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1. Introduction

In this paper we consider the following fractional nonlinear coupled Schrödinger
system [17]  i~ut =

(
~2

2M (−∆)α + λu|u|2 + λ|v|2
)
u+

√
2βuv,

i~vt =
(

~2

4M (−∆)α + ε+ λv|v|2 + λ|u|2
)
v + β√

2
u2,

(1.1)

with the initial condition and periodic boundary condition

u(x, 0) = u0(x), v(x, 0) = v0(x), x ∈ Ω, (1.2)

u(x+ 2L, t) = u(x, t), v(x+ 2L, t) = v(x, t), x ∈ Ω, t ≥ 0, (1.3)

where ∆ = ∂2

∂x2 ,
1
2 < α < 1, i =

√
−1, L > 0, Ω = (−L,L), ~ is Planck constant,

M > 0 is the mass of a single atom, λu, λv, λ represent the strengths of the atom-
atom, molecule-molecule and atom-molecule interactions, respectively and ε, β are
any real constants.

Nonlinear Schrödinger equations have been used to analyze several physical sit-
uations, and have attracted the attention of researchers, especially in optics and
hydrodynamics. In optics, systems of coupled nonlinear equations can be used to
describe the propagation of light along birefringent optical fibers [11].

Fractional differential equations are extensively used in modeling phenomena in
various fields of science and engineering [3]. Rida etal. [15] have studied nonlinear
Schrödinger equation of fractional order. The investigation of the exact solutions
of nonlinear evolution equations play an important role in the study of nonlinear
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physical phenomena. Then many authors have considered the fractional nonlinear
Schrödinger equation. In 2008, Guo boling, Han yongqian and Xin jie [9] proved the
existence and uniqueness of the global smooth solution to the period boundary value
problem of fractional nonlinear Schrödinger equation by using energy method. In
2011, Jiaqian Hu, Jie Xin , Hong Lu [11] considered a class of systems of fractional
nonlinear Schrödinger equations. They proved the existence and uniqueness of
the global solution to the periodic boundary value problem by using the Galërkin
method. Further discussion can be found in Refs [2, 10, 12,13,16].

As far as we know, the fractional nonlinear Schrödinger system (1.1) has not
yet been fully studied. In this paper, we prove the existence and uniqueness of
the global solution to the periodic boundary value problem for a class of system of
fractional nonlinear Schrödinger equations by using the Galërkin method.

Before starting the main results, we review the notations and the calculus in-
equalities used in this paper.

To simplify the notation in this paper, we shall denote by
∫
U(x)dx the integra-

tion
∫
Ω
U(x)dx, C is a generic constant and may assume different values in different

formulates. And denote Lp = Lp(Ω) be the Banach space endowed with the norm
∥ · ∥Lp , when p = 2, L2(Ω) denote the Hilbert space with the usual scalar product
(·, ·). Here, (u, v) denotes the integral

∫
uvdx as usual.

The Fourier transform f̂ = z(f) of a tempered distribution f(x) on Rd is defined
as

z(f)(ξ) = f̂(ξ) :=
1

(2π)d

∫
Rd

f(x)e−ix·ξdx,

where ξ = (ξ1, ξ2, · · ·, ξn). For ∀α ∈ R, (−∆)
α
2 f can be defined as

z((−∆)
α
2 f)(ξ) = |ξ|αf̂(ξ) = 1

(2π)d

∫
Rd

|ξ|αf(x)e−ix·ξdx.

Using the Fourier inverse transform, (−∆)
α
2 f can be denoted as

(−∆)
α
2 f =

1

(2π)d

∫
Rd

|ξ|αf̂(ξ)eix·ξdξ.

Then the Sobolev space Hα is

Hα = Hα(Rd) =
{
f ∈ S′(Rd : f̂) is a function and ∥f∥2Hα <∞

}
,

where

∥f∥2Hα :=

∫
Rd

(1 + |ξ|2)α|f̂(ξ)|2dξ <∞.

Under this definition, it is clear to see that Hα is a Banach space. And if φ
and ϕ belong to Hα, combining the Parseval’s identity we conclude the following
equation ∫

Rd

(−∆)αφ · ϕdx =

∫
Rd

(−∆)α1φ · (−∆)α2ϕdx,

where α1 and α2 are nonnegative and α1 + α2 = α.
These concepts can be easily generalized to the periodic case, and we make no

explicit distinctions about the notations for the two situations.
The following auxiliary lemmas will be needed.
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Lemma 1.1. (The Gagliardo-Nirenberg inequality) Assuming u ∈ Lq(R), ∂mx u ∈
Lr(R), 1 ≤ q, r ≤ ∞. Let p and α satisfy

1

p
= j + θ(

1

r
−m) + (1− θ)

1

q
;

j

m
≤ θ ≤ 1.

Then

∥∂jxu∥p ≤ C(p,m, j, q, r)∥∂mx u∥θr∥u∥1−θ
q . (1.4)

In particular, as m = α, j = 0, p = 4, r = 2, q = 2, we have

∥u∥44 ≤ C∥(−∆)
α
2 u∥

1
θ
2 ∥u∥

4− 1
θ

2 . (1.5)

Lemma 1.2. (The Gronwall inequality) Let c be a constant, and b(t), u(t) be non-
negative continuous functions in the interval [0,T] satisfying

u(t) ≤ c+

∫ t

0

b(τ)u(τ)dτ, t ∈ [0, T ].

