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BIFURCATION AND CHAQOS IN A DISCRETE

TIME PREDATOR-PREY SYSTEM OF LESLIE

TYPE WITH GENERALIZED HOLLING TYPE
IIT1 FUNCTIONAL RESPONSE

Ali Atabaigi

Abstract This paper is devoted to study a discrete time predator-prey sys-
tem of Leslie type with generalized Holling type III functional response ob-
tained using the forward Euler scheme. Taking the integration step size as the
bifurcation parameter and using the center manifold theory and bifurcation
theory, it is shown that by varying the parameter the system undergoes flip
bifurcation and Neimark-Sacker bifurcation in the interior of R3. Numerical
simulations are implemented not only to illustrate our results with the theo-
retical analysis, but also to exhibit the complex dynamical behaviors, such as
cascade of period-doubling bifurcation in period-2, 4, 8, quasi-periodic orbits
and the chaotic sets. These results shows much richer dynamics of the dis-
crete model compared with the continuous model. The maximum Lyapunov
exponent is numerically computed to confirm the complexity of the dynamical
behaviors. Moreover, we have stabilized the chaotic orbits at an unstable fixed
point using the feedback control method.
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1. Introduction

In this paper, we consider the following Lotka-Volterra predator-prey system
. T axy

= R
v z[r( K) a:UQ—i—bm—&—l}’

y:Sy(l_lw)7
X

where = and y stand for population density of prey and predator, respectively,
7, a, a, S, h are positive constants and b is a constant. The prey grows logistically
with the carrying capacity K and intrinsic growth rate r. The predator consumes
prey according to the generalized Holling type III functional response #ﬁfxﬂ and
grows logistically with intrinsic growth rate s and carrying capacity proportional to
the population density of the prey.

In [8], the detailed bifurcation analysis of system (1.1) has been discussed. It is
shown that the model has very rich and complicated dynamics such as the existence
of a stable limit cycle enclosing two non-hyperbolic positive equilibria, a stable limit

(1.1)
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cycle enclosing an unstable homoclinic loop, two limit cycles enclosing a hyperbolic
positive equilibrium, or one stable limit cycle enclosing three hyperbolic positive
equilibria. In particular, it is shown that the model undergoes degenerate focus
type Bogdanov-Takens bifurcation of codimension 3.

Applying the forward Euler scheme to system (1.1), we obtain the following
discrete time predator-prey dynamical system

o\ [r e 0 - ) - i

, (1.2)

Y Yy + dsy ( — %)
where 0 is the integration step size. We mainly focus on flip bifurcation, Neimark-
Sacker bifurcation and possible chaos in the closed first quadrant Ri using center
manifold theorem and bifurcation theory [5,9,13].

The paper is organized as follows. In section 2, we study the existence and
stability of the fixed points of the system (1.2). In section 3, we show that there exist
some parameter values for which the system (1.2) exhibits flip and Neimark-Sacker
bifurcation. In section 4, we use numerical simulations to support the theoretical
analysis given in section 3. The numerical simulation also shows that the system
(1.2) exhibits the complex dynamics such as cascades of period-doubling, quasi-
periodic orbits and chaotic sets. The Lyapunov exponents are calculated to confirm
the existence of chaos. In section 5, we have stabilized the chaotic orbits at an
unstable fixed point using the feedback control method.

2. Fixed points and their local stability

In this section, we will study the existence and property of fixed points of system
(1.2) in the region R3. It is clear that system (1.2) always has a boundary fixed
point (K, 0) for all parameters. Next, we consider the existence of positive fixed
point of system (1.2).

