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Abstract Recently, Bai and Zhang [Numerical Linear Algebra with Applica-
tions, 2013, 20, 425-439] constructed modulus-based synchronous multisplit-
ting methods by an equivalent reformulation of the linear complementarity
problem into a system of fixed-point equations and studied the convergence of
them; Li et al. [Journal of Nanchang University (Natural Science), 2013, 37,
307-312] studied synchronous block multisplitting iteration methods; Zhang
and Li [Computers and Mathematics with Application, 2014, 67, 1954-1959]
analyzed and obtained the weaker convergence results for linear complemen-
tarity problems. In this paper, we generalize their algorithms and further
study global relaxed modulus-based synchronous block multisplitting multi-
parameters methods for linear complementarity problems. Furthermore, we
give the weaker convergence results of our new method in this paper when the
system matrix is a block Hy—matrix. Therefore, new results provide a guar-
antee for the optimal relaxation parameters, please refer to [A. Hadjidimos,
M. Lapidakis and M. Tzoumas, STAM Journal on Matrix Analysis and Ap-
plications, 2012, 33, 97-110, (dx.doi.org/10.1137/100811222)], where optimal
parameters are determined.

Keywords Global relaxed modulus-based method, linear complementarity
problem, block multisplitting, block H—matrix, synchronous multisplitting.
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1. Introduction

Consider the linear complementarity problem, abbreviated as LCP(q, A), for finding
a pair of real vectors r and z € R™ such that

r:=Az4+¢>0,2>0and z"(Az 4 q) =0, (1.1)
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where A = (a;;) € R™*" is a given large, sparse and real matrix and
q=1(q1,42,--,qn)T € R™is a given real vector. Here, 27 and > denote the transpose
of the vector z and the componentwise defined partial ordering between two vectors,
respectively.

Many problems in scientific computing and engineering applications may lead
to solutions of LCPs of the form (1.1). For example, the linear complementar-
ity problem may arise from application problems such as the convex quadratic
programming, the Nash equilibrium point of the bimatrix game, the free bound-
ary problems of fluid dynamics etc. (e.g. see [15,17] and the references therein).
Some solvers for LCP(q, A) with a special matrix A were proposed [2-8, 14,16, 20].
Recently, many people have focused the solver of LCP(g, A) with an algebra equa-
tion [7-9, 11-14, 16, 20, 29, 33-42]. In particular Bai proposed a modulus-based
matrix multisplitting iteration method for solving LCP(g, A) and presented conver-
gence analysis for the proposed methods; see [7,8]. Zhang and Ren [33] extended
the condition of a compatible H—splitting to that of an H-splitting. Li [27] ex-
tended the modulus-based matrix splitting iteration method to more general cases.
Bai [10] presented parallel matrix block multisplitting relaxation iteration methods
and established the convergence theory of these new methods in a thorough manner.
Li et al. [28] studied synchronous block multisplitting iteration methods. Zhang
and Li [35] generalized Bai and Zhang’s methods [1] and studied modulus-based
synchronous multisplitting multi-parameters methods for linear complementarity
problems.

In this paper, we generalize the methods of Bai and Zhang’s [1] and Zhang and
Li’s [35] from point form to block form according to the modulus-based synchronous
multisplitting iteration methods and consider global relaxed modulus-based syn-
chronous block multisplitting multi-parameters method for solving LCP (g, A). More-
over, we give some theoretical analysis and improve some existing convergence re-
sults in [1,28].

The rest of this paper is organized as follows: In section 2, we give some notations
and lemmas. In section 3, we propose global relaxed modulus-based synchronous
block multisplitting multi-parameters method for solving LCP(g, A). In section 4,
we give the convergence analysis for the proposed method.

2. Notations and Lemmas

In order to study mudulus-based synchronous block multisplitting iteration methods
for solving LCP(g, A), let us introduce some definitions and lemmas.

