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SOLITON SOLUTIONS OF SHALLOW WATER
WAVE EQUATIONS BY MEANS OF G′/G

EXPANSION METHOD

Marwan Alquran1,† and Aminah Qawasmeh1

Abstract In this work, we investigate the traveling wave solutions for some
generalized nonlinear equations: The generalized shallow water wave equation
and the Whitham-Broer-Kaup model for dispersive long waves in the shallow
water small-amplitude regime. We use the G′/G expansion method to deter-
mine different soliton solutions of these models. The conditions of existence
and uniqueness of exact solutions are also presented.
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1. Introduction

Exact solutions to nonlinear partial differential equations (PDEs) play an important
role in nonlinear theory, since they can provide much information and more insight
into the aspects of the problem and thus lead to further applications. In the liter-
ature, many significant methods have been proposed for obtaining exact solutions
of nonlinear partial differential equations such as the tanh method, trigonometric
and hyperbolic function methods, the rational sine-cosine method, the extended
tanh-function method, the Exp-function method, the Hirota’s method, Hirota bi-
linear forms, the tanh-sech method, the first integral method, the Riccati equation
method and so on [1–11,20,24,25,28–34]. The main aim of this paper is to apply the
G′/G-expansion method [13, 16, 21, 26, 39] with the help of symbolic computation
to obtain soliton solutions of the generalized shallow water wave equation which
reads [27]:

uxxxt + αuxuxt + βutuxx − uxt − γuxx = 0, (1.1)

and the Whitham-Broer-Kaup model [35] for dispersive long waves in the shallow
water small-amplitude regime:

ut + uux + vx + βuxx = 0,

vt − (uv)x − βvxx + αuxxx = 0. (1.2)

The paper is organized as follows. In section 2, a brief background and construction
of the proposed method G′/G is given. In section 3, related works regards the gen-
eralized shallow water wave equation are discussed and our findings are concluded.
In section 4, the Whitham-Borer-Kaup system is introduced and discussed. Section
5 is devoted to the conclusion.
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2. Construction and analysis of G′/G method

Consider the following nonlinear partial differential equation:

P (u, ut, ux, utt, uxt, ...) = 0, (2.1)

where u = u(x, t) is an unknown function, P is a polynomial in u = u(x, t) and
its various partial derivatives, in which the highest order derivatives and nonlin-
ear terms are involved. By the wave variable ζ = x − ct the PDE (2.1) is then
transformed to the ordinary differential equation (ODE)

P (u,−cu′, u′, c2u′′,−cu′′, u′′, ...) = 0, (2.2)

where u = u(ζ). Suppose that the solution of ODE (2.2) can be expressed by a
polynomial in G′/G as follows

u(ζ) = αm(
G′

G
)m + ..., (2.3)

where G = G(ζ) satisfies the second order differential equation in the form

G′′ + λG′ + µG = 0, (2.4)

α0, α1, ..., αm, λ and µ are constants to be determined later, provided that αm ̸= 0.
The positive integer m can be determined by considering the homogeneous balance
between the highest order derivatives and nonlinear terms appearing in the ODE
(2.2).

Now, if we let

Y = Y (ζ) =
G′

G
, (2.5)

then by the help of (2.4) we get

Y ′ =
GG′′ −G′2

G2
=

G(−λG′ − µG)−G′2

G2
= −λY − µ− Y 2. (2.6)

Or, equivalently
Y ′ = −Y 2 − λY − µ. (2.7)

By result (2.7) and implicit differentiation, one can derive the following two formulas

Y ′′ = 2Y 3 + 3λY 2 + (2µ+ λ2)Y + λµ, (2.8)

Y ′′′ = −6Y 4 − 12λY 3 − (7λ2 + 8µ)Y 2 − (λ3 + 8λµ)Y − (λ2µ+ 2µ2). (2.9)

Combining equations (2.3), (2.5) and (2.7-2.9), then it results in a polynomial of
powers of Y . Then, collecting all terms of same order of Y and equating to zero,
yields a set of algebraic equations for α0, α1, ..., αm, λ, and µ.