Suppose that (zg,yo) is a positive fixed point of system (1.2). Then, z¢ and yo
are positive solutions of the following equations

To)_ _awop
K’ axd+bxo+1’ (2.1)
o = hyo.

r(1—

From (2.1), we can see that zg is the root in the interval (0, K) of the following
cubic equation

pow® + 3p1w? + 3pow + p3 = 0, (po # 0), (2.2)
with coefficients
a ar b 1
Po=7es 91 3 + KW T , D3

Using the substitution z = pow+p1, the equation (2.2) is converted to 22 +3H 2+G =
0, where G' = p2ps — 3pop1p2 + 2p3, H = popz — p3. Using Cardano’s method, we
have the following result.
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Lemma 2.1. Let G?> + 4H? > 0, then the system (1.2) has a unique positive fized
point (xo,yo), where

1( H ) i)
o= —94g—— —DP1), Yo = —,
Po q h

1
and q denotes one of the three values of [_G"’i W} °
Next, we study the local stability of the above mentioned fixed points. As
we know, the local stability of the fixed points is determined by the modules of
eigenvalues of the characteristic equation of the Jacobian matrix of system (1.2) at
the fixed points.
The Jacobian matrix of system (1.2) at any point is given as follows

ail a2
J(x,y) = ; (2.3)
a1 a2
where
2réx adzy(2 + bx adz?

a1 =14rd— - 2y( )2, a2 = ——5— 7
K (ax? +bx + 1) ar? +br+1

Shsy? 20hs

a21:72y7 agg =1+ s — y.
x T

The characteristic equation of the Jacobian matrix can be written as
N+ p(a,y)A + q(z,y) = 0, (24)

where p(z,y) = —(a11 + az2) and q(x,y) = a11a22 — aj2a91.

Before we discuss the local stability of the fixed points, we present the following
lemma which discusses the relation between roots of the quadratic equation and its
coefficients [7,11].

Lemma 2.2. Let F(\) = A2+ BA+ C. Suppose that F(1) > 0, A\; and Ay are two
roots of F'(A) = 0. Then

(1) |M] <1 and A2l <1 iff F(=1) >0 and C < 1;

(i1) |M] <1 and [A2] > 1 (or |M\1] > 1 and |X2| <1 ) iff F(—1) <0 ;
(i) |A1| > 1 and |A2| > 1 iff F(—=1) >0 and C > 1;

(iv) M1 = —1 and |A2| # 1 iff F(—1) =0 and B # 0, 2;

(v) A1 and Ay are complex and |\1| = |Ao| =1 iff B> —4C < 0 and C = 1.

Suppose A; and A9 are the roots of (2.4). We recall some definition concerning
the topological types of a fixed point (z,y). A fixed point (z,y) is called a sink if
[Ad1] < 1 and |A2] < 1. A sink is locally asymptotically stable. (z,y) is called a
source if |A1| > 1 and |A2] > 1. A source is locally unstable. A fixed point (z,y) is
called a a saddle if [A;| < 1 and |A2| > 1 (or |A1] > 1 and |A2| < 1). And (z,y) is
called non-hyperbolic if either |A\1| =1 or |A2] = 1.

By substituting the coordinates of the fixed point (K,0) for (z,y) of (2.3) and
computing the eigenvalues of J we can obtain the following proposition.
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Proposition 2.1. The fized point (K,0) is a saddle if 0 < § < %, it is a source if
4> %, and it is non-hyperbolic if § = %

When § = %, one of the eigenvalues of the fixed point (K,0) is —1 and the
other is 1 + % Thus, the flip (or period-doubling) bifurcation may occur when
parameters vary in the neighborhood of § = % In this case, (1.2) restricted to
the center manifold y = 0 is the logistic model x,,41 = 72, (1 — %2), therefore the
predator becomes extinct and the prey undergoes the period-doubling bifurcation
which is a route to chaos in the sense of Li and Yorke [10] by choosing the r as the
bifurcation parameter.

In the following we investigate the local dynamics of fixed point (zg,yo). The
characteristic equation of the Jacobian matrix (2.3) evaluated at (zg,yo) can be
written in the following form

F(A) := A% — (2+ A&)A + (1 + A6 + Qs6%) = 0,

where

Acr_s_ 2rzy azoyo(2 + bxo) o "% azoyo(2 + bxo)

K (ax3 + bxo + 1)’ K = (axd3+bxo+1)2°

Then F(1) = Qs6% > 0 and F(—1) = 4 + 2A6 + Q2s6. From Lemma 2.2 we have
Proposition 2.2. Let (xg,yo) be the positive fized point of (1.2).

