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A WEAK GALERKIN METHOD FOR SECOND
ORDER ELLIPTIC PROBLEMS WITH
POLYNOMIAL REDUCTION
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Abstract The second order elliptic equation, which is also know as the
diffusion-convection equation, is of great interest in many branches of physics
and industry. In this paper, we use the weak Galerkin finite element method
to study the general second order elliptic equation. A weak Galerkin finite
element method is proposed and analyzed. This scheme features piecewise
polynomials of degree k > 1 on each element and piecewise polynomials of de-
gree k —1 > 0 on each edge or face of the element. Error estimates of optimal
order of convergence rate are established in both discrete H' and standard
L? norm. The paper also presents some numerical experiments to verify the
efficiency of the method.
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1. Introduction

In the past few years, many researchers have investigated Galerkin methods utiliz-
ing fully discontinuous approximating spaces. Weak Galerkin (WG) finite element
method is one of these methods. Wang and Ye introduced and analyzed the weak
Galerkin method [19] for the second-order elliptic problems in 2013. Since then
the weak Galerkin method has been widely applied to different equations, such as
the Stokes equations [21], Helmholtz equations [11], Maxwell equations [14] and
biharmonic equations [12, 13,15, 22], etc. Weak Galerkin refers to finite element
techniques for solving partial differential equations where the differential operators
are approximated by weak forms as distributions. The main idea is to use weak
functions and their weak derivatives. The continuity is regained by the stabilizer
term.

We consider the second-order elliptic equations with Dirichlet boundary condi-
tion, which seeks an unknown function u = u(z) satisfying,

-V - (aVu)+b-Vu+cu=f, in Q, (1.1)
u =g, on 0f), (1.2)
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where € is a polygonal or polyhedral domain in R? (d = 2,3), a = (a;j(%))axd €
[L> (Q)]d2 is a symmetric matrix-valued function, b = (b;(x))ax1 is a vector-valued
function, and ¢ = ¢(z) is a scalar function on . Assume that the matrix a satisfies
the following property: there exists a constant a > 0 such that

acfe <€fag, VEeR”

We concentrate on two-dimensional problems only (i.e., d = 2). An extension to
higher-dimensional problems is straightforward.

The general second order elliptic equation, which is also known as the convection-
diffusion equation, is a fundamental equation that has been widely used in many
areas of science and engineering [3,6,18]. In general, the diffusion term is dominated
by the convection term, which presents a challenging numerical computational tasks.

The general second order elliptic equation (1.1) has been studied using various
finite element methods. The standard Galerkin methods [4,7,9] and various interior
penalty type discontinuous methods [1,2,5, 16, 17] are few examples. The elliptic
equation (1.1) has also been studied in [19] using the weak Galerkin finite element
method. However, the formulation is limited to classical finite element partitions of
triangles and tetrahedral and cannot be applied to a general mesh. In [10], a new
weak Galerkin method has been developed to overcome this but with a as the only
non-zero coefficient.

In this paper, we are extending the results of [10] to include the coefficients b
and c¢. We study the elliptic equation (1.1) with all coefficients a, b, and ¢ being
non-zero. We use weak functions of the form v = {wg, v}, where the function v
takes the value vg inside each element and takes the value v, on the boundary of each
element. Another objective of this paper is to study the reliability, flexibility and
the accuracy of the suggested weak Galerkin method through numerical tests for
both homogeneous and non-homogeneous boundary conditions. The corresponding
WG solution converges to the exact solution of (1.1) with rate of O(h*) in discrete
H! norm and O(h¥*1) in standard L? norm, provided that the exact solution of the
original problem is sufficiently smooth. In the numerical analysis, both vy and v}, are
approximated by polynomials in P; (T') and Py(e) respectively, where T' represents
an element and e represents an edge of T

This paper is organized as follows. In section 2, we describe the WG schemes
and review the definition of the weak gradient operator. In section 3, we present
some technical estimates that will be used later. Section 4 is dedicated to the
error analysis: in 4.1 we derive the error equation, and in 4.2 we present coercivity,
existence and uniqueness, and the optimal order error estimates in both discrete
H' and standard L? norms. Finally in section 5, we provide some numerical results
that confirm the theoretical results.