Then u(t) satisfies the estimate

u(t) ≤ c exp

(∫ t

0

b(τ)dτ

)
, for t ∈ [0, T ]. (1.6)

Theorem 1.1. Let u0(x) ∈ Hα
per(Ω), v0(x) ∈ Hα

per(Ω), and 0 < α < 1. Then for
∀T > 0, the system (1.1)–(1.3) has a global weak solution

(u, v) ∈ L∞ (
[0, T );Hα

per(Ω)
)2
, (ut, vt) ∈ L∞ (

[0, T );H−α
per(Ω)

)2
. (1.7)

Theorem 1.2. Let u0(x) ∈ H4α
per(Ω), v0(x) ∈ H4α

per(Ω), and
1
2 < α < 1. Then for

∀T > 0, the system (1.1)–(1.3) has a uniquely global smooth solution

(u, v) ∈ L∞ (
[0, T );H4α

per(Ω)
)2
, (ut, vt) ∈ L∞ (

[0, T );H2α
per(Ω)

)2
. (1.8)

Theorem 1.3. Let u0(x) ∈ H4α
per(R), v0(x) ∈ H4α

per(R), and 1
2 < α < 1. Then the

system (1.1)–(1.3) has a uniquely global smooth solution

(u, v) ∈ L∞ (
[0,∞);H4α

per(R)
)2
, (ut, vt) ∈ L∞ (

[0,∞);H2α
per(R)

)2
. (1.9)

2. A priori estimates

In this section, we give the demonstration of a priori estimates that guarantee the
existence of the global smooth solution of the system (1.1)-(1.3).

Lemma 2.1. Let u0(x) ∈ L2(Ω), v0(x) ∈ L2(Ω) and (u, v) be a solution of the
system (1.1) with initial data (u0, v0), then we have the identity

∥u(x, t)∥22 + 2∥v(x, t)∥22 ≡ ∥u0(x)∥22 + 2∥v0(x)∥22. (2.1)
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Proof. Taking the inner product for the first equation of the system (1.1) with
u and the second equation with v, respectively, and integrating the resulting equa-
tions with respect to x on Ω, and then taking the imaginary part of the resulting
equations, we obtain

~
2

d

dt
∥u∥22 =

√
2βIm

∫
(u)2vdx,

~
2

d

dt
∥v∥22 =

β√
2
Im

∫
u2vdx.

(2.2)

Multiplying the second equation of the system (2.2) by 2 and then sum up the
first equation, it follows that

~
2

d

dt
∥u∥22 + ~

d

dt
∥v∥22 = 0,

which implies the identity (2.1).
This completes the proof of Lemma 2.1.

Lemma 2.2. Let u0 ∈ Hα
per(Ω), v0 ∈ Hα

per(Ω), 0 < α < 1, then for the solution
(u, v) of the system (1.1), we can get

sup
0≤t≤∞

(∥(−∆)
α
2 u∥22 + ∥(−∆)

α
2 v∥22) ≤ C, (2.3)

where C is a constant depending only on ∥u0∥Hα
per
, ∥v0∥Hα

per
.

Proof. The inner product is taken to the first equation of the system (1.1) with
ut and the second equation with vt, and then integrating and taking the real part
of the resulting equations, we get

0 = ~2

4M
d
dt

∫
|(−∆)

α
2 u|2dx+ λu

4
d
dt

∫
|u|4dx+ λRe

∫
|v|2uutdx+

√
2βRe

∫
uvutdx,

0 = ~2

8M
d
dt

∫
|(−∆)

α
2 v|2dx+ ε

2
d
dt

∫
|v|2dx+ λv

4
d
dt

∫
|v|4dx+ λRe

∫
|u|2vvtdx

+ β√
2
Re

∫
u2vtdx.

(2.4)
Summing up the two equations of the system (2.4), we have

~2

4M

d

dt

(∫
|(−∆)

α
2 u|2dx+

1

2

∫
|(−∆)

α
2 v|2dx

)
+

1

4

d

dt

(
λu

∫
|u|4dx+ λv

∫
|v|4dx

)
+
ε

2

d

dt

∫
|v|2dx+

λ

2

d

dt

∫
|u|2|v|2dx+

β√
2
Re

d

dt

∫
u2vdx = 0.