A matrix A = (a;;) is called an M-matriz if a;; <0 for i # j and A~* > 0. The
comparison matriz (A) = (ay;) of matrix A = (a;;) is defined by: «a;; = |a;;], if
i =J;a;5 = —|ayjl, if i # j. A matrix A is called an H-matriz if (A) is an M-matrix
and is called an Hy-matriz if it is an H-matrix with positive diagonal entries [29].
Let p(A) denote the spectral radius of A. A representation A = M — N is called a
splitting of A when M is nonsingular. Let A and B be M-matrices. If A < B, then
A~! > B~!. Finally, we define by R} = {z|x > 0,2 € R"}.

Definition 2.1 ( [10]). Define the set:
(1)Ln’1(n1,n2, ...,np) = {A = Aij S Ln(nl,ng, ...,np)|A“~ S L(Rn‘)
is nonsingular (i = 1,2,...,p)};
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(2) szl(nl,TLg, ...,np) = {A = diag(Au, AQQ, ceey App)‘A” S L(an)

is nonsingular (i =1,2,...,p)

Definition 2.2 ( [30]). Let A € L,, ;(n1,n2,...,n,), and (I)-type block comparison
matrix (M) = ((M);;) € L(R™) and (II)-type block comparison matrix ((M)) =
(((M));;) € L(R™) are defined as

]\4,_,1 71’ 1 =1
<M>l.7 = || " || . ] Z’] = 1’27 "‘7p
=Ml i #
1, =7
(M))i; = 1,7=1,2,..,p

— | M Myl i #

respectively.

Moreover, based on block matrix A€L,, 1(n1,ng, ...,np) and LEL, r(n1,n2, ..., Np),
let D(L) = diag(L11, La2, ..., Lyy), B(L) = D(L)—L, J(A) = D(A)"*B(A), u1(A) =
p(Jiay), u2(A) = p(I — ((A))), using definition 2.2, then we easily verify

(I = J(A)) = ({I = J(A)) = ((A)), h2(A) < p1(A).

Definition 2.3 ( [30]). Let A€ L, 1(n1,n2,...,np), if there exist P,Q € L} ;(n1,n2,...,np),
such that (PAQ) is M-matrix, then A is called (I)-type block H—matrlx(H](g )(P, Q)-
matrix) about nonsingular block matrices P, Q; such that ((PAQ)) is M-matrix,

then A is called (IT)-type block H-matrix(H,gH)(P,Q)—matrix) about nonsingular
block matrices P, Q.

Definition 2.4 ( [30}) Let A € Lm[(nhng, ...,np), then [A] = (HMZ]H) € L(Rp)
is called block absolute value of block matrix A. Similarly, we may define block
absolute value of block vector z € V,,(ny, ng, ...,nP) as [z] € R™.

Lemma 2.5 ([10]). Let A, B € L, 1(n1,n2,...,n,), 2,y € Vy(n1,n2,...,np),v € R,
then

(1) [A] - [B ]|§%A+B] [A] + [B](|[z] = [yl < [z +y] < [2] + [4));

(2) [AB] < [A][B]([Az] < [A]z]);
(3) YAl < Wl[Al (2] < [[2));
(4) p(A) < p(|A]) < p([A]).

Lemma 2.6( [10]). Let A,B € L,, ;(n1,ng,...,ny) s H](BI)(P, Q)-matriz, then
(1) A is nonsingular;
(2) [(PAQ)™'] < (PAQ)™
(3) m(PAQ) < 1.

Lemma 2.7 ( [10]). Let A, B € L,, 1(n1,n2,...,ny) is HJ(BH) (P, Q)-matriz, then
(1) A is nonsingular;
(2) [(PAQ)™'] < ((PAQ)) ' [D(PAQ)™'];
(5) un(PAQ) < 1.

