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DIVERGENT SOLUTION TO THE
NONLINEAR SCHRODINGER EQUATION

WITH THE COMBINED POWER-TYPE
NONLINEARITIES*

Jing Li®" and Boling Guo?

Abstract In this paper, we consider the Cauchy problem for the nonlinear
Schrodinger equation with combined power-type nonlinearities, which is mass-
critical/supercr-itical, and energy-subcritical. Combing Du, Wu and Zhang’
argument with the variational method, we prove that if the energy of the initial
data is negative (or under some more general condition), then the H'-norm of
the solution to the Cauchy problem will go to infinity in some finite time or
infinite time.
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1. Introduction

In this paper, we study the blow-up phenomenon for the following nonlinear Schrodinger
equation (NSE) with combined power-type nonlinearities,

10w 4+ Au = py|ulP u + po|ulP?u, (1.1)
and the initial data
u(0, ) = ug(z) € H'(RY). (1.2)

Here (t,2) € RN, u1 € R, o < 0 and the powers py, po satisfy that

4
0<p <Py <2< y_o

It is well-known that equation (1.1) has the energy conservation

2
e [uttop e = Bw)
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and the mass conservation
M(u(t)) = / lult, 2)[2 dz = M (ug).

Under some suitable conditions of the initial data, these two conservation laws give
the uniform bound of the H!-solution which is dependent on the parameters i1, po
and py, ps.

The problem (1.1)—(1.2) was studied by several authors. In particular, by virtue
of fixed point argument together with the Strichartz estimates for the linear prop-
agator, Cazenave [5] obtained the local well-posedness of the solution. In [22], Tao
etc proved the global well-posedness and scattering for general H' initial data, when
1o > 0 (the defocusing case) and 0 < p; < pa < 1+ ﬁ. In the focusing case, some
additional restrictions on the initial data should be enforced to obtain the global
theory and scattering, see for instances [16].

Throughout this paper, we focus on the blow-up solution of the problem (1.1)-
(1.2). For the nonlinear schrodinger equation with single nonlinearity

10 + Au = —|ul|Pu, % <p< ﬁ,

it can be seen that for the finite variance data (zuy € L?(RY)), if further the
energy of the initial data is negative, then the solution must blow up in finite time.
This was proved by Glassey in [10]. Reducing the finite variance condition, Ogawa
and Tsutsumi [17] gained the similar results for the radial initial data. But for
general H' initial data, the results still remain open now. However, some weaken
version of the corresponding results were considered by researchers. Glangetas and
Merle [9] proved that for general H! data with negative energy, the corresponding
solution must blow up in finite or infinite time, in the cases of mass-critical/mass-
supercritical and energy subcritical (that is, % <p< ﬁ) According to the
concentration-compactness method developed by Kenig and Merle [14], Holmer and
Roudenko [13] generalized the results in [9]. They considered the special case of
p =2, N =2, and showed that if the initial data satisfied

E(uo)M(uo) < E(R)M(R)  and  [[Vuo||2luol|L> < [IVR[L2[|Rl|z2,

where R was the corresponding ground state of the equation, then the solution
must blow up in finite or infinite time. See some others but similar results in [3,12].
Recently, Holmer and Roudenko’s proof was simplied by Du etc [6], which also
contains some results on energy-supercritical case.

In this paper, we use the argument in [6] to study the finite or infinite time
blow-up results for the nonlinear schrodinger equation with combined power-type
nonlinearities (1.1). Equation (1.1) is more complicated than the equation with
single nonlinearity, since the scaling invariance is not valid for equation (1.1). Now,
we first introduce some notations that we need in the following.

Denote

2 2
J,(u) ::/|Vu|2dx+w/|u|2dx+p1i12/\u|p1+2dx+ﬁ/|u\pﬁ2dx,
(1.3)

4 N 4 N
K (u) ::8/|vu\2dx+&/Wl“dﬁﬂ/|u\m+2dx. (1.4)
p1+ 2 p2+2
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Then one may find that
Jo(u) = E(u) + wM (u).