Let

I :=
~2

4M

(∫
|(−∆)

α
2 u|2dx+

1

2

∫
|(−∆)

α
2 v|2dx

)
,

II :=
1

4

(
λu

∫
|u|4dx+ λv

∫
|v|4dx

)
,

III :=
λ

2

∫
|u|2|v|2dx, IV :=

ε

2

∫
|v|2dx, V :=

β√
2
Re

∫
u2vdx.
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Then
E(t) = I + II + III + IV + V ≡ E(0). (2.5)

Applying Lemma 1.1 and the Young inequality, we have

∥u∥44 ≤ C∥(−∆)
α
2 u∥

1
θ
2 ∥u∥

4− 1
θ

2 ≤ δ∥(−∆)
α
2 u∥22 + C1∥u∥

2(4θ−1)
2θ−1

2 , (2.6)

∥v∥44 ≤ C∥(−∆)
α
2 v∥

1
θ
2 ∥v∥

4− 1
θ

2 ≤ δ∥(−∆)
α
2 v∥22 + C1∥v∥

2(4θ−1)
2θ−1

2 . (2.7)

Then we can bound the term II by

|II| ≤ δ
(
∥(−∆)

α
2 u∥22 + ∥(−∆)

α
2 u∥22

)
+ C

(
∥u∥

2(4θ−1)
2θ−1

2 + ∥v∥
2(4θ−1)
2θ−1

2

)
. (2.8)

For the term III, using the Hölder’s inequality

λ

2

∫
|u|2|v|2dx ≤ λ

4

(
∥u∥44 + ∥v∥44

)
. (2.9)

Combining the inequalities (2.6) and (2.7), the term III can be bounded by

|III| ≤ δ
(
∥(−∆)

α
2 u∥22 + ∥(−∆)

α
2 u∥22

)
+ C

(
∥u∥

2(4θ−1)
2θ−1

2 + ∥v∥
2(4θ−1)
2θ−1

2

)
. (2.10)

The term

V =
β√
2
Re

∫
u2vdx ≤ β√

2

∫
|u|2|v|dx ≤ C∥v∥2∥u∥24. (2.11)

By applying the inequality (2.6) and Lemma 2.1 to yield

|V | ≤ δ∥(−∆)
α
2 u∥22 + C∥u∥

2(4θ−1)
2θ−1

2 . (2.12)

Using the estimates of the term II, III and V, we deduce

|II|+ |III|+ |V | ≤ δ
(
∥(−∆)

α
2 u∥22 + ∥(−∆)

α
2 u∥22

)
+ C

(
∥u∥

2(4θ−1)
2θ−1

2 + ∥v∥
2(4θ−1)
2θ−1

2

)
.

(2.13)
In view of Lemma 2.1, it follows that

IV =
ε

2
∥v∥22 ≤ C. (2.14)

Combining the estimates (2.13) and (2.14)

I − δ
(
∥(−∆)

α
2 u∥22 + ∥(−∆)

α
2 v∥22

)
≤ C,

a.e.
∥(−∆)

α
2 u∥22 + ∥(−∆)

α
2 v∥22 ≤ C,

where C is a constant depending only on ∥u0∥Hα
per
, ∥v0∥Hα

per
.

This completes the proof of Lemma 2.2.

Lemma 2.3. Let T be any positive number, u0 ∈ H2α
per(Ω), v0 ∈ H2α

per(Ω), for
1
2 <

α < 1. Then the solution (u, v) satisfies the following estimate

sup
0≤t≤T

(
∥(−∆)αu∥22 + ∥(−∆)αv∥22

)
≤ C, ∀T > 0, (2.15)

where the constant C depends only on T and ∥u0∥H2α
per
, ∥v0∥H2α

per
.
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Proof. Differentiate (1.1) with respect to t, multiply the first equation of the
system (1.1) by ut, the second equation by vt, and then integrate with respect to x
, take the imaginary part to get

~
2

d

dt
∥ut∥22 = Im

(
d

dt
(λu|u|2u), ut

)
+ Im

(
d

dt
(λ|v|2u), ut

)
+ Im

(
d

dt
(
√
2βuv), ut

)
,

~
2

d

dt
∥vt∥22 = Im

(
d

dt
(λ|u|2v), vt

)
+ Im

(
d

dt
(λv|v|2v), vt

)
+ Im

(
d

dt
(
β√
2
u2), vt

)
.

But

Im

(
d

dt
(λu|u|2u), ut

)
= Im

∫
d

dt
(λu|u|2u)utdx = λuIm

∫
u2u2tdx,

Im

(
d

dt
(λ|v|2u), ut

)
= Im

∫
d

dt
(λ|v|2u)utdx = λIm

∫
|v|2tuutdx,

Im

(
d

dt
(
√
2βuv), ut

)
= Im

∫
d

dt
(
√
2βuv)utdx

=
√
2βIm

∫
u2t vdx+

√
2βIm

∫
uvtutdx.

Similarly

Im

(
d

dt
(λv|v|2v), vt

)
= Im

∫
d

dt
(λv|v|2v)vtdx = λvIm

∫
v2v2tdx,

Im

(
d

dt
(λ|u|2v), vt

)
= Im

∫
d

dt
(λ|u|2v)vtdx = λIm

∫
|u|2t vvtdx,

Im

(
d

dt

(
β√
2
u2

)
, vt

)
= Im

∫
d

dt

(
β√
2
u2

)
vtdx =

√
2βIm

∫
uutvtdx.

Therefore

~
2

d

dt
∥ut∥22 = λuIm

∫
u2u2tdx+ λIm

∫
|v|2tuutdx+

√
2βIm

∫
u2t vdx

+
√
2βIm

∫
uvtutdx,

~
2

d

dt
∥vt∥22 = λvIm

∫
v2v2tdx+ λIm

∫
|u|2t vvtdx+

√
2βIm

∫
uutvtdx.