2. Weak Galerkin Finite Element Schemes

Let Ty be a shape regular (see [8,20]) triangulation of  with elements T" and edges
e. Let hy be the diameter of T' and h = maxre7, hr.
Our weak formulation will use the following vector spaces of functions on 2

Vi ={v = {vo, v} : vo|r € Pi(T),vp|c € Pu_1(e),e € T, T € Ty},
VY ={v € Vi s wyfe = 0 for e € 90}
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The notation e € 02 means that e is an edge on the boundary of 2. Also note that
any function v € V}, has a single value v, on each edge e.

The projection operators @y and @Qp, defined piecewise on the interior and
boundary of each of the elements of 7, are the L2-projections onto Pj(T) and
onto Py (e), respectively. Let Ry be the projection operator onto [Py_1(T)]? whose
components are each the L2-projection onto Pj,_1(T).

The discrete weak gradient operator, denoted by Vv is defined as the unique
polynomial V,v|r € [Pr_1(T)]? satisfying,

(Vuv,d)r = — (v0, V- Q)7 + (vp,q-n)ar, Vq & [Pe_i(T)]> (2.1)

Now we introduce three new forms on V}, as follows. For all v, w € V},,

a(v,w) = Z (aVv, Vypw)r — Z (bv, Vyw)r + Z (cv,w)r,

TeTh TETh TeTh
_ —1
s(v,w) = Z hz (Qbvo — v, Qpwo — wp)ar,
TETh
as(v,w) =a(v,w) + s(v,w). (2.2)

Weak Galerkin Algorithm 1. The weak Galerkin formulation for our boundary
value problem can now be given as: Find uj € V}, such that u, = Qpg for e € 09,
and

as(up,v) = (f,v), Yve V. (2.3)

The ||v|| is defined as,

lloll* = Z (aVyv, V) + Z (cv,v)r + Z hz Qo — vy, Quvo — vb)or-

TeTh TETh TETh

The fact that [|.]| defines a norm in V; can be easily verified.

3. Some Estimates

In this section we are going to present some technical results that are used in later
sections. In what follows C' denotes a generic constant independent of the mesh size
h.

Let T be an element with e as an edge. For any function v € H'(T), the
following trace inequality holds true, [20],

loll2 < C(hg llvllz + bl Vol7)- (3.1)

Another useful result is a commutative property for projection operators. The
proof of lemma 3.1 can be found in [10].

Lemma 3.1. Let Q;, and R), be the L? projection operators defined in previous
section. Then, on each element T € Ty, we have the following commutative property,

VuwQnv = RyVv, Yve HY(T). (3.2)
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Lemma 3.2. Let v € Vj,. Then for any w € H*1(Q), we have
Z (Vvg,aVw)r = Z (Vuv,aV,Qprw)r + Z (v — vp, aRpVw - m)yr. (3.3)
TETn TeTh TeTh

Proof. Using (3.2), the definition of the discrete weak gradient, integration by
parts and properties of projections gives rise to,

(vwva avahw)T :(Vw’l)7 (thV”LU)T
=— (vg, V- (aRp,VW))7 + {vp, aRpVw - m) o7
(Vwg, aRpVw)r — {(vg — vy, aRpVw - n)gr

=(Vvg, aVw)r — (vg — vp, aRL,Vw - m) o,

which gives us

Z (Vvg,aVw)r = Z (Vuv,aV,Qrw)r + Z (vo — vy, aRpVw - n)gr.

TeTh TETh TETh
This concludes the proof. O
Lemma 3.3. Let v € V. Then for any w € H*T1(Q), we have

Z (V’Uo, bw)T = Z (va,thw)T + Z <Uo — vy, bQpw - Il>aT. (34)
TeTh TeTh TeTh

Proof. From the definition of the discrete weak gradient, integration by parts and
properties of projections, we get

(Vuv,bQrw)r = — (vo, V- bQrw)r + (vp, bQpw - m)ar
=(Vwo, bQrw)r — (vo — vp, bQrw - )57
=(Vwo, bw)r — (vo — vp, bQprw - n) a7,
which gives rise to
> (Voo,bw)r = > (Vuv,bQuw)r + 3 (vo — v, bQuw - m)or.
TET, TET, TET,

This concludes the proof. O
The proofs for lemma 3.4 and 3.5 can be found in [10].