(i) It is a sink if one of the following conditions holds
(i.1) —2/Qs <A <0and0<d < ,QAS;

(i.2) A < —2v/Qs and 0 < § < =A=YA2=40s W.

(ii) It is a source if one of the following conditions holds
(ii.1) =2/ Qs <A <0 and 6 > —&;
(i1.2) A < —2/Qs and § > =A=vH" =105,
(ii.2) A > 0.

(ii) It is a saddle if the following conditions hold

—A — /A% —4Qs <5< —A+ /A% —4Qs

A < —2vQs and O O

(iv) It is non-hyperbolic if one of the following conditions holds
(iv.1) A < —2/Qs and § = =AEVAZ-40s W and § # —%,—%;
(iv.2) —2v/0s < A <0 andd = —QAS.

From Lemma 2.2, we can see that if (7v.1) of (2.2) holds one of the eigenvalues
of the positive fixed point (zg, %) is —1 and the other is neither 1 nor —1. Also,
we can see that the eigenvalues of the fixed point (xo,y0) are complex conjugate
numbers if the condition (iv.2) of (2.2) holds. We rewrite the condition (iv.1) of
Proposition 2.2 as the following sets

—A — VA2 —4Q —
FB1:{(TaKaaaavbasahﬂ(s):é: Os 85A<_2 QS},
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or

—A+ VA% 40
FB2:{(T,K,a,a,b,s,h,é):cS: + O S,A<—2\/QS}.

When the condition (iv.2) of Proposition 2.2 holds, we deduce that the eigenvalues
of the fixed point (xg,yo) are a pair of conjugate complex numbers with module
one. The conditions in (iv.2) of Proposition 2.2 can be written as the following set

A
HB: {(T7K7a;a7b,5,h,5)1(5:—9,—2vQS<A<O}.
S

In the following section, we will study the flip bifurcation of the positive fixed
point (zg,yo) when parameters of the system vary in the small neighborhood of
Fp, (or Fp,), and the Neimark-Sacker bifurcation if parameters vary in the small
neighborhood of Hp.

3. Flip bifurcation and Neimark-Sacker bifurcation

In the sequel, based on the argument given in the previous section and choosing
the step size § as the bifurcation parameter, we consider the Flip and the Neimark-
Sacker bifurcation of the positive fixed point (zo, yo)-

First, we study the Flip bifurcation of the positive fixed point (g, yo) when the
parameters of the system vary in a small neighborhood of Fg,. The case of Fp,
can be handled similarly.

Take parameters (r, K,«a,a,b, s, h,dy) arbitrarily from Fp,. Using u = x —
Zo, v =y — Yo and §, = J — dp, we transform the fixed point (zg,yo) to the origin
and consider the parameter d, as the new bifurcation parameter. After Taylor
expansion, system (1.2) is equivalent to the following system

11U + a120 + a13u? + agquv + biud. + bovd, + equ®
+equ?v + bgu?6, + byuvd, + O((Ju| + |v| + [0.])%)
U
= | as1u + agev + assu® + asauv + assv? + cudy, + covdy, |, (3.1)
v
+diud + dou?v + dsuv? + c3u?d, + cquvd, + csv?6,
+O((ful + [v] +16:1)*)
where
rdo T axoyodo (2 + bx o x038
ay; = 1476 — 2 0%o oyoo( 02)’ Gy = — 0700 -,
K (14 bxg + azo?) 1+ bxo + azxg
rég  aYodp (—1 +3axy? + b:c03a) axodp (bxo + 2)
a13 = —— y 14 = — )
13 K (1 + bxo + axo?)® H (14 bxo 4 az¢2)?
rI) azoyo (2 4 bxp) o o2
bi=r—2— — 5, U= e,
K (14 bwg+ axg?) 1+ bxo + axo
aYodo (71 + axoz) (abx02 +4axrg+ b) ady (—1 +3axy? + beSQ)
€1 = — , €2 = 3