Integrating the above two equality from 0 to t, we have

~
2
(∥ut∥22 + ∥vt∥22)

=

∫ t

0

Im

∫
λuu

2u2tdxds+

∫ t

0

Im

∫
λvv

2v2tdxds+ 2

∫ t

0

Im

∫
λuvutvtdxds

+

∫ t

0

Im

∫ √
2β(u2t v + uvtut + uutvt)dxds+

~
2
(∥ut(x, 0)∥22 + ∥vt(x, 0)∥22)

≤C1

(∫ t

0

∫
|u|2|ut|2dxds+

∫ t

0

∫
|v|2|vt|2dxds+

∫ t

0

∫
|u||v||ut||vt|dxds

)
+ C2

(∫ t

0

∫
|ut|2|v|dxds+ 2

∫ t

0

∫
|u||ut||vt|dxds

)
+

~
2
(∥ut(x, 0)∥22 + ∥vt(x, 0)∥22).
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Applying Sobolev embedding inequality ∥u∥∞ ≤ C∥u∥Hα ≤ C1, (α > 1
2 ), we have

~
2
(∥ut∥22 + ∥vt∥22)

≤C
(∫ t

0

∥u∥2∞∥ut∥22ds+
∫ t

0

∥v∥2∞∥vt∥22ds+
∫ t

0

∥u∥∞∥v∥∞∥ut∥2∥vt∥2ds
)

+ C1

( ∫ t

0

∥v∥∞∥ut∥22ds+ 2

∫ t

0

∥u∥∞∥ut∥2∥vt∥2ds
)
+

~
2

(
∥ut(x, 0)∥22 + ∥vt(x, 0)∥22

)
≤C

(∫ t

0

∥ut∥22ds+
∫ t

0

∥vt∥22ds
)
+

~
2

(
∥ut(x, 0)∥22 + ∥vt(x, 0)∥22

)
In term of Gronwall inequality, we deduce that

∥ut∥22 + ∥vt∥22 ≤ C. (2.16)

Applying the system (1.1), we obtain

∥ ~2

2M
(−∆)αu∥22 ≤ ∥~ut∥22 + ∥λu|u|2u∥22 + ∥λ|v|2u∥22 + ∥

√
2βuv∥22,

∥ ~2

4M
(−∆)αv∥22 ≤ ∥~vt∥22 + ∥εv∥22 + ∥λv|v|2v∥22 + ∥λ|u|2v∥22 + ∥ β√

2
u2∥22.

Using the inequality (2.16),

∥(−∆)αu∥22 ≤ C + C1∥u∥4∞∥u∥22 + C2∥v∥4∞∥u∥22 + C3∥u∥∞∥v∥∞∥u∥22∥v∥22 ≤ C4,

∥(−∆)αv∥22 ≤ C + C1∥v∥4∞∥v∥22 + C2∥u∥4∞∥v∥22 + C3∥u∥2∞∥u∥22 ≤ C4,

a.e.

∥(−∆)αu∥22 + ∥(−∆)αv∥22 ≤ C,

where the constant C depends only on T and ∥u0∥H2α
per
, ∥v0∥H2α

per
.

This completes the proof of Lemma2.3.

Lemma 2.4. Let 1
2 < α < 1, u0 ∈ H3α

per(Ω), v0 ∈ H3α
per(Ω), and (u, v) be the solution

of the system (1.1). Then

sup
0≤t≤∞

(
∥(−∆)

α
2 ut∥22 + ∥(−∆)

α
2 vt∥22

)
≤ C, (2.17)

where the constant C depends only on ∥u0∥H3α
per
, ∥v0∥H3α

per
.

Proof. Differentiate (1.1) with respect to t two times, multiply the first equation
of the system (1.1) by ut, the second equation by vt, and then integrate with respect
to x , take the imaginary part to get

~
2
∥utt∥22 = Im(

d2

dt2
(λu|u|2u), utt) + Im(

d2

dt2
(λ|v|2u), utt) + Im(

d2

dt2
(
√
2βuv), utt),

~
2
∥vtt∥22 = Im(

d2

dt2
(λv|v|2v), vtt) + Im(

d2

dt2
(λ|u|2v), vtt) + Im(

d2

dt2
(
β√
2
u2), vtt).
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But applying Sobolev embedding theorem and the Young inequality, we get

Im(
d2

dt2
(λu|u|2u), utt) = Im

(
λu|u|2ttu+ 2λu|u|2tut, utt

)
≤ C∥utt∥22 + δ∥ut∥44,

Im(
d2

dt2
(λ|v|2u), utt) = Im

(
λ|v|2ttu+ 2λ|v|2tut, utt

)
≤ C(∥utt∥22 + ∥vtt∥22) + δ(∥ut∥44 + ∥vt∥44),

Im(
d2

dt2
(
√
2βuv), utt) = Im(

√
2β(uttv + utvt + 2utvt), utt)

≤ C(∥utt∥22 + ∥vtt∥22) + δ(∥ut∥44 + ∥vt∥44),

and

Im(
d2

dt2
(λv|v|2v), vtt) = Im

(
λv|v|2ttv + 2λv|v|2t vt, vtt

)
≤ C∥vtt∥22 + δ∥vt∥44,

Im(
d2

dt2
(λ|u|2v), vtt) = Im

(
λ|u|2ttv + 2λ|u|2t vt, vtt

)
≤ C(∥utt∥22 + ∥vtt∥22) + δ(∥ut∥44 + ∥vt∥44),

Im(
d2

dt2
(
β√
2
u2), vtt) = Im(

√
2β(uttu+ u2t ), vtt) ≤ C∥ut∥24∥vtt∥2 + ∥utt∥2∥vtt∥2.