Lemma 3.4. Let Ty be a finite element partition of Q0 that is shape regular. For
all v € H*1(Q), we have

[

(Z 1Qov — vl + > h%llWQoUU)II%) < CR M ollesr,  (35)

TET TETh

[N

(Z la(Rr Vv — vv)||2T> < Ch*|[ollks1. (3.6)

TETs

Lemma 3.5. For allv € V},, we have

1

( > hptllvo - vbI%T> < ( > {IVwollz + a1 Quvo — vbll%ﬂ) - (37

TET TeTh
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We introduce a discrete H' semi-norm on V}, as follows:

[[o

Lh = (Z (1903 + Az 1|Quvo — vbn%T)) . (3.8)

TETh
The following lemma indicates that || - ||1,5 is equivalent to || - ||

Lemma 3.6. There exists two positive constants ¢; and co such that for any v =
{vo, v} € Vi, we have

Crllollin < loll < Callv]l1,n- (3.9)

Proof. Let v = {vg,vp} € V4. From the definition of weak gradient and the
properties of projections,

(Vwv,d)r == (v0, V- Q)7 + (v, q - M) a7

(Vvo, @)1 — (vo,q - m)ar + (vp, q - n)or

(Vvo, @)1 — (Qvvo, d - m)ar + (v, q - n)or

(Vvo, @)1 — (Qvvo — vp, q - m)or. (3.10)

Let g = Vv in (3.10), then

(VU,U, V71)1])T == (VU07 ver)T - <QbU0 — Up, vwv : n>8T~
From the trace inequality (3.1) and the inverse inequality, we get

[Vwoll7 <IVoollz[[Vuwollr + 1Quve — vsllor | Vwvllor

<|IVoollzlIVuwollr + eh ™2 | Quvo — vbllor | Vuv]r-
Therefore,
1
IVwollr < C([IVoollF + k' |Qbvo — vsli3r) *

which verifies the upper bound for the ||v]|.
As for the lower bound, let g = Vg in (3.10) to obtain,

(Vwv, Vog)r = (Vvo, Vo) + (Quvo — vp, Vg - n)or.
From the trace inequality (3.1) and the inverse inequality,
_1
IVoollZ < Vwvllz[Voollr + ch™2(|Qvo — vbllor [ Veol|r-
Therefore,
1
IVoollr < C ([VwollF +ch™Quvo — voll57) *

which verifies the lower bound for ||v||. Together they complete the proof. O

Lemma 3.7. Assume that Ty, is shape reqular. Then for any w € H*1(Q) and
v ={vg,n} € Vi, we have

> b (@u(Qow) — Quw, Quuo — v)or| < CHE|[wlksallvll, (3.11)
TETh
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> (a(RyVw — Vw) - 0,00 — vp)or| < Ch* [[w]k41[lv]], (3.12)
TeTh
> (b(Quw —w) - 0,00 = vp)or| < CL* [[w]lks1[lv]]. (3.13)
TeTh

Proof. The proof for the first inequality can be found in [10]. For the second
inequality, using (3.6), (3.7), and (3.9), we get

Z (a(RrVw — Vw) - n,vg — vp)ar

T67—h
<C ( > hrlla(ByVw - Vw) |6T> (Z hiz*[[vo —vbnaT)
TETh TETh

3
<Ch*|[wlk+1 < > (IVwollz + Azt | Qpvo — vbll?n))

TETh
<Ch*||w|| g1 [v]l-

Using (3.5), (3.7), and (3.9), we get

> (b(Quw — w) - n,v0 — vy)or

TETh
! }
<C < > hrb(Quw —w ||8T> (Z hz!|lvo —Ub||aT>
T€7-h T€7—h

1

<Ch*[[wl41 ( > (Voo +hzt 1 Quvo — vbll%ﬂ)

TETh
<CP*|[w] g4 [Jo]l-

This concludes the lemma. O

4. Error Analysis

4.1. Error Equation

Let up = {ug,up} € Vi, be the weak Galerkin finite element solution arising from
2.3 and assume that the exact solution of 1.1 is given by u. The L? projection of u
on to the finite element space V}, can be given as