It is known that the solution of equation (2.4) is a linear combination of sinh
and cosh or of sine and cosine, respectively, if △ = λ2 − 4µ > 0 or △ < 0. Without
lost of generality, we consider the first case and therefore

G(ζ) = e−
λζ
2

(
A sinh(

√
λ2 − 4µ ζ

2
) +B cosh(

√
λ2 − 4µ ζ

2
)

)
, (2.10)

where A and B are any constants.
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3. The generalized shallow water wave equation

The generalized shallow water wave equation is given by

uxxxt + αuxuxt + βutuxx − uxt − γuxx = 0, (3.1)

where subscripts indicate partial derivatives, u is a real scalar function of the two
independent variables x and t, while α, β, γ are all model parameters and they are
arbitrary, nonzero constants. This equation can be derived from the classical shallow
water theory in the so-called Boussinesq approximation [36]. Two special cases of
(3.1) have been discussed in the literature, α = β and α = 2β. Hietarinta [18]
discussed the GSWW equation and he showed that it can be expressed in Hirota
bilinear form [19] if and only if either α = β or α = 2β. Gao and Tian [17] obtained
soliton like solutions of (3.1) for α = β = −3 and γ = 0 by the generalized tanh
method. Yan and Zhang [38] obtained new families of soliton like solutions of (3.1)
for α = −4, β = −2 and γ = 0, which is named (2 + 1)-dimensional breaking
soliton equation, by using computerized symbolic computation. Recently, Elwakil
et al. [14] presented solitary wave solutions of (3.1) by using homogeneous balance
method and auto-Backlund transformation and they also applied modified extended
tanh-function method for obtaining new exact traveling wave solutions.

By the wave variable ζ = x− ct, the above PDE is transformed into the ODE

− cu′′′ − c

2
(α+ β)u′2 + (c− γ)u′ = 0. (3.2)

Assume the solution of (3.2) is

u(ζ) = am(
G′

G
)m + ... (3.3)

Then, by using formula (2.4) and (2.5), one can derive

u′2(ζ) = m2a2m(
G′

G
)2(m+1) + ..., (3.4)

and

u′′′(ζ) = m(m+ 1)(m+ 2)am(
G′

G
)m+3 + ... . (3.5)

Balancing the orders in (3.4) and (3.5), we require that 2(m + 1) = m + 3. Thus,
m = 1, and therefore (3.3) can be rewritten as

u(ζ) = a1(
G′

G
) + a0 = a1Y + a0. (3.6)

Now, we substitute equations (2.7) and (2.9) in (3.2) to get the following algebraic
system:

0 = −a1cµ+ a1γµ+ a1cλ
2µ+ 2a1cµ

2 − 1

2
a21cαµ

2 − 1

2
a21cβµ

2,

0 = −a1cλ+ a1γλ+ a1cλ
3 + 8a1cλµ− a21cαλµ− a21cβλµ,

0 = −a1c+ a1γ + 7a1cλ
2 − 1

2
a21cαλ

2 − 1

2
a21cβλ

2 + 8a1cµ− a21cαµ− a21cβµ,

0 = 12a1cλ− a21cαλ− a21cβλ,

0 = 6a1c−
1

2
a21cα− 1

2
a21cβ. (3.7)
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Solving the above system yields the following cases:

µ =
−c+ γ + cλ2

4c
, a1 =

12

α+ β
, (3.8)

or

µ = 0, λ = ±
√
c− γ√
c

, a1 =
12

α+ β
, (3.9)

or

µ =
−c+ γ

4c
, a1 =

12

α+ β
, λ = 0. (3.10)

We should mention here that the above obtained cases yields the same △ which is
△ = 1− γ

c and therefore the solutions of equation (3.1) are

u1(x, t) = a0 + 6

(
(A
√

1− γ
c −Bλ) + (B

√
1− γ

c −Aλ) tanh(
√

c−γ
4c (x− ct))

)
(α+ β)

(
B +A tanh(

√
c−γ
4c (x− ct))

) ,

(3.11)
for the case in (3.8), provided that γ

c < 1 and A ̸= ±B and α+ β ̸= 0. Or

u2(x, t) = a0 − 6(A−B)

√
1− γ

c

(
1− tanh(

√
c−γ
4c (x− ct))

)
(α+ β)

(
B +A tanh(

√
c−γ
4c (x− ct))

) , (3.12)

for the case in (3.9) with λ > 0, provided that γ
c < 1 and A ̸= ±B and α+ β ̸= 0.

Or

u3(x, t) = a0 + 6(A+B)

√
1− γ

c

(
1 + tanh(

√
c−γ
4c (x− ct))

)
(α+ β)

(
B +A tanh(

√
c−γ
4c (x− ct))

) , (3.13)

for the case in (3.9) with λ < 0, provided that γ
c < 1 and A ̸= ±B and α+ β ̸= 0.