Taking the above inequality to obtain

d

dt
(∥utt∥22 + ∥vtt∥22) ≤ C(∥utt∥22 + ∥vtt∥22) + δ(∥ut∥44 + ∥vt∥44). (2.18)

Let θ = 1
8α < 1

4 . Then using Gagliardo–Nirenberg inequality and the inequality
(2.16), we have

∥ut∥4 ≤ C∥ut∥1−θ∥(−∆)
α
2 ut∥θ ≤ C1∥(−∆)

α
2 ut∥θ, (2.19)

∥vt∥4 ≤ C∥vt∥1−θ∥(−∆)
α
2 vt∥θ ≤ C1∥(−∆)

α
2 vt∥θ. (2.20)

Combining the inequalities (2.18), (2.19) and (2.20), we get

d

dt
(∥utt∥22 + ∥vtt∥22) ≤ C(∥utt∥22 + ∥vtt∥22) + δ(∥(−∆)

α
2 ut∥2 + ∥(−∆)

α
2 vt∥2) (2.21)

Differentiate (1.1) with respect to t, multiply the first equation of the system
(1.1) by ut, the second equation by vt, and then integrate with respect to x , take
the real part to get

− Re

∫
i~uttut +

~2

4M
∥(−∆)

α
2 ut∥2 +Re

∫
d

dt
(λu|u|2u)ut +Re

∫
d

dt
(λ|v|2u)ut

+Re

∫
d

dt
(
√
2βuv)ut = 0,

− Re

∫
i~vttvt +

~2

8M
∥(−∆)

α
2 vt∥2 +

ε

2

d

dt
∥vt∥22 +Re

∫
d

dt
(λv|v|2v)vt

+Re

∫
d

dt
(λ|u|2v)vt +Re

∫
d

dt
(
β√
2
u2)vt = 0.
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But applying the inequality (2.16), we have

Re

∫
d

dt
(λu|u|2u)ut +Re

∫
d

dt
(λ|v|2u)ut +Re

∫
d

dt
(
√
2βuv)ut ≤ C,

ε

2

d

dt
∥vt∥22 +Re

∫
d

dt
(λv|v|2v)vt +Re

∫
d

dt
(λ|u|2v)vt +Re

∫
d

dt
(
β√
2
u2)vt ≤ C.

Therefore

(∥(−∆)
α
2 ut∥2 + ∥(−∆)

α
2 vt∥2) ≤ C(∥utt∥22 + ∥vtt∥22) + C1. (2.22)

Using (2.21) and the above inequality, we get

d

dt
(∥utt∥22 + ∥vtt∥22) ≤ C(∥utt∥22 + ∥vtt∥22) + C1.

By Gronwall inequality to obtain

(∥utt∥22 + ∥vtt∥22) ≤ C. (2.23)

Then combing the inequalities (2.22) and (2.23), the below inequality is true

(∥(−∆)
α
2 ut∥2 + ∥(−∆)

α
2 vt∥2) ≤ C,

where C is a constant depending only on ∥u0∥H3α
per
, ∥v0∥H3α

per
.

This completes the proof of Lemma 2.4.

Lemma 2.5. Let 1
2 < α < 1, u0 ∈ H4α

per(Ω), v0 ∈ H4α
per(Ω), the solution (u, v)

satisfies the following estimate

sup
0≤t<∞

(∥(−∆)2αu∥+ ∥(−∆)2αv∥) ≤ C,

where the constant C depends only on ∥u0∥H4α
per
, ∥v0∥H4α

per
.

Proof. Using the system (1.1), we have

∥(−∆)2αu∥22 ≤ C1∥(−∆)αut∥22 + C2∥(−∆)α|u|2u∥+ C3∥(−∆)α|v|2u∥
+ C4∥(−∆)αuv∥,

∥(−∆)2αv∥22 ≤ C∥(−∆)αvt∥22 + C1∥(−∆)αv∥22 + C2∥(−∆)α|v|2v∥+ C3∥(−∆)α|u|2v∥
+ C4∥(−∆)αu2∥.

For 1
2 < α < 1,

∥(−∆)2αu∥22 ≤ C1∥(−∆)αut∥22 + C2∥∆(|u|2u)∥+ C3∥∆(|v|2u)∥+ C4∥∆(uv)∥,
∥(−∆)2αv∥22 ≤ C∥(−∆)αvt∥22 + C1∥(−∆)αv∥22 + C2∥∆(|v|2v)∥

+ C3∥∆(|u|2v)∥+ C4∥∆u2∥.