Qnu = {Qou, Qpu}.
Let
en = {eo, er} = {Qou — uo, Qpu — up}

be the error between the weak Galerkin finite element solution and L? projection
of the exact solution.
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Theorem 4.1. Let e, be the error of the weak Galerkin finite element solution
arising from (2.3). Then for any v € V2, we have

olen,v) = hp' (Qu(Qou) — Quu, Qoo — vy)or — ¥ (a(RpVu — Vu)-n
TETh TeTn

vo — vp)or + Z (Qru —u) -1, v0 — vp)or.
TE€Th

Proof. Testing (1.1) by vp and using integration by parts, we get

Z (aVu, Vug)r— Z (aVu-n,vg — vp)or — Z (bu, Vo)1

TETh TETh TETh
+ > (bu-n,v0—wv)or+ Y (cu,vo)r = (f,v0),  (4.1)
TETh T€eTh

where we have used the fact that » ;.. (aVu-n,v)or = > g (bu-n,v)sr = 0.
Using (3.3), (3.4) and properties of projections, we get

a(Qpu,v) =(f,vo) — Z (a(RpVu — Vu) -n,vg — vp)ar
TeTh

+ Z (Qru —w) -n,vg — vp)ar-

TeTh
Adding the term s(Qnu,v) to both sides of the above equation gives rise to
as(Qnu,v) = Y hp (Qu(Qou) — Quu, Qyvo — ve)or — »_ (a(RyVu —Vu) - n
TETh TETh

vo—ve)or + »_, (B(Qnu — u) - 1,00 — vb)or + (f,v0)- (4.2)
TETh

Subtracting (2.3) by (4.2) yields the following error equation,
olensv) = hp' (Qu(Qow) — Quu, Quuo — vy)or — Y (a(RpVu — Vu)-n

TeT TETh
Vo — U)ot + Z (Qnu —u) -n,v9 —vp)or, Vv € V.
TeTh
This concludes the proof. O

4.2. Error Estimates

Define the dual problem:
-V (aVw) +b - Vw + cw =eg, in €, (4.3)
w =0, on 0,
with the regularity assumption ||wl|s < C/|eo]].

Theorem 4.2. Let up, € Vj, be the weak Galerkin finite element solution of the
problem (1.1) arising from (2.3). Assume the exact solution u € H*(Q). In
addition, assume that the dual problem (4.3) has the usual H?-reqularity. Then,
there exists a constant C such that

leoll < Chlleoll- (4.4)
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Proof. Testing (4.3) with eg, we get
||60H2 = (—V . (CLV’LU), 60) + (b . V’LU, 60) + (CU), 60)'

From integration by parts, we get

leol* = Z (aVw, Veg)r — Z (aVw - n, ep)or — Z (bw, Veo)r

TET TET TeTh
£ tbw meodor + 3 (ew,eo)r
TET TeTh

Since Y g, (aVw - m,ep)or = Y g (bw-n,ep)sr = 0, we can rewrite the above
expression as,

lleol* = Z (aVw,Veg)r — Z (aVw -n, ey — ep)or — Z (bw, Veo)r

TeTh TeTh TeTh
+ Z (bw-mn,eq —ep)or + Z (cw, eg)r. (4.5)
TeTh TeTh

Using (3.3) and (3.4) together with equation (4.5) gives us,

leoll® =a(Qnw, en) + Y (a(RyVw — Vw) -, e — e)or
TeTh

—E Qrw —w) -n,eg — €)o7,
TETh

adding and subtracting the term s(Qrw, ep,), we get

leol|? =as(Qrw,ep) + Z (a(Rp,Vw — Vw) -n,eq — ep)ar

T€7—h
— ) (b(Qnw —w) -1, e0 — ep)or
TETh
= Y b (Qu(Qow) — Quw, Queo — ev)or,
TeTh

using theorem 4.1 together with (3.11), (3.12) and (3.13), we get
lleol* < Chljwl2leoll.