So for the solution u of (1.1), J,(u(t)) is conserved along the time.
Moreover, let @, be the radial ground state of the following elliptic equation

—AY 4+ wp + P 4 oyt =0, w > 0. (1.5)

Usually, we define the ground state of (1.5) to be the solution of (1.5), Q,,, which
satisfies

Jo(Qu) < Ju(1b), for any solution ¢ € HY(RM)\{0} of (1.5).

It can be asserted that the ground state @, always exists when us < 0, we can
refer to [1,21]. Thus (1.1) has the solitary solution e™¢Q,,.
Now, we state our main theorem in this paper.

Theorem 1.1. Let s < 0, % <p2 < ﬁ, moreover, 1 and py satisfy one of the
following conditions,

(@) p1 >0 and 0 < py < +;
(b) pi <0 and%<p1<p2.

Suppose that ug € H'(RN) and
Jw(uo) < Ju(Qu), K(up) < 0. (1.6)

In addition, assume that the interval (=T, Ty) (T« may be infinity) be the maximal
lifespan of the corresponding solution u. Then the solution u of (1.1) must blow up
in finite or infinite time, that is,

sup  ||u(t)||gr = +oo.
te(=T.,T)

The conditions (a), (b) in Theorem 1.1 are employed in the variation argument.
They are not shown to be sharp for blow-up solution in this paper. However, it is
more general than the exciting results. Now we will try to show some rationality
on these conditions. For this purpose, let us have a look at the stable and unstable
theories of the standing wave solution e**(Q,,, which are much related to the blow-
up theories. In particular, in the case of 0 < p; < % < pg < ﬁ7 it was proved
by Ohta [19] that the standing wave '@, was unstable for any w > 0 in one
dimensional case when pq > 0, pe < 0 (that is, condition (a)); however it was
concluded in [7,18-20] that the standing wave e™(Q,, was stable when w was small
enough (unstable when w was large enough) when gy < 0,2 < 0. On the other
hand, in the case of 0 < % <pp < p2 < ﬁ, it was shown by Berestycki and
Cazenave [2] that the standing wave e™(Q,, was unstable for any w > 0 when p; <
0, p2 < 0 (that is, condition (b)), see Ohta [19] for the results in one dimensional
case when p1 > 0, pus < 0.

Under some suitable assumptions on p1, ps and

JM(UO) < JM(QM),K(U()) > 0,
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one may assert that the solution is global existence in time, and scattering at least
when the initial data is radial, see [8,11,15,16,23] for some special cases.

Furthermore, with the help of the virial identities, the authors in [16,22] es-
tablished some finite time blow-up results for the combined power-type nonlinear
Schodinger equation when the initial data were radial. While, for the general data
without radial assumption, there is another difficulty which can not be solved by a
simple usage of the virial identities. As mentioned above, such finite time blow-up
results also remain open for single nonlinearity. In [6], the authors observed that if
the L2-norm of the initial data uy was small enough in the exterior ball Bg, then
in a long time L, the L2-norm of the corresponding solution u(t) was also sufficient
small in an exterior ball with a slightly expansion of the radii, where L had a similar
size as R. In other word, the small L?-estimate in the exterior ball kept being in
a long time compared with the radii of the ball. Using this observation, Glassey’s
argument can lead to the contradiction when the radii goes to be large. According
to this result in our discussion and some further variation argument, we can prove
our theorem.

The structure of this paper is as follows. First, we show that under the condition
of (1.6), the quantity K (u(t)) is strictly away from zero along the flow. Second, we
give the specific expression of the local virial identities. Using these identities, we
prove the L2-estimate in the exterior ball. Then we apply this smallness estimate to
another virial identities and give the intensive analysis that each remainder term is
small enough when the time lies in a suitable long region. Finally, our main results
follow by the standard Glassey’s argument.

2. A variational lemma

In this section, we recall some variational results. Let
Ju () = E(p) + wM ().
We have the following rigidity results of Q..
Proposition 2.1. Under the conditions of Theorem 1.1, the following holds:
Jo(Qu) = min{J(¢) : ¢ € H'(RY) \ {0}, K(¢) = 0}
Proof. Let the manifold
M., = {p € H'(RM)\{0} : Ju(¢) = d, K(¢) = 0},

where
d = min{J,(¢) : ¢ € H'(RM)\{0} : k() = 0}.

