboay® + 8
yielding the integrating factor u = 7",
When condition () holds, the system (1.8) is of the form
&=z — asx’ — 2bosyz® — y?z® — boay'z — o,

) (3.6)
§=—y+2°+aswyz® +y>2* + 2a10y z + boar’.

It can be transformed to (3.5) by the substitution  — ax, y — By, where a = 3°
and 3 = (—1)Y/12,
(¢) In this case the system has two invariant curves

ll = 4b04 — 1‘4 — 4b04y2l‘2 — 4bg4y4,

loy = 16bg,a® 4 2baa® + 64b5,5°2° 4+ 8b2,y% 2’ + 6465,y 2t 4+ 1663,y ax* + yta?
—16b2,2* 4 4b2,y® — 1285, yx> + 32b0,y52? + 4boay®a® + 643 ,y% 2>
—3205,y°x + 32b3,° — 64b,y" + 3263,

which allow to construct the integrating factor p = llé It
(¢) This system can be transformed to system (e) by the substitution z — ax,
y — By, where a = #° and § = (—1)/'2. Thus, it is integrable.
(1) In this case the system is Hamiltonian with a first integral of the form (3.2).
(¢) When this condition holds, system (1.8) is written as

5
. T
T=x+ P aziyz* +y2a® — o,
31
iz (3.7)
j=—y+z° —y’® + =— —asny’.
asi
It admits two invariant curves
L o= a*+2a;y%2” + a3y + as,
lo = aspa®—4a3,yx” + 2a3,y%25 + 663,922 — 8ad, yP2® — daz yia®

+aSytat + 1203yt + ytat + 4a2 2t — da,yP 2 — 8ad yta?
—8a§1yx3 + 6a§1y6x2 + 2a31y%2% + 8a§1y2x2 — 4a§1y7m — Sagly?’m
+ady® + dagyt + dady,

_1
which yield the integrating factor p =1, 15"



18 Fercec B., Chen X. and Romanovski V.G.

(k) The system of this case is written as
5
=1 —agyat —yPa®
asi
iz (3.8)
§=—y+z’+y’® + 7 +any’.
asi
It can be transformed into (3.7) by the change x — z(—1—1i)/v2, y — y(1+1i)/v/2.
Thus, (3.8) is integrable. O
Note, that the remaining open case () is the same as case (¢) of Subsection 3.2.

3.4. Case (Cy)

Similarly as above, using modular computations and then the rational reconstruc-
tion we found the following components of the variety of the ideal I;g generated by
the first 18 focus quantities of system (1.8) with ags = bgg = 0 and ass = bao:

(@) aiy + asobos + b3y, = —bsraso + a13bos = ai3aso + braao + bzrbos = ais +
a13bs1 + b3 = bizaso +asibos + b13bos = aziaso — bizbos = bizaiz +asibsy +bizbg =
agiaiz — bisbs1 = a3; + azibiz + by = 0;

(B) aso — boa = a13 — b1 = az; — b1z = 0;

(7) 2b2s + 1 = a3y — asobos + b34 + aso + bos + 1 = 8boab3, — Hboabas + 3b31 =
8(140()%2 — 5a40b22 + 3&13 = 8(1401)32 — 5(140()22 + b13 = 8b04b§2 — 5bo4b22 + azy = O;
(5) 2b22 -1 = aio - a40b04 + b(2)4 — Q40 — b04 +1 = 8b04b§2 - 5b04b22 + 3b31 =
8a40b3y — Basobas + 3a1z = Basgb3y — Hagbas + biz = 8boably — Hboaboo + az = 0;
(€) 2baa 4+ 1 = agp + bos — 1 = 8boab3y — Bboabaz + 3bs1 = Bagob3y — Sasobaz + 3a13 =
8a40b3y — Basobas + biz = 8boab3y — Hbosbos + az = 0;

(C) 2b90 — 1 = a4 +bos+1 = 8b04b§2 — b5bgabas + 3b31 = 8&401):232 — bayobas + 3a13 =
8aaobyy — Basobas + big = 8boabiy — Sboabas + az1 = 0;

(1) asobos — 1 = big + ago = baa + 1 = bgy = a13 = —by3b3, + az = 0;

(0) asobos — 1 = b1z — aso = bao — 1 = b1 = a13 = —b13b%, + az = 0;

(t) 2b13 — a13 = 2a3; — b3y = bos = ago = 0;

(k) Doz = aso +bos = bz1 + 1 =a13+ 1 =biz = az = 0;

(A) a3y — asobos + b3, = b31bos — ago = bz1a40 — aso + bos = b3; — bz1 + 1 = bag =
a13+ b3y —1 =013 =az = 0.

Theorem 4. For case (Cy), system (1.8) is integrable if aza = baa and one of
conditions (o), (8), ), (0), (v) holds.

Proof. When condition («) or () holds, the corresponding system (1.8) is time-
reversible. Condition () is condition (¢) of Theorem 3, condition (6) is condition
(k) of Theorem 3 and condition (¢) is condition (8) of Theorem 1. Thus, these
systems are integrable. O

Conditions (k) and (\) are conditions () and (), respectively, of Subsection 3.2.
However these cases are open. Note also that system of case (J) can be transformed
to system of case () by the substitution z — ax, y — —ay, where a = (—1)*/* and
system of case (¢) can be transformed to system of case (€) by the same substitution.

To summarize, we have found conditions for local integrability of systems (C7)—
(Cy), that is, the conditions of Theorem 1, conditions («)—(n) of Subsection 3.2,
(a)—(k) of Subsection 3.3 and («)—(X\) of Subsection 3.4. We believe that these
conditions are the necessary and sufficient conditions for integrability of systems
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(C1)—(Cy). However to prove this there remains to show that no component was
lost under the computations with modular arithmetic (that is, all Groebner bases
arising in the radical membership test are {1}) and to prove integrability of system
(3.3), the systems corresponding to (¢) and (n) of Subsection 3.2 and the systems
corresponding to (y) and (¢) of Subsection 3.4.
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