This together with the regularity assumption |Jw||2 < C|leg]|, provides the required
result. O

Theorem 4.3 (Coercivity). Let e, = {eg, ep} = {Qou — ug, Qpu — up}. Then,
llenll® < as(en, en)-
Proof. Using the definition of the ||es|| and (4.2) in (2.2), we get

as(en,en) =(aVwen, Vyen) + (bepn, Vwen) + (cen, en) + s(en, en)
=leo|)* + (ben, Vuwer)
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>lexll” = Cllenll| Vwenl
>(C1 — Coh)llenll®
>Clenll?,

when h is sufficiently small. O
Using the coercivity, now we can prove that scheme (2.3) has a unique solution.

Theorem 4.4. The weak Galerkin finite element scheme (2.3) has a unique solu-
tion.

Proof. Suppose that ugll) and ugf) are two solutions of (2.3). Then e;, = ug) —uf)

would satisfy the equation
as(ep,v) =0, Yov € V.
Note that e, € V). Letting v = ey, we get
as(en,en) =0, Yv e V.
From theorem 4.3, we get
llenll < as(en, en) = 0.
The fact that || - || is a norm in V;¥ implies e, = 0, hence ug) = u,(f). This concludes

the proof. O

Theorem 4.5 (H1 error). Let up € Vj, be the weak Galerkin finite element solution
of the problem (1.1) arising from (2.3). Assume the ezact solution u € H*1(Q).
Then, there exists a constant C such that

llun — Quull < CR¥|Julli+1.

Proof. From theorem 4.3, theorem 4.1, and equations (3.11), (3.12) and (3.13),
we get

llenll” <as(en, en)

= Z (b(Qpru —u) -n,eq — epyor — Z (a(RpVu — Vu) -n,ep — ep)or

TeTh TeTh
= 3" hp (Qu(Qou) — Quu, Queo — ev)or
TEThH

<Ch*||ull+1[lenll,
which concludes the proof. O

Theorem 4.6 (L2 error). Let up € V}, be the weak Galerkin finite element solution
of the problem (1.1) arising from (2.3). Assume the exact solution v € H*T1(Q).
In addition, assume that the dual problem (4.3) has the usual H?-reqularity. Then,
there exists a constant C such that

lu — uol| < CH*H ]l
Proof. From theorems 4.2, and 4.5, we get
leoll < Chlleoll < CR**Hful|41,

which concludes the proof. O



664 N. Malluwawadu & S. Hussain

5. Numerical Experiments

In this section, we provide some numerical examples using scheme (2.3) to verify
the results in theorems 4.5, and 4.6.

For simplicity, we define our domain as a rectangle = [0,1] x [0,1]. Then we
construct the triangular mesh by uniformly partitioning the square domain 2 =
[0,1] x [0,1] into N x N sub-squares, and then dividing each square element into
two triangles by using the diagonal with a positive slope. Also, we consider a =
1,0.01,0.001, b = (1,1)T and ¢ = 1.

Consider different mesh sizes h = %(N = 2,4,8,16,32,64,128) for different
triangular meshes. The following examples use these triangulations of 2 to find a
solution up, = {ug, up} where ugly € Pi(T), and up|. € Py(e).

5.1. Homogeneous Boundary Conditions

Consider the elliptic problem

—V - (aVu)+b-Vu+cu=f, in Q (5.1)
u =0, on 9N

where a is a unit matrix, b = (1,1) and ¢ = 1. The source term f(z) is choosen
according to the corresponding analytical solution of the given example.

Example 5.1. The analytical solution to (5.1) is
u = sin(mx) sin(my).

The finite element scheme (2.3), with different mesh sizes h is applied, and
the corresponding discrete H'-norm and L2-norm errors and convergence rates are
listed in Tables 1 and 2. Figure 5.1 represents the approximation of weak Galerkin
solution on the left and the exact solution on the right for example (5.1).