(1 + bxo + azo?)? (14 bxo + azy?)®
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rayo (=14 3aze? + baola) o (2 + bxg)

by = —— + by = —
3 ’ 29
K (14 bz + axo?) (14 bz + axo?)
850:(/0 Séoyo 28(50 50h8
as = ; a2 =1—80p, a3 =——3—, A= ——, Qa5 = — ;
i) on) i) o
S0SYo 2008 dohs SYo
dl = 3 d2 = T3> d3 = 5, C1= )
xg x§ x§ o
SYo 2s hs
C = —§, 3= 2 C4p = —, Cy = ——
£EO o o
We construct an invertible matrix
a12 a12

—1—ai A2 —an

Under the transformation

e
IS}

=T s
v

A

and again using = and y instead of & and ¢ respectively, the map (3.1) becomes

x -10 T ,Y, 04
- I EAS AN (3.2)
y 0 X/ \y g(x,y,0.)
where
(al3 (/\2 - an) - a23a12) 2 (a14 (>\2 - 011) - 024012) azs 2
5 75* = —
f(x Y ) a12 ()\2 + 1) “ ai12 ()\2 + 1) w )\2 + 1U
(bl (/\2 - au) - C16112) (b2 ()\2 - CL11) - C26112)
+ udy + V04
a2 (A2 +1) aiz (A2 +1)
(e1 (A2 —a11) —dia1a) 5 (e2 (X2 —ai) —daarz) o ds 2
aiz (A2 +1) “ ajz (Mg + 1) wo Ao + 1
(b3 (/\2 - &11) - 03a12) 2 (b4 ()\2 - an) - 64012)
u“d, + UV
aiz (A2 +1) ajz (A2 +1)
_ Cs 2 4
8+ O(ul + o] +16.1)).
(@13 (1 + a11) + aszaiz) 5 (a1 (1+ a11) + azaa12) azs o
Y, 05) = +
g(x Y ) a12 ()\2 + 1) b a12 ()\2 + 1) w Ao + 1U
(b1 (14 aq1) + Cla12)u5* + (b2 (1+a11)+ C2a12)U5*
aiz (A2 +1) aiz (A2 +1)
(er (14 ai1)+ d1612)u3 (e2(1+an)+ d2a12)u2
az (A2 +1) a1z (A2 +1)
d3 2 (b3 (1 + a11) + Cgalg) 2
+ + O
A1t ay (Mo t1)

(b4 (1 + all) + C4a12) uvd 651}2(5
ai2 ()\2 —+ 1) )\2 —+ 1

+O((lul + o]+ 18.1)h),
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and
u=ap(z+y), v=—(1+a)z+ (A2 —an)y.

According to the center manifold theorem [9], the dynamic of the map (3.7) around
the fixed point (0,0) for parameter values near d, = 0 can be analyzed using the
behavior of a one parameter family of maps on the center manifold, which can be
written as:

W) = {(2,4,8.) € R : y = ha(x,0.), hs(0,0) = 0, Dhs(0,0) = 0}.
Assume that hs(x, d,) has the following form
ho(2,6,) = a12° 4 asxd, + azd? + O((|z| + |0.])?). (3.3)
Then, the center manifold (3.3) must satisfy
N(h(z,6x)) = h(—x + f(z, h(x,d4)), 0x) — Aah(z,8,) — g(x, h(z,d.),0.) = 0. (3.4)
Substituting (3.7) and (3.3) into (3.4), we obtain

1
2 2
W {azs + 2az5a11 + agsa11” + ar2a13 (1 + a11) + azzans
2
2
—a14 — 2014011 — 0140117 — G24012 — Q24012011 }
2 2
_a12b1 (14 a11) + c1a12® — be — 2b2a11 — b2a11? — c2a12 — C2a12a11

a12 (Mg +1)°

as = )
a3=0.