By Lemma 2.5 and the simple compution, we have(
∥(−∆)2αu∥22 + ∥(−∆)2αv∥22

)
≤ C + C1 (∥∆u∥+ ∥∆v∥) + C2

(
∥∇u∥24 + ∥∇v∥24

)
.

(2.24)
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Let θ = 2
4α < 1. Using Gagliardo–Nirenberg inequality to have

C∥∆u∥ ≤ C1∥(−∆)2αu∥θ∥u∥1−θ ≤ 1

4
∥(−∆)2αu∥+ C2, (2.25)

C∥∆v∥ ≤ C1∥(−∆)2αv∥θ∥v∥1−θ ≤ 1

4
∥(−∆)2αv∥+ C2. (2.26)

Define γ = 1
16α−4 <

1
4 . By Gagliardo–Nirenberg inequality, we have

C∥∇u∥24 ≤ C1∥(−∆)2αu∥2γ∥∇u∥2(1−γ)

≤ C∥(−∆)2αu∥2γ∥(−∆)αu∥2(1−γ) ≤ 1

4
∥(−∆)2αu∥+ C1, (2.27)

C∥∇v∥24 ≤ C1∥(−∆)2αv∥2γ∥∇v∥2(1−γ)

≤ C∥(−∆)2αv∥2γ∥(−∆)αv∥2(1−γ) ≤ 1

4
∥(−∆)2αv∥+ C1. (2.28)

Combining the inequalities (2.24)–(2.28), we have

(∥(−∆)2αu∥+ ∥(−∆)2αv∥) ≤ C,

where C is a constant depending only on ∥u0∥H4α
per
, ∥v0∥H4α

per
.

This completes the proof of Lemma 2.5.

3. Proof of the main results

In this section, we prove the existence of weak solution to the problem (1.1)–(1.3)
by using Galerkin-Fourier method. We need the following lemmas.

Lemma 3.1. Let B0, B and B1 be three Banach spaces. Assume that B0 ⊂ B ⊂
B1and Bi, i = 0, 1 are reflective. Suppose also that B0 is compactly embedded in B.
Let

W =

{
v|v ∈ Lp0(0, T ;B0), v

′ =
dv

dt
∈ Lp1(0, T ;B1)

}
where T is finite and 1 < pi <∞, i = 0, 1. W is equipped with the norm

∥v∥Lp0 (0,T ;B0) + ∥v′∥Lp1 (0,T ;B1).

Then W is compactly embedded in Lp0(0, T ;B).

Lemma 3.2. Suppose that Q is a bounded domain in Rn
x × Rt, gµ, g ∈ Lq(Q)(1 <

q <∞) and ∥gµ∥Lq(Q) ≤ C. Furthermore, suppose that

gµ → g a.e. in Q.

Then

gµ ⇀ g weakly in Lq(Q).

Lemma 3.3. X is a Banach space. Suppose that g ∈ Lp(0, T ;X), ∂g∂x ∈ Lp(0, T ;X)(1 ≤
p ≤ ∞). Then g ∈ C([0, T ], X)(after possibly being redefined on a set of measure
zero).



Existence of the global solution to a Schrödinger system. 803

In the following, we prove the existence of weak solution to the problem (1.1)–
(1.3).

Proof of Theorem 1.1. We prove theorem 1.1. by the following three steps.
Step 1. Constructing the approximate solutions by the Galerkin-Fourier method.
Let {ωj(x)}(j = 1, 2, · · ·) be a complete orthonormal basis of eigenfunctions for

the periodic boundary problem −∆u = λu in Ω For every integer m, we are looking
for an approximate solution of the system (1.1) of the form

um(t) =

m∑
j=1

ξjm(t)ωj , vm(t) =

m∑
j=1

µjm(t)ωj ,

where ξjm, µjm satisfy the following nonlinear equations
(
−i~umt + ( ~2

2M (−∆)α + λu|um|2 + λ|vm|2)um +
√
2βumvm, ωj

)
= 0,

(
−i~vmt + ( ~2

4M (−∆)α + ε+ λv|vm|2 + λ|um|2)vm + β√
2
u2m, ωj

)
= 0,

(3.1)

the nonlinear equations (3.1) satisfy the following initial-value conditions
um(0) = u0m, u0m =

∑m
i=1 fimωi → u0 in Hα

per(Ω) as m→ ∞,

vm(0) = v0m, v0m =
∑m

i=1 gimωi → v0 in Hα
per(Ω) as m→ ∞.

(3.2)

Then (3.1) becomes the system of nonlinear ODE subject to the initial condition
(3.2). According to standard existence theory for nonlinear ordinary differential
equations, there exists a unique solution of (3.1) and (3.2) for a.e. 0 ≤ t ≤ tm. By
a priori estimates we obtain that tm = T.

Step 2. A priori estimates.
As the proof of Lemmas 2.1 and 2.2, we have

(um, vm) ∈ L∞(0, T ;Hα
per(Ω))

2. (3.3)

For ∀(φ, ϕ) ∈ Hα
per(Ω)×Hα

per(Ω), we have
(
−i~umt + ( ~2

2M (−∆)α + λu|um|2 + λ|vm|2)um +
√
2βumvm, φ

)
= 0,(

−i~vmt + ( ~2

4M (−∆)α + ε+ λv|vm|2 + λ|um|2)vm + β√
2
u2m, ϕ

)
= 0.