We will prove this proposition in two steps.
Step 1: M, is non-empty.
It is sufficient to prove that for the minimizer sequence {¢,} which satisfies

Ju(on) = d, K(¢,) =0, (2.1)
there exists z,, € RY, ¢ € M,, such that
bn — ¢ in HY(RYN).

To get the assertion, we need the following lemmas.
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Lemma 2.1. Under the condition (a) or (b),

JA6) = gK (@) > 0

Proof. By the definitions of J,(¢) and K(¢) in (1.3) and (1.4), we have

1 24 N /
— —K(¢) = 2 11— Pt2q
1.(6) — 5K(@) = w [ loPds+ 2 (1= 2 [lur2as
24z p2N / 2
1—— P22y, 2.2
v 2 o2y [jupeas (2.2
Note that no matter in Condition (a) or Condition (b), we have
2p1 N
1—-——)>0. 2.3

Moreover, since ps > % and po < 0, it follows that

2p2 p2 N
1———)>0. 2.4
Hence J,(¢) — 1 K(¢) > 0. O
Lemma 2.2. Suppose that K(¢) < 0, then
1

Proof. From (1.4), we have
4 N 4 N

K()\qﬁ) = )2 [8/|vu|2dx+/\m&/|u‘;n1+2dx_i_/\pz%/'u‘pz-;-zdx}
p1+2 P2+ 2

Note that 1 < p; < pe, it can be concluded that when A > 0 and A is sufficient
small, K (A¢) > 0. So if K(¢) < 0, there exists A < 1, such that

K(\p) =0.
Thanks to the definition of d, it yields

Ju(Ap) = d

and thus 1
Jw(Ap) — gK()\¢) > d.

On the other hand, by Lemma 2.1 and A < 1, we have

Ju(Ap) — gK(/\Qs) =\ / |p|2dx + AP T2 . ,u1 p1 /|u‘p1+2d$
4 \P2t2 2/‘2 p2N / |u|p2+2dx
1
<lA@—§Kw%

thus,
Jw(¢) - K(¢) > da
which completes the proof. O
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Lemma 2.3. (i) d # 0; (i) For the minimizer sequence {¢n} satisfying (2.1), there
exists g € (2,p2 + 2) such that sup,, ||¢n||La > 0.

Proof. (i) If not, there exists {¢,} € H'(RY)\{0}, such that

Jo(¢pn) = 0, K(¢py,) =0

Then
(¢n)_ ! (¢n)—>0 as n— oo,

and thus from Lemma 2.1, we obtain for any g € [2,p2 + 2],
[|onl|lLe = 0 as n — oco.

If p; < N, then pq > 0. Note that 2 + ]‘\1[ <p+2<2F = %, so there exist
q € (2,p2 +2) and a constant C ,, > 0, such that

/|¢ [P2*2dx < O ol |72 IV |72

Hence for large n, we have

4 N
K(6n) > 8 / V6u o + 2202 T / B[P 2

> 8[Vnll7: — CN,mII%I TalIV o7
> 4||v¢n||L2~

Else if p; > %, then p1 < 0. Along the same line of the above process, we can get

4ppt N 4p1opa N
K(¢n) 28/|V¢n|2dx—|— H1P1 /|¢n|p1+2d | 2Hep2V M2p2 /|¢n|p2+2dx

28|‘V¢n”2L2 - CN;P1H¢71||L'11 ||v¢n||L2 - CN7;D2H¢HHL‘12 ||v¢n||L2
Z4HV¢HHL27

for some q1, g2 € (2,p2 + 2).
Combining with K(¢,,) =0, it tells us that

Vo, =0,

and thus ¢,, = 0, which is a contradiction. Therefore, d # 0.
(ii) We prove this by contradiction argument.
If for any g € (2,p2 + 2),

l|¢nllLe = 0 as n — oo.
Then the similar argument as in (i) also yields that

K(an) =0

and thus ¢,, = 0. This is a contradiction. O
Now we return to prove the conclusion in Step 1.
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Since sup,, ||¢n|lre > 0 and ¢, is bounded in H'(RY), there exist {y,} and
¢ € HY(R")\{0} such that

bn(—yn) = ¢ in H'(R™).