Definition 2.8 ( [10]). Define the set:
(1) Q) (M) = {F = (Fyj) € Lor(na,na,onp) (Il Bt =] Mt L1 By ll=]
Mij |0 # 3,13 = 1.2, b}
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I _ _ .
(2) Q5" (M) = {F = (Fy) € Las(na,ng, ..onp) || Fi ' Fy =l MM ||,i,5 =
1,2,...,p},
express the same mode set of (I)-type and (II)-type associated with the matrix
M = (M;;) € L, 1(n1,n2, ...,n,), respectively.

Lemma 2.9 ( [18]). Let A be an H-matriz. Then A is nonsingular, and |[A71] <
(4)~1.

Lemma 2.10 ( [32]). Let A = (a;j) € Z™*™ which has all positive diagonal entries.
A is an M-matriz if and only if p(B) < 1, where B = D71C, D = diag(A), A =
D-C.

Lemma 2.11 ( [4]). A € R"™ " be an Hi-matriz. Then, the LCP(q, A) has a
unique solution for any q € R™.

Lemma 2.12 ( [7]). Let A= M — N be a splitting of the matriz A € R™*™,Q be
a positive diagonal matriz, and v a positive constant. Then, for the LCP(q, A) the
following statements hold true:

(i) if (z,7) is a solution of the LCP(q, A), then x = 1v(z — Q~'r) satisfies the
implicit fized-point equation

(Q+ M)z =Nz + (Q— A)lz| —vg; (2.1)
(i) if x satisfies the implicit fized-point equation (2), then
z=~"Y(z| + z) and r = v 1Q(|z| — z) (2.2)

is a solution of the LCP(q, A).

3. GRMSBMMAOR methods

At first, we introduce the concept of multisplitting method and the detailed process
of parallel iterative method.

{My, Ny, Ex}._, is a multisplitting of block matrix A if
1) A= My — Ni,det(My) # 0 is a splitting for k = 1,2, ..., 1[;

l
2) By = diag(Ef,, .. BE) k=1,2,.., L, and Y ||| = 1,i =1,2,...,p,
k=1

where the block matrices My, Ny, Ex, € L, (n1,n2,...,np), and || e || expresses con-
sistent matrix norm satisfying |||| =1 (I € L(R™) is an unit matrix).

Given a positive diagonal matrix €2 and a positive constant v, form Lemma 2.13,
we know that if x satisfies either of the implicit fixed-point equations

(Q+ Mgz = Nz + (2 — A)|z| —vq, k=1,2,...,1, (3.1)
then
z=~"Yz| +2) and r = v 1Q(|z| — 2) (3.2)

is a solution of the LCP(q, A).
Based on block matrix A € R™*" the corresponding block diagonal matrix is
D = diag(A11, Ass, ..., App), and Ly is block strictly triangular matrix, Uy = D —

» £7pp
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Ly — A, then (D — Ly, Uy, Ey,) is a multisplitting of block matrix A € R™*™. With
the equivalent reformulations (4), (5) and accelerated over-relaxation (AOR) of the
LCP(q, A), we can establish the following global relaxed modulus-based synchronous
block multisplitting multi-parameters AOR method (GRMSBMMAOR), which is
similar to Method 3.1 in [19] and Method 3.1 in [28].

Method 3.1 (The GRMSBMMAOR method for LCP(g, A)).

Let (M, Ny, E)(k = 1,2,...1) be a multisplitting of the system matrix A € R™*".
Given an initial vector () € R™ for m = 0,1,... until the iteration sequence
{z(m)}ee_ C R is convergent, compute (™1 € R? and ™+ € R? by

L(mt1) _ %qz(mm‘ + g(mD)

and ("% € R™ according to

l
pmt) — Z Epxt™k) 4 (1- W)x(m)7
k=1

where 2(™#) | =1,2,...,1, are obtained by solving the linear systems

(rQ+D =B L)z ™ P = [(1— ) D+ (g — i) L+ Uz ™ +ag [(2— A) 2™ | 7],
k=121

(3.3)
respectively.