(3.4)

So

|(umt, φ)|
≤C1|((−∆)αum, φ)|+ C2

∣∣(|um|2um, φ)
∣∣+ C3

∣∣(|vm|2um, φ)
∣∣+ C4 |(umvm, φ)|

≤C1∥Dαum∥∥Dαφ∥+ C2∥um∥34∥φ∥4 + C3∥vm∥24∥um∥4∥φ∥4 + C4∥um∥3∥vm∥3∥φ∥3
(3.5)

|(vmt, ϕ)|
≤C1|((−∆)αvm, ϕ)|+ ε |(vm, ϕ)|+ C2

∣∣(|vm|2vm, ϕ)
∣∣+ C3|(|um|2vm, ψ)|

+ C4|(u2m, ψ)|
≤C1∥Dαvm∥∥Dαϕ∥+ ε∥vm∥2∥ϕ∥2 + C2∥vm∥34∥ϕ∥4 + C3∥um∥24∥vm∥4∥ϕ∥4

+ C4∥um∥24∥ϕ∥2 (3.6)
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Using the Sobolev embedding theorem, we have

∥φ∥4 ≤ C∥Dαφ∥+ C1, ∥φ∥3 ≤ C2∥Dαφ∥+ C3, ∥ϕ∥4 ≤ C4∥Dαϕ∥+ C5.

So by (3.5) and (3.6), we get

|(umt, φ)| ≤ C∥Dαφ∥+ C1, ∥(vmt, ϕ)| ≤ C2∥Dαϕ∥+ C3, ∀φ, ϕ ∈ Hα
per(Ω).

Therefore

(umt, vmt) ∈ L∞(0, T ;H−α
per(Ω))

2. (3.7)

Step 3. Passaging to the limit.
By applying (3.3) and (3.7), we deduce that there exists a subsequence uµ from

um, vk from vm such that

uµ ⇀ u *-weakly in L∞(0, T ;Hα
per(Ω)), uµt ⇀ ut *-weakly in L∞(0, T ;H−α

per(Ω)).
(3.8)

vk ⇀ v *-weakly in L∞(0, T ;Hα
per(Ω)), vkt ⇀ vt *-weakly in L∞(0, T ;H−α

per(Ω)).
(3.9)

By (3.3), we have

(um, vm) is bounded in L2(0, T ;Hα
per(Ω))

2. (3.10)

By (3.7), we have

(umt, vmt) is bounded in L2(0, T ;H−α
per(Ω))

2. (3.11)

Define

W =
{
v|v ∈ L2(0, T ;Hα

per(Ω)), vt ∈ L2(0, T ;H−α
per(Ω))

}
We equip W with the norm:

∥v∥W = ∥v∥L2(0,T ;Hα
per(Ω)) + ∥vt∥L2(0,T ;H−α

per(Ω)).

Since Hα
per(Ω) is compactly embedded in L2(Ω) for 1

2 < α < 1, by Lemma 3.1
we have that W is compactly embedded in L2(0, T ;L2(Ω)) . By (3.10) and (3.11),
um ∈W . Then, there exists the subsequence uµ, vk (not rebelled) which satisfies

uµ → u, vk → v strongly in L2(0, T ;L2(Ω)) and a. e. (3.12)

By using (3.3), (3.12) and Lemma 3.2, we have

|uµ|2uµ ⇀ |u|2u *-weakly in L∞(0, T ;L
4
3 (Ω)), (3.13)

|vk|2vk ⇀ |v|2v *-weakly in L∞(0, T ;L
4
3 (Ω)). (3.14)

Fixingj, we get
(
−i~umt + ( ~2

2M (−∆)α + λu|um|2 + λ|vm|2)um +
√
2βumvm, ωj

)
= 0,

(
−i~vmt + ( ~2

4M (−∆)α + ε+ λv|vm|2 + λ|um|2)vm + β√
2
u2m, ωj

)
= 0,

(3.15)
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By applying (3.8), (3.9), (3.13) and (3.14), we deduce that there exists a subsequence
uµ from um, vk from vm such that

((−∆)
α
2 uµ, ωj)⇀ ((−∆)

α
2 u, ωj) *-weakly in L∞(0, T ),

(uµt, ωj)⇀ (ut, ωj) *-weakly in L∞(0, T ),

((λu|uµ|2 + λ|vµ|2)uµ, ωj)⇀ ((λu|u|2 + λ|v|2)u, ωj) *-weakly in L∞(0, T ),

(uµvµ, ωj)⇀ (uv, ωj) *-weakly in L∞(0, T ),

((−∆)
α
2 vµ, ωj)⇀ ((−∆)