Moreover, by Fotou’s estimate, when n — oo, we have

onllzr = llon — &l = [I¢llL-, for r=2, p1+2, pa+2,
and
IVonll7e = 1IVon = V|72 = VO[]

Therefore,

Jo(Pn) = Ju(Pn — &) = Ju(9), (2.5)

K(¢n) — K(¢n — ¢) = K(8). (2.6)
Combing (2.5) with (2.6), it follows that

Pw(¢n) _Pw(¢n_¢) _>Pw(¢)a (27)

where P, (f) = Ju(f) — §K(f).
Since P,(¢,) — d, and from Lemma 2.1, P,(¢, — ¢) > 0, P,(¢) > 0 (since
¢ # 0), we have for large n,

P,(¢) <d and P, (¢, — ¢) < d. (2.8)
Thus by Lemma 2.2, we know
K(¢n — ¢) = 0 and K(¢) > 0.
But K(¢,) = 0. Hence, from (2.2), we get
K(¢) =0 and K(¢, — ¢) — 0. (2.9)
By the definition of d, we obtain
Ju() 2 d.

However, from (2.8), P,(¢) < d, we have

1

Ju(9) = Pu(o) + gK(fb) <d.

These yield that J,(¢) = d. Thus, from (2.5), J, (¢, — @) — 0. Therefore, together
with (2.9), we get
P,(¢pn—¢) =0 as n— oo.

Combining with (2.2), it implies that
H¢n - ¢||L2 + ||¢n - ¢HLP1+2 + ||¢n - ¢HLP2+2 —0 as n — oo.
Again, with the help of J, (¢, — ¢) — 0, we further have

l|6n — PllHr = 0 as n — oo.
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This proves that M, is nonempty.
Step 2. d = J,(Qu)-
For any ¢ € M, by the Larange multiplier theory, there exists A € R, such that
T (¢) = AKL(6).

Let ¢ = 4N ¢+ 8z - V¢, then we take L? product with ¢ on the both two sides and
get

(JL(8), ) = MK (), ). (2.10)
Here (f,9) = [z~ f x)dz. On one hand,

(JL(0), ) = K(6) = 0.
On the other hand, direct calculation also gives

2 2
(K'(¢), —16/|V¢>|d L 2N /szd L 2N /W'pmdx

Note that K(¢) = 0, we further get

(K'(0),0) = (1 2 [ |gr+2 da v 22 2“2 6742 da.
P1+2

Employing (2.3) and (2.4), we have

(K'(¢),¢) <O0.

Now together with (2.10), we obtain that A\ = 0. Hence, J/ (¢) = 0. That is, ¢

obeys (1.5). So by the definition of ground state, we have d > J,(Q,). But on

the other hand, for any function ¢ solves (1.5), we have K(¢) = 0. Thus by the

definition of d again, d < J,(Q). Therefore, d = J,(Q.). So we complete the

proof of the proposition. O
Denote

A= {(p S Hl(Rd) : Jw(‘ﬁ) < Jw(Qw)aK(@) < O}'

Then by Proposition 2.1, we have the following lemma. Here we use the argument
in [6] to prove the lemma.

Lemma 2.4. If ug € A, then there exists By = Bo(ug) > 0, such that

sup  K(u(t)) < —fo. (2.11)
te(—T.,T*)

Proof. We argue for contradiction, then by continuity, there exists {¢,} C (=T, T%),
S.t.