Thus, the map restricted to the center manifold is given by

Fi:x e —x 4 hix? + hoxd, + haa®6, + haxd? + hsa® + O((Jz| + 16.))1), (3.5)

where
hy = {1112!113 (>\2 - 011) - 023(1122 —ags — 2agsail — (12511112
Ao+ 1
—a1aX2 — a14doary + a1sa11 + ajaar;” + aggars + a24a12a11} )
1
hy = ————— {a12b1 (A2 —a11) — C1Cl122 —bada — baAaarr + baany
a2 ()\2 =+ 1) { ( )
+baa11® + coar + c2a120a11 §
1
hy = ————— {azai2a1402” — a12bsXoar1 + a12°b3 (A2 — a11) + caar2’an
a2 ()\2 —+ 1) { ( )

+ai2bsarr — arzbsdo + 2ai2asas (A2 —an) + asa12’ass + asai2ai4a1;
—Q2012014 A2 — a2a122a24)\2 + ajcai2air — 01012201 — ai1ca12MAg — a12303
+esarz? — csars — 2a12’agass + ararsbs (A2 — arr) + arbaari® + arboAo”
—2a25a2a12a11 + 2 a25a2a12A2 + 2 asaio*assars + 2 asaizaisans’
—2a25a2a12a11° + 2 a25a2a12a11 A2 — 3 A2a12a14 2011 — 2 C5a12a11

2 2
—2a1baA2a11 — czai2a11” + aizbsan } )

a
hy = Wj—i—l) {a12b1 (A2 —a1) — C1Cl122 + 52)\22 — 2baA2an
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2
+b2a11” — caa12)2 + Czalzau} )

2
hs = Mo+ 1 {—a12€2)\2 — 2agsa1a11 — a1014A2 + a1G24a12 — 2a25a1011° + a12€2011
2

—2a2%araz3 — dzainai® + 2 assails — ar2’dy + arx’e; (A2 —ai) + a12e2a11?
+a1a14a11 + a1a1409% — 2d3a12a11 + 2 a1a14a11% 4+ 2 a12a1a13 (g — a11)
+doaia’arn — 3a1a14M2a11 — a1a24a12X2 + 2 a1a24a12a11 + 2 asza1aii A2
+daays® — dzar — a1262>\2a11} .

If the map (3.5) undergoes a flip bifurcation, then it must satisfy the following
conditions

_[oF R O*Fy
a= [a(s*‘ gaz + Xaups, | oo 70

and

1 /(?R\° 10°F
@2 = [2 ( ou? ) * 3 9ud o0 # 0

o] = hg, Qo = h5+h%

It is noted that

We summarize the above analysis into the following theorem.

Theorem 3.1. The map (1.2) undergoes a flip bifurcation at the positive fized point
(xo,y0) if the following conditions are satisfied

a1 #0  and ag #0.

Moreover, if ag > 0 (< 0), the 2-period points that bifurcate from this point are
stable (resp. unstable).

Next, we give the condition of existence of Neimark-Sacker bifurcation using
the Neimark-Sacker bifurcation theorem [9], where 0 is chosen as a bifurcation
parameter. We recall that the bifurcation corresponding to the presence of \; o =
e (0 < 6y < 7) is called a Neimark-Sacker (or torus) bifurcation [9]. Taking
parameters (r, K, «, a,b, s, h,d2) arbitrarily from Hp, we consider the map (1.2)
at the positive fixed point (zg,yo). Since da = —%, choosing v as a bifurcation
parameter, we consider a perturbation of (1.2) as follows

) (et [r(l—%)—%}

y y+ (0 +7)sy (1-22) .

Let u = x — x9, v =y — yo. Then we transform the fixed point (z,yo) of (3.6) to
the origin. We get

a11u + a12v + a13u2 + ajquv + elu3 + egu2v

u +O((lul + [0])*)
}_>

, (3.7)
v 91U + a9V + a23u2 + agquv + a25v2 + d1u3

+dauv + dzuv? + O((|u| + |v])*)
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where the coefficients are those that are given in (3.1) by substituting § by d2 + 7.
The eigenvalues of the characteristic equation (2.4) are

—p(v) £ /P () — 4q(v)
2 b

A2 =
where

p(7) =-2-A02+7), q(y)=1+A(0%2+7)+Q2s(d2+ 7).

Hence, since parameters belong to Hg we have

A
T NN (3.9)
and we have " N
Aral = Va0, ZZW‘W:O:—57&O.