Remark 3.1. In Method 3.1, when the coefficient matrix A is point form and
ar = a, By, = B,w =1, the GRMSBMMAOR method reduces to the modulus-based
synchronous multisplitting AOR method (MSMAOR) [1]; When the coefficient ma-
trix A is point form and w = 1, the GRMSBMMAOR method reduces to the
modulus-based synchronous multisplitting multi-parameters AOR method (MSM-
MAOR) [35]; When w = 1, the GRMSBMMAOR method reduces to the modulus-
based synchronous block multisplitting multi-parameters AOR method (MSBM-
MAOR) [28]; When the parameters (ay, Sk, w) = (g, ok, 1),(1,1,1) and (1,0,1),
the GRMSBMMAOR method reduces to the modulus-based synchronous block mul-
tisplitting multi-parameters successive over-relaxation (MSBMMSOR), modulus-
based synchronous block multisplitting Gauss-Seidel (MSBMGS) and modulus-
based synchronous block multisplitting Jacobi (MSBMJ) methods, respectively;
When the parameters (ag, Ok, w) = (ak, ag,w), (1,1,w) and (1,0, w), the GRMSBM-
MAOR method reduces to the global relaxed modulus-based synchronous block mul-
tisplitting multi-parameters successive over-relaxation (GRMSBMMSOR), global
relaxed modulus-based synchronous block multisplitting G-S (GRMSBMMGS) and
global relaxed modulus-based synchronous block multisplitting Jacobi (GRMSB-
MMJ) methods, respectively.

4. Convergence analysis

In 2013, based on the modulus-based synchronous multisplitting AOR method, Bai
and Zhang [1] obtained the following results.
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Theorem 4.1 ( [1]). Let A € R™™ be an Hy-matriz, with D =diag(A) and
B=D-A, and let (My, Ny, Ex)(k=1,2,...,1) and (D — Ly, Uy, Ex)(k =1,2,...,1)
be a multisplitting and a triangular multisplitting of the matriz A, respectively.
Assume that v > 0 and the positive diagonal matriz Q0 satisfies Q@ > D. If A =
D — Ly — Uik =1,2,...,1) satisfies (A) = D — |Lg| — |Ux|(k = 1,2,...,1), then the
iteration sequence {z(m)}%zo generated by the MSMAOR iteration method converges
to the unique solution z, of LCP(q, A) for any initial vector (9 € RY, provided the
relaxation parameters o and B satisfy

1
0<fB<a< ——=~.
p(D~1|BJ)

In 2013, based on the modulus-based synchronous block multisplitting AOR
method, Li et al. [28] analyzed the following results.

Theorem 4.2( [28]). Let A € L, 1(n1,n2,...,np) be a block Hg)(P, Q)-matriz,
with H € O (PAQ), and let (My, Ny, Ex)(k = 1,2, ...,1) and (D — Ly, Uy, Ey) (k =
1,2,...,1) be a block mulisplitting and a block triangular multisplitting of block H
matriz, respectively. Assume that v > 0 and the positive matriz Q0 satisfies 0 >
D(H) and diag(Q) = diag(D(H)). If H = D — Ly, — Up(k = 1,2,...,1) satisfies
(Hy = (D) — [Li] — [Ux] = D(my — By (k = 1,2,...,1), then the iteration sequence
{z(m)}fnozo generated by the MSBMAOR iteration method converges to the unique
solution z, of LCP(q, A) for any initial vector 2(0) € R, provided the relazation
parameters oy, and By satisfy

1

In 2014, based on the modulus-based synchronous multisplitting multi-parameters
AOR method, Zhang and Li [35] studied the following results.