α
2 v, ωj) *-weakly in L∞(0, T ),

(vµt, ωj)⇀ (vt, ωj) *-weakly in L∞(0, T ),

(vµ, ωj)⇀ (v, ωj) *-weakly in L∞(0, T ),

((λv|vµ|2 + λ|uµ|2)vµ, ωj)⇀ ((λv|v|2 + λ|u|2)v, ωj) *-weakly in L∞(0, T ),

(u2µ, ωj)⇀ (u2, ωj) *-weakly in L∞(0, T ),

Then from (3.17), we have
(
−i~ut + ( ~2

2M (−∆)α + λu|u|2 + λ|v|2)u+
√
2βuv, ωj

)
= 0,(

−i~vt + ( ~2

4M (−∆)α + ε+ λv|v|2 + λ|u|2)v + β√
2
u2, ωj

)
= 0,

(3.16)

the above equalities hold for any fixed j. By the density of the basis ωj , (j ∈ Z),
we have:

(
−i~ut + ( ~2

2M (−∆)α + λu|u|2 + λ|v|2)u+
√
2βuv, h

)
= 0, ∀h ∈ Hα

per(Ω),(
−i~vt + ( ~2

4M (−∆)α + ε+ λv|v|2 + λ|u|2)v + β√
2
u2, g

)
= 0, ∀g ∈ Hα

per(Ω)

(3.17)
Hence (u, v) satisfies the system (1.1). By (3.3), (3.7) and Lemma 3.3, we obtain
that

uµ ∈ C(0, T ;H−α
per(Ω)), vk ∈ C(0, T ;H−α

per(Ω)).

Then uµ(0)⇀ u(0) weakly in H−α
per(Ω), vk(0)⇀ v(0) weakly in H−α

per(Ω).
But from (3.2), we have uµ(0) → u0 weakly in Hα

per(Ω), vk(0) → v0 weakly in
Hα

per(Ω). Therefore, u(0) = u0, v(0) = v0.
Theorem 1.4 generalizes the result of the global existence of weak solution to

the nonlinear Schrödinger equations in [3]. So that Theorem 1.3. is complete.
By the a priori estimates from Lemma 2.1 to Lemma 2.5 and Theorem 1.3.,

there exists a global smooth solution (u, v) for the system (1.1)–(1.3) such that

(u, v) ∈ L∞ (
[0, T );H4α

per(Ω)
)2
, (ut, vt) ∈ L∞ (

[0, T );H2α
per(Ω)

)2
.

Finally, we prove the uniqueness of the solution to the system (1.1)–(1.3) in
the following.

Let (u1, v1), (u2, v2) be two solutions which satisfy the system (1.1)–(1.3), then
(s = u1 − u2,m = v1 − v2) satisfies

i~st = ~2

2M (−∆)αs+ λu(|u1|2u1 − |u2|2u2) + λ(|v1|2u1 − |v2|2u2)
+
√
2β(u1v1 − u2v2),

i~mt =
~2

4M (−∆)αm+ εm+ λv(|v1|2v1 − |v2|2v2) + λ(|u1|2v1 − |u2|2v2)
+ β√

2
(u21 − u22),

(3.18)
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with the initial condition
s(0) = 0, m(0) = 0.

Taking the inner product of the first equation of the system (3.18) with s and the
second equation with m, considering the imaginary part of the resulting equations,
we obtain:

~
2

d

dt
∥s∥22 = λuIm

∫
(|u1|2u1 − |u2|2u2)sdx+ λIm

∫
(|v1|2u1 − |v2|2u2)sdx

+
√
2βIm

∫
(u1v1 − u2v2)sdx

~
2

d

dt
∥m∥22 = λvIm

∫
(|v1|2v1 − |v2|2v2)mdx+ λIm

∫
(|u1|2v1 − |u2|2v2)mdx

+
β√
2
Im

∫
(u21 − u22)mdx.

But

λuIm

∫
(|u1|2u1 − |u2|2u2)sdx

≤C
∫

|(|u1|2ss+ (|u1|2 − |u2|2)u2s)|dx

≤C∥u1∥2∞∥s∥22 + C

∫
(|u1|2 − |u2|2)u2sdx

≤C∥s∥22.

And

λIm

∫
(|v1|2u1 − |v2|2u2)sdx

≤C
∫

|(|v1|2ss+ (|v1|2 − |v2|2)u2s)|dx

≤C∥v1∥2∞∥s∥22 + C∥u2∥∞∥(|v1|2 − |v2|2)∥2∥s∥2
≤C(∥s∥22 + ∥m∥22),

∫
(u1v1 − u2v2)sdx

=

∫
(u1v1 − u1v2 + u1v2 − u2v2)sdx

≤C1

∫
(ms+ |s|2)dx ≤ C2(∥m∥22 + ∥s∥22),

∫
(u21 − u22)mdx

=

∫ (
(u21 − u1u2) + (u1u2 − u22)

)
mdx

≤C1

∫
smdx ≤ C2(∥s∥22 + ∥m∥22).
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By the above inequalities, one can easily obtain

d

dt
(∥s∥22 + ∥m∥22) ≤ C(∥s∥22 + ∥m∥22).

Applying the Gronwall inequality, we get s = 0,m = 0. Thus the uniqueness is
obtained.

So we complete Theorem 1.4.

Remark 3.1. All the above estimates are unconcerned with the period L and only
depend on the norm of initial data. Therefore, by using the a priori estimates of
the solution to the system (1.1)–(1.3) for L, as in Ref. [18], we derive the global
smooth solution as L→ ∞. So that, Theorem 1.5. is obtained.
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