In addition, p(0) # 0,1 leads to
— Ady #£ 2,3, (3.9)

then we obtain ATy # 1, n=1,2,3,4.

Next we study the normal form of (3.6) when v = 0. Let p = 1+ 22, w =
5 a2 O .
ZVAs — A2 T = and use the translation

n— a1 —Ww

=T
v Y

Again, for the sake of simplicity, we use x and y instead of X and Y, respectively.
Under the translation, the map (3.7) becomes

N (e (2 (T ) 10

Yy w y g(x,y)

1 .
fla,y) = afm{amﬂ + arquv + eyu® + exu”v} + O((Ju| + [v))h),

g(x,y) = ((’“‘_“12)““”_223> u? + ((N—“w)avl_m> w

alow alow w
0255 (h—az)er  di w4 (n—az)es  do w2
w a1oW w a1oW w
dsuv?

+O((Jul + o)),

W

and u = ajpx, v=(u—a1)r —wy.



420 A. Atabaigi

Next, we compute the stability coefficient of the Neimark-Sacker bifurcation of
the map (3.10) using the method given in [5]. The stability coefficient is given as
follows

— 22 —
= —Re (ulf)\;/\&ofn) - %|€11\2 — |€02|* + Re(Aé21), (3.11)

where
1. - ~ - e - 5
§20 = g[(fm — fyy + 2Gay) +i(Gzz — Gyy — 2fay)];
1. - ~ . -
511 = Z[(f:mc + fyy) + Z(gacm + gyy)]a
1. - ~ - L~ - P
o2 = g[(fzz - fyy - 2gry) + Z(gxa: — Gyy + 2fmy)]a
1 ~ ~ _ _ e N ~ ~
§o1 = E[(fz:m: + fxyy + Gzzy + gyyy) + l(g:rxz + Gayy — fmzy - fyyy)]
After some calculation we get

fow = (20— 2a11) arg + 2413012, f?‘y = —a14Ww, fyy =0,

fzxa; =6a12 (era12 +e2(p —anr)), fmy = —2a1262w, fzyy = fyyy =0,
Gon =2 <(ﬂal2>‘113 7 a%) a1 42 <(ﬂal2)‘114 ~ a24> a1s (1 — an1)
A1oW w a1o2W w
2
_9 ags (b — an)
w b
Jey = —Q14ft + 14012 + a24012 + 2 a2500 — 2a25011, Gyy = —2 a25W,
_ —aig)er dp —apz)ey  da
o (LS00 (o),
a1o2W w a1oW w
6 dszaiz (M - 011)2
w )
Goay = 2012 (—eap + ar2e2 + daay2 + 2dsp — 2dzaqy) ,
gwyy = _2d3a12w7 gy’lﬂ/ =0.

From above calculations and the theorem in [5,9,13], we get the following result.

Theorem 3.2. If the condition (3.9) holds and a # 0, then the map (3.6) undergoes
Neimark-Sacker bifurcation at the positive fized point (xg,yo) when the parameter
~ waries in the small neighborhood of the origin. Moreover, if a < 0 (resp., a > 0),
then an attracting (resp., repelling) invariant closed curve bifurcates from the fized
point for v >0 (resp., v <0).

4. Numerical Simulations

In this section, we will present bifurcation diagrams, maximum Lyapunov exponen-
t, and phase portraits of system (1.2) to illustrate the above theoretical analysis
and find new interesting complex dynamics using numerical tools. The bifurcation
parameters are considered in the following two cases.
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Case (i) Varying ¢ in the range 0.35 < ¢ < 0.6, and fixing K =2, r =5, s =
,h=1, a=1,a=3,b=3.

Case (ii) Varying 0 in the range 1 < § < 1.35, and fixing K = %, r=3, s=
05, h=1, =9, a=2,b=2.

For case (i). K =2, r=5 s=1 h=1 a=1, a =3, b= 3;
based on Lemma 2.2, we know that the system (1.2) has a unique positive fixed
point (1.917299545,1.917299545). The flip bifurcation emerges from this positive
fixed point at § = 0.433 with a; = —2.899433016 and as = 0.02983774197 and
(r,K,a,a,b,8,h,d) € F,. This confirms the results of Theorem 3.1.