Theorem 4.3 ( [35]). Let A € R™™™ be an Hy-matriz, with D =diag(A) and
B=D- A, and let (Mk, Nk, Ek)(k‘ = 1, 2, ceey l) and (D - Lk, Uk,Ek)(kj = 1, 2, ceey l)
be a multisplitting and a triangular multisplitting of the matrix A, respectively.
Assume that v > 0 and the positive diagonal matriz Q satisfies Q@ > D. If A =
D — Ly —Ug(k = 1,2,...,1) satisfies (Ay = D — |Li| — |Ug|(k = 1,2,...,1), then
the iteration sequence {z(™}°S_ generated by the MSMMAOR iteration method
converges to the unique solution z, of LCP(q, A) for any initial vector z(0) € Ry,
provided the relazation parameters ay, and By satisfy

1

O<Bp<ar<lor0<p< S
p(D=1B)

— l<ap<
p(D~1BJ)

Based global relaxed modulus-based synchronous block multisplitting multi-
parameters AOR method, we will present a weaker convergence results of the multi-
splitting methods for the linear complementarity problem when the system matrix
is a block H-matrix, which is as follows:

Theorem 4.4. Let A € L, 1(ni,ng,...,np) be a block H](BI)(R Q)-matriz, with
H e QY(PAQ), and let (M, Ny, Ep)(k = 1,2,...,1) and (D — Ly, Uy, Ex)(k =
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1,2,...,1) be a block mulisplitting and a block triangular multisplitting of block H
matriz, respectively. Assume that v > 0 and the positive matrixz Q0 satisfies 0 >
D(H) and diag(Q) = diag(D(H)). If H = D — Ly — Up(k = 1,2,...,1) satisfies
(HY = (D) — [Ly] — [Ux] = Dy — By (k = 1,2,...,1), then the ileration sequence
{z(m)}fr‘;:o generated by the GRMSBMMAOR iteration method converges to the
unique solution z, of LCP(q,A) for any initial vector 20 ¢ R, provided the
relaxation parameters oy and B satisfy

0<Br <oy < (4.1)

1 1
0<Bk<w,1<ak<w,o<w<l+u

where py (PAQ) = p(D >B<H>) = p(Jimy)s p = 1131?}{ {1 = 2ag + 2ape, 2Bkpe —
1,2appe — 1}.

Proof. From Lemma 2.11 and (3.3), for the GRMSBMMAOR method, it holds
that

(xQ+ D — B L)z =[(1 — ar) D+(ay, — Bi) L+ Uk]zs+ap[(Q — H)|z.| =g,
k=1,2,..1 (4.2)
By subtracting (4.2) from (3.3), we have

! L _ _ _
2"~z =w Y Er(axQ+D— B L) [(1—a) D+ (ax—Bi) L+ arUp] (™ — )
k_l

—+w Z Ek(akQ—&—Dv ﬁkLk) Oék(Q H)(|$(m)‘ |JZ*|) (1—w)(m<m)—m*).

k=1

(4.3)
By taking absolute values on both sides of the equality (4.3), estimating |[z(™)] —
[z.]] < [¢(™) — 2,] and amplifying, we may obtain

[z — 2] < w Xl: [Ex][(arQ + D — BxLy) '[11 — cw|[D] + |ax — Brl[Lx]

+or, [O4]][ ™ — 2] +w Z [Ex][(arQ+D— B Ly,) ™ ax[Q— H]([z\™) —z.])

k=1
+1 — w|[z™ — z.].
Since [Q — H] = <Q> — (D(H> — B(H}) and B(H) = [ik] + [Uk], [D] > D(H)7 SO we
have

[0 — 2] < il[Ek][(akQ + D — BxLi) " Y[|1 — a|[D] + ek — Brl[Lr] + ok [Uk]
+ag
< XZ:[Ek](aM Q) + Dimy — Be[Lx]) (11 — | — ) Dimy

k=1

(Iak—Bkl+ak)[Lk]+2ak[Uk]+ak<Q>][fv(m) — 2]+ 1= w|[a™) ~z.]