Or

u4(x, t) = a0 + 6

√
1− γ

c

(
1 + tanh(

√
c−γ
4c (x− ct))

)
(α+ β)

(
B +A tanh(

√
c−γ
4c (x− ct))

) , (3.14)

for the case in (3.10), provided that γ
c < 1 and A ̸= B and α + β ̸= 0. The above

obtained solutions are of types kink or soliton depend on the choices of A and B.

4. The Whitham-Broer-Kaup model

The Whitham-Broer-Kaup model for dispersive long waves in the shallow water
small-amplitude regime is given by

ut + uux + vx + βuxx = 0,

vt − (uv)x − βvxx + αuxxx = 0, (4.1)
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where u = u(x, t) is the field of horizontal velocity, v = v(x, t) is the height that
deviates from the equilibrium position of the liquid and β, α are constants which
are represented in different diffusion powers. The WBK model (4.1) was derived
by Whitham [37] and Broer [12], and was shown to be completely integrable by
Kaup [22] and Kupershmidt [23]. The WBK model (4.1) is a very good model to
describe dispersive waves. It characterizes the dispersive long waves in the shallow
water small-amplitude regime. If β ̸= 0, α = 0, then the system represents the
classical long wave system that describes a shallow water wave with diffusion. If β =
0, α = 1, then the system represents the variant Boussinesq equation. The WBK
equation was investigated via many different approaches. Some of the obtained
solutions are given as polynomials of tanh, sech, tan and cot. Other approaches
focused on the determination of one soliton solution by using the tanh method,
symmetry analysis and the Backlund transformation method. Kaup [22] studied the
inverse transformation solution for the WBK equation. Kupershmidt [23] studied
the symmetries and conservation laws for this equation. Fan [15] used the Backlund
transformation method to obtain three families of solutions for WBK equations, one
of which is the family of solitary wave solutions.

By the wave variable ζ = x − ct, the above PDEs are transformed into the
following system of ODE

− cu′ + uu′ + v′ + βu′′ = 0

− cv′ + (uv)′ − βv′′ + αu′′′ = 0. (4.2)

Solving the first equation of (4.2) for the function v = v(ζ) we get the relation

v = cu− 1

2
u2 − βu′. (4.3)

Substitute (4.3) in the second equation of (4.2) yields the following ODE in the
function u = u(ζ)

(β2 + α)u′′ − 1

2
u3 +

3

2
u2 − c2u = 0. (4.4)

Balancing the order of the linear term u′′ and the nonlinear term u3 requires the
relation m+ 2 = 3m and thus m = 1. Therefore, the solution of equation (4.4) is

u = u(ζ) = a1Y + a0. (4.5)

Now, we need both equations(4.5) and (2.8) to be inserted in (4.4) to obtain the
following system.

0 = −a30
2

+
3a20c

2
− a0c

2 + a1kλµ

0 = −3a0a
2
1

2
+

3a21c

2
+ 3a1kλ

0 = −a31
2

+ 2a1k

0 = −3a20a1
2

+ 3a0a1c− a1c
2 + a1kλ

2 + 2a1kµ, (4.6)

where k = (β2 + α). Solving the above system yields

µ =
a0(a0 − 2c)

4k
, λ = ± a0 − c√

k
, a1 = ± 2

√
k. (4.7)
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Substitute (4.7) and (2.10) in (3.6), then the general formula of the function u(x, t)
is given by

u(x, t) =

c(A+B)

(
1 + tanh

(
c(x−ct)

2
√

β2+α

))
(
B +A tanh

(
c(x−ct)

2
√

β2+α

)) , (4.8)

provided that A ̸= ± B and A, B, c are free parameters. Accordingly, the formula
of the function v(x, t) can be obtained by relation (4.3) and it is given by

v(x, t) =
c2(A+B)2(

√
β2 + α− β)(

B cosh

(
c(x−ct)

2
√

β2+α

)
+A sinh

(
c(x−ct)

2
√

β2+α

))2 . (4.9)

Figure 1 and 2 represent two different solution sets of the WBK model based on
some selected values of the free parameters.

Figure 1: Plot of the first obtained solutions of WBK: u(x, t) on the left and v(x, t) on
the right, where c = 1, A = 1, B = 0, α = 1, β = 1.

5. Conclusion

In summary, the G′/G expansion method with symbolic computation is conducted
for a reliable treatment of two models arise in shallow water waves theory. The
obtained solutions with free parameters may be important to explain some physical
phenomena. The paper shows that the revised algorithm is effective and can be
used for many other nonlinear PDEs in mathematical physics.
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Figure 2: Plot of the second obtained solutions of WBK: u(x, t) on the left and v(x, t) on
the right, where c = 1, A = 0, B = 1, α = 1, β = 1.
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