K(u(t,)) 10 asn — co.
One may find that there exists A, | 1, such that
K(Au(ty)) =0.
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With the help of Lemma 2.1, J,(Q,,) = min{J,(¢) : ¢ € H}(R™\{0}), K(¢) = 0}.
Thus we have

JoAnu(tsn)) > J,(Qu)- (2.12)
Note that by mass and energy conservation laws, it asserts that
TOwu(ta) = 22 [Jw<u<tn>> + O =D a2
s / ul |p2+2d:c

=22 J, (u(t ))+A2
= A2 J,(uo) + A2 A,

where

2
= (O p 'Lj:Q/‘ )P + (AP — +2/| 2Pz,
1

Since A, | 1, and K (u(t,)) < 0, we know that the second term of A,, is negative
and strictly larger in absolute value than the first term when n is large enough.
Therefore, for sufficient large n, we have A,, < 0. This implies that

Jo (Anu( )) < /\ Ju ( ) - Jw(UO) = Jw(Qw) + (Jw<u0) - Jw(Qw))v
which contradicts with (2.12) since J,(up) — J,(Qw) < 0. O

3. Local virial identity

In this section, we give the local virial identities of the problem (1.1)—(1.2). This is
the key point of the proof for our main theorem. In this paper, as in [6] we need
the specific expression of them.

3.1. Local virial identity

Let ¢ be a smooth, radial function. Denote

- / o) ut, ) d.

Then we have the following virial identities.

Lemma 3.1. Let u be the solution of (1.1), then

I'(t) :2Im/V¢a - Vudz; (3.1)

1"

I'(t /¢/|VU‘ dx+4/(¢—— gI)\x Vul*dz

_2N1p1 _ g 142
b [+ (=) D)l o

2p2p2 [, 7 ¢ s
- m/w + (N =)= )fuft dw—/A lulfde.  (3.2)
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Proof. From (1.1), we have
uy = i(Au — py|ulPru — polulP?u).

Thus,

2Re/¢ u(t, x)ug(t, 2)dz,

Moreover, when ¢ is a radial function,
I'(t) =2Im / Vi, - Vudz + 2Im / Vi - Vuydz
=4Im / Vou; - Vudx — QIm/Aqbﬂ - urdx

:—4Im/V¢-Vui(Au—u1|u|p1u—u2|u|p2u)dx—21m/A¢a~utdm

4 4
——are [ Vo Vududs - B [ Ao t2ds - N2 [ dofulriaa

- ZIm/Agbﬂi(Au — pr|ulPru — po|u|P?u)dz

:4Re/3j5k¢ 3juakﬂd:v— 211 /A¢| P 2dy — 2u2p2 /A¢|U‘P2+2dx

—/A2¢|u|2daj
¢ ¢ 2, 2Hmp1 / ¢’
=4 [ Z|Vul?dz + 4 - ).
[ Eivutas+4 [(5 - Syje- vupas - 2928 [ 1674 (v - %)
2 " /
2o — 2 [(67 4 (v - 1>%>|u|p2+2dx - [ A%lufas,
which completes the proof. O

Remark 3.1. If u is a radial function, we have

-V
2 vl

This gives very powerful control of the terms which are supported outside of the
ball, see [17] for example. But for general u without radial, we can not use this
benefit.

3.2. Blow-up for X—data

The finite time blow-up for Y —data (¥ = {¢ : xp € L?(R™)}) can be established
by the standard Glassey’s argument [10] and the virial identities above. In fact,
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when zug € L?(RY), then choosing ¢ = |z|? in Lemma 3.1 we have
1 2 N 2 N
I'(t) = 8/ \Vu|dz + &/mw“dx 4 ZhaP2 / luP2+2de = K (u).
p1+2 p2+2

Suppose that there exists a positive constant 3y, such that

sup  K(u(t)) < —Po, (3.3)
te(—T.,T*)

then ,
1'(t) < o, (3.4)
Note that according to Lemma 2.4, the condition is valid if the initial data wug
satisfies J,(up) < Ju(Qu) and K(ug) < 0. Now (3.4) implies that for any T €
(_T*aT*)v
I(T) < —BoT* + I'(0)[T].

Since I'(0) < CR for some constant C' > 0, it can be asserted that
I(T) < —ByT* + CRIT).