Q- H]Jz" — 2] + |1 — w|[z2"™ — z.]

/\

=w [Ek]HGRMSBMMAOR[x(m) — 2]+ |1 — w|[z™ — 2]
k=

-

—{w ™~z

[Ek}HcRMSBMMAOR + 1 —w|l}z

HM<~

= HGRMSBMMAOR[J»’(m) — Tx].
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where

l

HervmsBmmaor =w . [Ex]Harmsemamaor + |1 —wll,
i=1

Heruseumaor = (ar(Q) + Dy — Bi[Li]) (11 — ar| — aw) Dy (4.5)

+(Jak — Br| + o) [Li] + 200 [Uk] + ().
The error relationship (4.4) is the base for proving the convergence of GRMSB-

MMAOR method. By making use of Lemmas 2.5 and 2.6, defining (™) = (™) — g,
and arranging similar terms together, we can obtain

D] = o) — g

< Hermsmmaorz™ — ] (4.6)
I

={w Y [Ex]Horuspumaor + |1 — w|I}Ha™ — 2,].
k=1

Case 1: Let 0< B <o <1,0<w< 1+2p" Define

My = () + Dy — Br[Li],
N = (11 = ar| — ax) Dy + (Jow — Bl + aw)[Li] + 20k [Us] + ()
= (1= 203)Deary + (2a — Bi)[Li] + 20 [Us] + ()

(4.7)

= Mk — 20sz<H> + QakB(H>.
So, we have
Harmssumaor = My "N = M (Mg — 205D 1) + 200 By
= I =205 My (Diy — Buay)-

Through further analysis, we have

[Harrvsevmaor) < My [My, — 2ay,(Dimy — Biy)]
-1 -1
< I - ZakMk D<H>(I— D<H>B(H>)
Since A € L, 1(n1,ns,...,np) is a block HJ(B,I)(P7 Q)-matrix, by Lemmas 2.6 and
2.7 we know pu1(PAQ) = p(D&}>B<H>) = p(Jimy) < 1,Jc = Jyuy + eee”, where
e denotes the vector e = (1,1,...,1)T € R". Since J. is nonnegative, the matrix

Jimy + eeeT has only positive entries and irreducible for any € > 0. By the Perron-
Frobenius theorem for any € > 0, there is a vector z. > 0 such that

(Jemy + cee’) . = pexe,
where p. = p(Jigy + eeel) = p(J.). Moreover, if € > 0 is small enough, we have
pe < 1 by continuity of the spectral radius. Because of 0 < aj < 1, we also have
1—2a 4+ 2aip < 1, and 1 — 20y, + 2ap. < 1. So
[HerrmsemMmaor) < I —2a, My D gy [T — (D&}>B<H> + eee™)]

=1 — 20 M; ' Dy [I — o).
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Multiplying z. in two sides of the above inequality, and M, > D<_h}>, we can obtain

[HorymsBMMAOR)Te < T — 20 My Dy [1 = p(Je)ze
< Te— QOKkD&;)D(H}[l = p(Je)lze
= (1 = 2ap + 2ap(Je))xe.

!
Based on Ej, and the definition of [e], we know that ) [Ex] = I. By (4.5), we have
k=1

!
[(Hermsmmaor]ze < w Y [Ep](1 — 204 + 2akp(Je))ze + |1 — wlz.
1

k=
w(l = 2ak + 2appe)xe + |1 — wla,

IN

< (wp' + |1~ wl)e

= O1z.(e — 0TF),

where 0; = wp' + |1 —w| < 1.

. 1
Case 2: 0<Bk<m,l<ak<
Subcase 1: ay > ;. Define

2
1+pl :

1
m,o<w<

N,? = (‘1 — Cvk‘ — Ozk)D<H> + (|C¥k — ﬂk‘ + ak)[ik] + 2&}6[0]@} + ak<Q)
= My, — 2D(H) + 2a;€B<H>.