Table 1. H! norm errors and their corresponding convergence rates for Example 5.1.

h llw — up|]  order llw — wnll order lw — wp | order
when a=1 when a=0.01 when a=0.001
1/2 7.29E-01 1.41E+00 2.02E4-00

1/4 2.44E-01  1.58 7.21E-01 0.97 1.44E4-00 0.49
1/8 9.68E-02 1.34 4.01E-01 0.84 9.50E-01 0.60
1/16 | 4.45E-02  1.12 2.22E-01 0.85 5.52E-01 0.78
1/32 | 2.17E-02  1.03 1.15E-01 0.95 3.24E-01 0.77
1/64 | 1.08E-02 1.01 5.78E-02 0.99 1.77E-01 0.87
1/128 | 5.39E-03  1.00 2.89E-02 1.00 9.08E-02 0.96
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Table 2. L? norm errors and their corresponding convergence rates for Example 5.1.

h |lu —wup| order Il — up| order [l — wp| order
when a=1 when a=0.01 when a=0.001

1/2 6.31E-01 1.12E4-00 1.94E+00
1/4 1.67E-01  1.92 4.05E-01 1.46 1.21E4-00 0.68
1/8 4.24E-02  1.98 1.57E-01 1.36 5.90E-01 1.03
1/16 | 1.06E-02  1.99 4.93E-02 1.67 2.53E-01 1.22
1/32 | 2.66E-03  2.00 1.31E-02 1.91 1.02E-01 1.31
1/64 | 6.66E-04 2.00 3.34E-03 1.97 3.01E-02 1.76
1/128 | 1.67E-04  2.00 8.40E-04 1.99 7.85E-03 1.94

Figure 1. Weak Galerkin Solution vs Exact Solution

Example 5.2. The analytical solution to (5.1) is

u=xz(1—2)y(l—y)exp(z —y).

Numerical errors and convergence rates are listed in Table 3 and 4. Figure 5.2
represents the approximation of weak Galerkin solution on the left and the exact
solution on the right for example (5.2).

Table 3. H! norm errors and their corresponding convergence rates for Example 5.2.

h llw — up|]  order llw — wnll order lw — wp | order
when a=1 when a=0.01 when a=0.001
1/2 7.23E-02 8.59E-02 1.23E-01
1/4 3.06E-02 1.24 5.21E-02 0.72 1.04E-01 0.24

1/8 1.45E-02  1.07 3.01E-02 0.79 7.15E-02 0.54
1/16 | 7.16E-03  1.02 1.69E-02 0.84 4.18E-02 0.77
1/32 | 3.57E-03  1.00 8.77TE-03 0.94 2.44E-02 0.78
1/64 | 1.78E-03  1.00 4.42E-03 0.99 1.34E-02 0.86
1/128 | 8.91E-04 1.00 2.21E-03 1.00 6.93E-03 0.96
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Table 4. L? norm errors and their corresponding convergence rates for Example 5.2.

h |lu —wup| order Il — up| order [l — wp| order
when a=1 when a=0.01 when a=0.001

1/2 5.86E-02 6.83E-02 1.18E-01
1/4 1.68E-02  1.80 2.93E-02 1.22 8.72E-02 0.68
1/8 4.37TE-03 1.94 1.23E-02 1.26 4.41E-02 1.03
1/16 | 1.10E-03  1.99 4.29E-03 1.52 1.87E-02 1.22
1/32 | 2.77E-04  2.00 1.20E-03 1.83 8.08E-03 1.31
1/64 | 6.92E-05 2.00 3.11E-04 1.95 2.62E-03 1.76
1/128 | 1.73E-05  2.00 7.85E-05 1.99 7.08E-04 1.94

Figure 2. Weak Galerkin Solution vs Exact Solution

The numerical examples given in this section gives the first order convergence
rate in discrete H' norm and second order convergence rate in the standard L2
norm. The numerical results are in good agreement with the theoretical results,
which shows that the WG finite element scheme (2.3) is stable and have the optimal
order convergence for the homogeneous boundary case.

5.2. Non-homogeneous Boundary Conditions

Now let’s consider some examples of the general elliptic problem with non-homogeneous
boundary conditions. Consider the following elliptic problem

-V - (aVu)+b-Vu+cu=f, in Q, (5.2)
u =g, on Jf),

where a is a unit matrix, b = (1,1) and ¢ = 1. The source term f(x) is choosen
according to the corresponding analytical solution of the given example.

Example 5.3. The analytical solution to (5.2) is
u = sin(7z) sin(7y) + .