Therefore, if T* = oo, let T — oo, we get the contradiction since I(T) > 0.
Moreover, from the above inequality, we know

I(t) = O(T* —t), for any t 1 T*.
Hence, by Hardy’s inequality, we get

M (u) < Cllzugllz - |[Vul[2 < (T7 = 1)[[Vul| 2. (3.5)
This gives us the estimate,
o[22 )
IVu(b)lls > 2222, v € [0, T°). (3.6)

Some similar results also hold in negative time.

4. L?*-estimate in the exterior ball

Let ¢ be the smooth and radial function, such that

¢ =

{0, 0<r<R/2, (1)

1, r=R,
and there exists Cj, > 0, such that 0 < ¢ < 1,¢*) < C,R~*, for any integer k > 0.

In this section, we prove the following L?—estimate in the exterior ball. Let 1
be a small positive constant which will be decided later.

Lemma 4.1. Suppose that

Ao = sup [|Vu(t)|| L2
teERT

and let Tan = noR/(2C1moAo). Then for any t < T,

/gwwWWSm+@m»
x>
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Proof. By using Lemma 3.1, we have

%/¢($)|u(t,a:)|2dx = 2]m/V¢-Vuadx.

Thus,

/¢(m)|u(t,x)|2dx = /¢($)|u0|2dx + Q/Ot Im/V(b - Vuudzds.

Since

t t
| / Im / V- Vuudeds| < / 196 ool [Vt o2
0 0

t\/mo

<Cy Ao

< 7o,

for any t < Ta. Moreover,

/ o) |uoldz < / lup[2dz = Op(1),
|z|>R/2

and

/¢(m)|u(t,x)|2daz > /|,.>R |u(t,x)|2dx.

Therefore, thanks to the two estimates above, we obtain

/|->R lu(t, z)|*dz < Og(1) + no.

4.1. Proof of Theorem 1.1

Proof. Now we define a new smooth, radial weight function ¢, such that

v = r, 0<r<R,
10, r>2R,

and 4
0<y <riy <2,4@W < =

Then by the virial identities in Lemma 3.1 (with ¢ being replaced by 1),
I'(t) =8K (u(t))
/ 1 /
+4/(3 —2)|Vu|2dx+4/ (% ~ )l Vup? da

r 73

! 2 2
- / [w +(N - 1)71’7 - QN] (ﬁw’ﬁ? + &W’M) dz
1

D2 + 2
—/A2¢|u\2dac.
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Now we first consider (4.4). The situation here is almost the same as the one
n [6]. We find that
(4.4) <0. (4.7)

Indeed, 1f > — f— < 0, we have the claim since w?/ —2<0.

1"

Else 1f 5 — % >0, then
,(/}/
(4.4) < 4/ (— —24¢ — —)|Vu|2d33
_ 4/(1//’ — 9)|Vul2de < 0.

We turn to consider (4.5). Since

(45)<C |u|P*2dx + C |u[P22dx
|z|>R |z| >R
+2 11— +2)a +2 l—« +2)
< C||vul| Dl | B 2 + Cl|Vul|$= D00y [Pz D02
where

NN NN

ap = - —= , Qg = - —= .
' p1+2 2 2 po+2 2

Then by the boundedness ||[Vu(t)||r2, we obtain

+2)a +2)a
(4 5) < C(” ‘|Lp21(\z\>11§1 + H ||Lp22(|x\>;g))

for some C' = C’(AO,N,pl,pg) > (0. Thanks to Lemma 4.1, by choosing n small
enough and R large enough, there exists a > 0, such that

(4.5) < Cng + Og(1). (4.8)
At last, we consider (4.6). Since
1
8% S 2.
We have )
(4.6) < p3lluollzz = Or(1). (4.9)

Combing the estimates (4.7)—(4.9), it follows that
I'(t) < 8K (u(t)) + Cng + Or(1).
Therefore, according to Lemma 2.4, we have
I'(t) < =860 + Cui + Or(1).
Choosing 79, such that }
Cng = 2P0,
and choosing large Ry, such that for R > Ry, Or(1) < 29, one has
I (t) < —4po.

Henceforth, we obtain the same estimate as (3.4). Then by the same process in
Section 3.2, we can complete the proof. O
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