According to the bifurcation diagrams shown in Figs. 1(a) and 1(b), the positive
fixed point is stable for 6 < 0.433, then it loses its stability at the flip bifurcation
parameter 6 = 0.433. We observe that there is a cascade of period doubling for
0.433 < § < 0.6.

(a) in (8, z) plane (b) in (4, y) plane

Figure 1. Bifurcation diagram of the system (1.2) for K =2, r=5,s=1, h=1, a=1,a=3, b=3
with initial value (1, 1).

0.4

02

o o
~ kS

06 -

02

04

Maximum Lyapunov Exponent
Maximum Lyapunov Exponent

0.35 04 0.45 05 0.55 06 0.52 0.53 0.54 0.55 0.56 0.57 0.58
d 0

(a) 6 € [0.35,0.6] (b) local magnification for ¢ € [0.52,0.56]

Figure 2. Maximum Lyapunov exponent corresponding to bifurcation diagrams in Fig.1.

The maximum Lyapunov exponent corresponding to bifurcation diagram Figs.
1(a) and 1(b) is computed in Fig. 2(a). The local magnification of Fig. 2(a)
for § € [0.52,0.56] is presented in Fig. 2(b). The maximum Lyapunov exponent
corresponding to § = 0.57 is Ay = 0.3637726139 > 0, which confirms the existence
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of the chaotic sets. In general the positive Lyapunov exponent is considered to be
one of the characteristics implying the existence of chaos [1,3,4].

The phase portrait of system (1.2) corresponding to bifurcation diagram Fig. 1
is shown in Fig. 3. We observe that there are period-1, period-2, period-4, period-8
orbits, quasi-periodic and when § = 0.57 we can see an attracting chaotic sets.

19173 194 18
A B c

19173
19173
19173 6t
19173
19173 i
19173 14t
19173

19173

19173
19173 19173 19173 19173 1.9173 19173 19173 19173 1.9173 19173 18 185 19 195 2 205 1 12 14 5 18 2 22 24
% X x

(a) 6§ =04 (b) 6 =0.435 (c) 6 =0.52

(d) 6§ =0.533 (e) 6 =0.54 (f) 6§ =0.57
Figure 3. Phase portrait for various values of § corresponding to Fig. 1.

For case (ii). K:%, r=3,s=05 h=1 a=9, a =2, b=2; by Lemma
2.2 we know that the system (1.2) has a unique positive fixed point at (1,1). The
Neimark-Sacker bifurcation appears from the fixed point (1,1) at 6 = 1.0151, its
eigenvalues are A; o = 0.31995+0.947327291647401¢ and |\ 2| =1, | = 0.680872 >
0, a = —5.483464001 and (r, K, a,a,b,s,h,0) € Hp. This confirms the result of
Theorem 3.2.
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1 105 11 115 12 125 13 138 1 105 11 115 12 125 13 135 1 105 11 115 12 125 13
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Figure 4. Bifurcation diagram of the system (1.2) for K
2, b = 2 with initial value (0.7,0.8).

Figs. 4(a) and 4(b) show that the positive fixed point (1,1) is stable for § <
1.0151, then it looses its stability at § = 1.0151. For § > 1.0151 an invariant
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attracting cycle appears.

The maximum Lyapunov exponents corresponding to Figs. 4(a) and 4(b) are
calculated and plotted in Fig. 4(c), that shows the existence of chaotic region and
periodic orbits (non-chaotic region) as the parameter § varying.

From Fig. 4(c) we can easily see that that the maximum Lyapunov exponents
are negative for the parameter § € (1,1.07), that is to say, the non-chaotic region
is smaller than the chaotic region (1.07,1.3).

The phase portraits corresponding to Fig. 4 are plotted in Fig. 5, which demon-
strates the process of how an invariant periodic orbit bifurcates from the stable
fixed point. When § exceeds 1.0152 a closed curve enclosing the fixed point is born.
When 4 increases at certain values, for instance, at § = 1.201, the periodic orbit
disappears and a period-9 orbit emerges, and some cascades of period doubling
bifurcations lead to chaos.
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Figure 5. Phase portrait for various values of § corresponding to Fig. 4.