(4.8)

So
[Horymspmmaor) < My My — 2(D gy — awBy)]

< I —2M; "Dy (I = a Dy By )-

Similar to the Case 1, let e denote the vector e = (1,1,...,1)T € R", and z, > 0
such that Joxe = (Jgy + eeel)x. = p(J.)x.. Moreover, if € > 0 is small enough, we
have p. < 1 by continuity of the spectral radius. Because of 1 < o < m, we
also have

2app — 1 <1 and 2axp. —1 < 1.
So
[Harmssmmaor] < 1 —2M7 D[l — ak(D&BD(H) + eeel)]

= 1= 2 Dyl -
Multiplying z. in two sides of the above inequality, and M, 1> D(I}w we can obtain
[HorymsBmmAaoR)Te < Te — 2M;7 Dy [1 — cgpp(Je)] e

<Te— 2(1 - ak:p(‘]e))me
= 2app(Je) — Dxe.
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!
Based on Fj, and the definition of [e], we know that >  [Ex] = I. By (4.5), we have
k=1

l

[(HerMSBMMAOR)Te < w Z[Ek](QOékP(JE) —1Dxe + |1 — wl|x,
k=1

<wagpe — Dz + |1 — w|z,
< (wp + 11— )z,
= 02$€(€ — 0+),
where 6y = wp + |1 —w| < 1.
Subcase 2: oy < 8i. Define
N,? = (‘1 — ak\ — ak)D(H> + (|Oék - ﬁk‘ + ak)[ik] + 204]@[(7;@} + ak(ﬂ)
= M — 2D(H) + 20 [I/k] + QOék[ﬁk] (4.9)
< My — 2D gy + 28k By -
So
[Hermsevmaor) < M [My, — 2(D gy — BrBomy)]
< 1= 2M "Dy (I = BrD gy Buny)-
Similar to the Case 1, let e denote the vector e = (1,1,...,1)T € R", and z. > 0
such that Joxe = (Jimy + eeel)x. = p(J.)z.. Moreover, if € > 0 is small enough, we

have p. < 1 by continuity of the spectral radius. Because of 0 < f; < m, we

also have
28kp —1 <1 and 28kpe —1 < 1.

So
[Hormsymaor) < T —2M Doy I — Bk(D&}>D<H> + eee™)]
=1-2M; "Dl — BiJe).

Multiplying x. in two sides of the above inequality, and M, 1> D(I}V we can obtain

[HermspmmAoR|Te < Te — 2(1 = Brp(Je)) e
= (28kp(Je) — ..
l
Based on Ej and the definition of [e], we know that Y [Ex] = I. By (11), we have
k=1

!
(HarmsBrmaoRr)Te < w Y [ER](28kp(Je) — Dae + |1 — wlxe
i=1

IN

W(2Bkpe — Ve + |1 — wlz.
< (wp' + |1 - wl)ae

= O3z.(e — 0T),
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where 03 = wp + |1 —w| < 1.

Remark 4.1. Obviously, from Figure 1, we can find that the conditions of The-
orem 4.4 (when w = 1) in this paper are weaker than those of Theorem 1 in [23].
Moreover, the parameters can be adjusted suitably so that the convergence prop-
erty of method can be substantially improved. That is to say, we have more choices
for the splitting A = B — C which makes the multisplitting iteration methods
converge. Therefore, our convergence theories extend the scope of multisplitting
iteration methods in applications.

Bk \ B

. . . 1
Given convergence domain of Li et al. s

Given convergence domain of this
1 paper

b
| 1/p ak

Figure 1. Comparison of convergence domains in Li et al’s paper and in this paper. Here, p = pu1 (PAQ).

Based on the similar proving process of Theorem 4.4, we can obtain the following
convergence results.