The finite element scheme (2.3), with the different mesh sizes h is applied, and
the corresponding discrete H' and L? norm errors and convergence rates are listed
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in Table 5 and 6. Figure 5.3 represents the approximation of weak Galerkin solution

on the left and the exact solution on the right for example (5.3).

Table 5. H! norm errors and their corresponding convergence rates for Example 5.3.

h [lw — up|]  order llw — wnll order lw — wp| order
when a=1 when a=0.01 when a=0.001

1/2 | 9.96E-02 1.47E+00 2.06E+400
1/4 4.05E-02  1.30 7.68E-01 0.93 1.49E+400 0.46
1/8 1.90E-02  1.09 4.35E-01 0.82 1.01E4-00 0.57
1/16 | 9.35E-03  1.02 2.42E-01 0.84 5.97E-01 0.75
1/32 | 4.66E-03 1.00 1.25E-01 0.95 3.54E-01 0.76
1/64 | 2.33E-03  1.00 6.31E-02 0.99 1.94E-01 0.87
1/128 | 1.16E-03  1.00 3.16E-02 1.00 9.95E-02 0.96

Table 6. L2 norm errors and their corresponding convergence rates for Example 5.3.

h |lu —up| order lu — up] order [l — wp| order
when a=1 when a=0.01 when a=0.001

1/2 8.44E-02 1.21E4-00 1.98E4-00
1/4 2.24E-02 191 4.60E-01 1.40 1.27E+00 0.64
1/8 | 5.70E-03 1.97 1.78E-01 1.37 6.54E-01 0.96
1/16 | 1.43E-03  1.99 5.53E-02 1.68 2.90E-01 1.17
1/32 | 3.59E-04  2.00 1.47E-02 1.91 1.15E-01 1.33
1/64 | 8.97E-05 2.00 3.75E-03 1.98 3.39E-02 1.77
1/128 | 2.24E-05  2.00 9.41E-04 1.99 8.82E-03 1.94

Figure 3. Weak Galerkin Solution vs Exact Solution
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Example 5.4. The analytical solution to (5.2) is

u=z(l-2)y(l—y)exp(z —y) + 2.

Numerical errors and convergence rates are listed in Table 7 and 8. Figure 5.4
represents the approximation of weak Galerkin solution on the left and the exact
solution on the right for example (5.4).

Table 7. H' norm errors and their corresponding convergence rates for Example 5.4.

h lle — up|| order flw — wnll order le — wn | order
when a=1 when a=0.01 when a=0.001

1/2 1.13E-01 4.43E-01 5.84E-01
1/4 4.70E-02  1.27 2.93E-01 0.60 5.21E-01 0.17
1/8 2.21E-02  1.09 1.79E-01 0.71 3.89E-01 0.42
1/16 | 1.09E-02 1.02 1.00E-01 0.83 2.48E-01 0.65
1/32 | 5.42E-03 1.00 5.21E-02 0.95 1.49E-01 0.74
1/64 | 2.71E-03  1.00 2.63E-02 0.99 8.08E-02 0.88
1/128 | 1.36E-03  1.00 1.32E-02 1.00 4.14E-02 0.96

Table 8. L? norm errors and their corresponding convergence rates for Example 5.4.

h |lu —wup] order llw — up| order [l — wp| order
when a=1 when a=0.01 when a=0.001

1/2 9.49E-02 3.33E-01 5.60E-01
1/4 2.60E-02 1.87 1.50E-01 1.15 4.44E-01 0.33
1/8 6.67TE-03  1.96 5.91E-02 1.35 2.50E-01 0.83
1/16 | 1.68E-03  1.99 1.84E-02 1.69 1.10E-01 1.19
1/32 | 4.21E-04  2.00 4.89E-03 1.91 4.14E-02 1.41
1/64 | 1.06E-04  2.00 1.24E-03 1.98 1.20E-02 1.79
1/128 | 2.63E-05  2.00 3.12E-04 1.99 3.12E-03 1.94

Figure 4. Weak Galerkin Solution vs Exact Solution
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The numerical examples given in this section gives the first order convergence

rate in discrete H'! norm and second order convergence rate in the standard L2
norm. The numerical results are in good agreement with the theoretical results,
which shows that the WG finite element scheme (2.3) is stable and have the optimal
order convergence for the non-homogeneous boundary case.
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