5. Controlling and suppressing chaos

It is known that chaotic maps are characterized by an exponential separation
nearby orbits in forward iterations (positive Lyapunov exponent). This feature of

of
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Figure 5. Phase portrait for various values of § corresponding to Fig. 4(continued).

chaos has been traditionally seen as a troublesome property, especially in practical
settings, because even the tiniest perturbation might modify the system’s behavior
in an unpredictable way and lead the system to a catastrophic situation. Chaotic
behavior is therefore undesirable in many practical settings, and one is interested
in controlling the system to obtain regular behavior. This can be done by taking
advantage of the infinite number of unstable periodic orbits coexisting with the
chaotic attractor. The idea of controlling chaos consists of stabilizing some of these
unstable orbits, thus leading to regular and predictable behavior [2,6].

Feedback control is an algorithm that has been recognized as one of the methods
to be useful for stabilizing unstable periodic orbits [12]. In this section, we shall
apply the state feedback control method to stabilize chaotic orbits near an unstable
fixed point of (1.2).

Consider the positive fixed point of the map (1.2) at (2o, yo). Using the notation
introduced in [12], for values of ¢ close to d2 in a small neighborhood of (xg,yo),
the map (1.2) can be approximated by the linear map given by

Un+1 a11Upn + Q12U

Un+1 Qa21Un + A22Vy
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where u, = x, — o, Vn = Yn — Yo and ai1,a12,a21 and agy are given in (3.1).
Consider the following controlled form of the above system

Unt1 | [ @11Unp + G12Vn + Pn (5.1)

Un+1 a21Uy + A22Vy,
with the following feedback control law as the control force
Pn = —kiun — kavp,
where ki and ko are the feedback gain. The Jacobian matrix of the controlled

system (5.1) at (0,0) is given by

J— ain — k1 aig — k2

a1 a2
The characteristic equation of J is
PR (@11 + a2 — k1)A + aza(a11 — k1) — azi(ar2 — k2) = 0.
Suppose that the eigenvalues (regulator poles) are given by A; and Ag, then
A+ A2 =a1 +a — k1 and Mg = ag(ar; — k1) —ag1(a1n — k2).  (5.2)

The lines of marginal stability are determined by solving the equations \; = +1
and A\ A2 = 1. These conditions guarantee that the eigenvalues A\; and Ao have
modulus less than unity. Suppose that Ay A; = 1. Then

li : kiaga — koaz1 = ajraze — argaz — 1.
Now, first assume that A; = 1 then from (5.2) we have
la @ k1(1 = age) — koa1 = a1 + a2 — 1 — ar1azz + ajzas;.
Next, assume that A; = —1, then by (5.2) we have
I3+ ki(1+age) — kaag1 = a1y +ags + 1+ ajjaz — agag;.

The stable eigenvalues (regulator poles) lie within a triangular region as depicted
in Fig. 6. Select k1 = —1 and ky = —2. This point lies inside the triangular region
as depicted in Fig. 6. The perturbed system (1.2) becomes

- T 0 [P(1 = 52) = | = Fa(@n — 20) — ka(yn — 0)

Yn+1 Yn + 08Yn (1 - %)
(5.3)
We have applied a numerical simulations to see how the state feedback control
method controls the unstable positive fixed point (1,1). Parameter values are fixed
asr=3, h=1,s=05 K=25 a=9, a=>b=2, § =1.253. The initial value
is (0.8,0.8) and the feedback gain k; = —1 and ky = —2. By Fig. 6 we see that a
chaotic trajectory is stabilized at the fixed point (1,1).
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Figure 6. Left: The bounded region for the eigenvalues of the perturbed system (5.3) for h =1, s =
0.5, r=3, a=9, K=25, a=b=2and § =1.253. Right: Time series data for the map (5.3) with
and without control, r2 =22+ y2. The control is activated after the 198th iterate.
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