Theorem 4.5. Let A € L, ;(n1,ns,...,ny) be a block H](BH)(P, Q)-matriz, with H €
QUD(PAQ), and let (My, Ny, Ey)(k = 1,2, ..., 1) and (D— Ly, Uy, Ex)(k = 1,2, .., 1)
be a block mulisplitting and a block triangular multisplitting of block H matrix,
respectively. Assume that v > 0 and the positive matriz ) satisfies Q > D(H)
and diag(Q) = diag(D(H)). If ((H)) = I — [D7'Ly] — [D7'Ux] = I — By (k =
1,2,...,1), then the iteration sequence {z(™}°_, generated by the GRMSBMMAOR
iteration method converges to the unique solution z, of LCP(q,A) for any initial
vector z(9) ¢ R, provided the relazation parameters oy and By satisfy

0<ﬂk§ak§1,0<w<1f—p,0r (110)

O<w< —2

1 1
0< 0k < mpagy ! < o < Ay T

where p2(PAQ) = p(Ji(myy), p' = 1121}232(1{1 — 20 + 20 pe, 2Bk pe — 1, 20 pe — 1}

Remark 4.2. From Table 1, we obviously see that the MSMMAOR method in [1]
and the MSBMAOR method in [28] use the same parameters «, 8 in different pro-
cessors, but the GRMSBMMAOR method in this paper uses different parameters



1278 L. Zhang, Y. Zhang,& X. Zuo

ag, Br(k = 1,2,...,1) in different processors. Moreover, when computing (D) in
Method 3.1, we utilize relaxation extrapolation technique and add a relaxation pa-
rameter w. Therefore, we may choose proper relaxation parameters to increase con-
vergence speed and reduce the computation time when doing numerical experiments.
On the other hand, the convergence results in [1] and [28] are 0 < 8 < a < m
and 0 < B <a< m, respectively, but the convergence results in this paper
2 1 1
areO<Bk§ak§1,0<w< o 0r0<ﬁk<m,1<ak<m,o<
w < #7 where p = 1r£1]z€1§l{1 —2ay, + 20k pe, 28k pe — 1, 2a.pe — 1}. So, our method
is not only the generalization of MSMAOR and MSBMAOR methods, but also con-
vergence results of new method are weaker than those of Bai and Zhang’s [1] and
Li et al’s [28]. In GRMSBMMAOR method, we may choose proper Ej to balance
the load of each processor and avoid synchronization.

Table 1. The global relaxed modulus-based synchronous (block) multisplitting multi-parameters method
and corresponding convergence results.

Method gy Br,w Description Ref

MSMJ ap=1,8,=0,w=1 Modulus-based synchronous [1]

multisplitting Jacobi method

MSMGS ar=Fr=1,w=1 Modulus-based synchronous [1]
multisplitting Gauss-Seidel method

MSMSOR 0 < alag) = B(Br) < mA, w = Modulus-based synchronous [1]
multisplitting SOR method

MSMAOR 0 < B(Br) < alag) < MMJ =1 Modulus-based synchronous [1]
multisplitting AOR method

GRMSMMAOR 0<Br<a,<1,0<w< 1+2p’ or Global relaxed modulus-based [32]
0< B < m, 1 <ar < m synchronous multisplitting

0<w< —25 multi-parameters AOR method

1+p
’
where p = llélgﬁl{l — 20 + 20k pe,

2appe — 1, 2appe — 1}

MBRI 0<B< m,w =1 Parallel matrix block multisplitting [10]
relaxation iteration method
MSBMAOR 0<p<a< m,w =1 Modulus-based synchronous block [25]
multisplitting AOR method
GRMSBMMAOR 0<Br<ar<1l,0<w< 1+2 7 or Global relaxed modulus-based this paper
P
0< B < m, 1<ap< m synchronous block multisplitting
O0<w< 1+2 7 multi-parameters AOR method
P
’
her = 1-2 20 Pe,
where p llgsél{ ar + 2agpe,

2B1pe — 1,2apc — 1}
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